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Portfolio Math with Matrix Algebra
Three Risky Asset Example

Let R; (¢ = A, B, C) denote the return on asset 7 and assume that R; follows
CER model:

R, ~ idid N(p;,07)
COV(RZ',RJ') — 04y
Portfolio “x”

x; = share of wealth in asset ¢
zAa+rpt+trxo=1

Portfolio return

Rpx =zARA+2zpRp +xoRc.



Portfolio expected return

tp o= E[Rpz] = xpapa +zBUB + TOMC
Portfolio variance
02, = var(Rpa) = 240 + oo’ + adod
+2x ATBO AR + 2xATCO AC + 22 BTCOBC

Portfolio distribution

Rp,x ~ N(:“Jp,xv 0'129,90)



Matrix Algebra Representation

R MA 1
R = RB y M= HB , 1= 1
Re pe 1
L A 0?4 OAB OAC
X = xg |, 2=\ oap 0]23 oBC
L OAC OBC O 20

Portfolio weights sum to 1

1
X'l = (x4 zg z¢c )| 1
1

— :131—|—$2—|—:133:1



Portfolio return

Rp,w —

Portfolio expected return

Hp,

xXR= (x4 x5 zc)

TARA+2xpRp 4+ xR
R/x

xXp=(z4 zp zx)

TAMA + ZBUB + TCHC
p'x

HA
HB
HC



Excel formula

MMULT (transpose (xvec) ,muvec)

<ctrl>-<shift>-<enter>



Portfolio variance

2 /
Opz = XX
0124 O‘%B o AC A
= (x4 =B zc )| oaB 0% o BO Tp
OAC OBC Og o

— x1240124 -+ 33230129 -+ £E2CO'2C

+2x Arpo AR + 2T ATC0 AC + 22 BTCOBC
Excel formulas
MMULT (TRANSPOSE (xvec) ,MMULT (sigma,xvec))

MMULT (MMULT (TRANSPOSE (xvec) ,sigma) ,xvec)
<ctrl>-<shift>-<enter>

Portfolio distribution

2
Rp.a ~ N(:“Jp,aza Op,x)



Covariance Between 2 Portfolio Returns

2 portfolios

Portfolio returns

Covariance



Excel formula

MMULT (TRANSPOSE (xvec) ,MMULT (sigma,yvec))
MMULT (TRANSPOSE (yvec) ,MMULT (sigma,xvec))
<ctrl>-<shift>-<enter>



Derivatives of Simple Matrix Functions

Let A be an n X n symmetric matrix, and let x and y be an n X 1 vectors.
Then

0

y
0 8:81
—xy = : =y, (1)
0x 9
nx1 c%cn y
5 ( awlx 'Ax
—x Ax = = 2Ax (2)
OxX



Let

a b
A_<b C

First, consider (1). Now

0 ./
Jr Y

o, <£1X’Y

X'y = x1y1 + 221>

)

% (z1y1 + 22y2)
Dy (z1y1 + 22Y2)

)= (2)

|

Y2

|

(

U1
Y2

)=



Next, consider (2). We have

a b x 9 9
X’AX:(xl :1:2)<b C><w;>:aa:1—|—2ba:1x2—|—ba:2.
Then
9 (qz? +2b b3
o , dx1 \&*1 + 20212 + 0T 2ax1 + 2bxo

= 2Ax.

)



Computing Global Minimum Variance Portfolio

Problem: Find the portfolio m = (m 4, mp, m¢)’ that solves

min agm:m’Em s.t. m'l =1
ma,mp,m¢c ’

1. Analytic solution using matrix algebra

2. Numerical Solution in Excel Using the Solver (see 3firmExample.xls)



Analytic solution using matrix algebra

The Lagrangian is
L(m,)\) = m'¥m+A\(m'l — 1)
First order conditions (use matrix derivative results)

OL(m,)\) om'¥m 0

0 = A(m'l —1)=2-Ym-+\1
om om +8m (m ) m-
/
0 — 8L(m,)\):8m2m+ aA(m’l—l):m'l—l
o\ O\ O\

Write FOCs in matrix form

(7o) (%)=(2)



The FOCs are the linear system

A.mZm — b

22 1 0
A= (1) () v (),

The solution for z,, is

where

zm = A 1b.

The first three elements of z, are the portfolio weights m = (m 4, mpg, m¢)’

for the global minimum variance portfolio with expected return p,, ,,, = m’p
2

: _ /
and variance o3 ,, = m’'Xm.



Efficient Portfolios of Risky Assets: Markowitz Algorithm

Problem 1: find portfolio x that has the highest expected return for a given
level of risk as measured by portfolio variance

_ /
clBpao e = XH ST
2 ! _ 0 _ -
Opx = X UX=o0,= target risk
x1l =1

Problem 2: find portfolio x that has the smallest risk, measured by portfolio
variance, that achieves a target expected return.

. 2 /
N Opa X 23X s.t.
HPpx = X/[J, = ,ug — target return
x'l = 1

Remark: Problem 2 is usually solved in practice by varying the target return
between a given range.



Solving for Efficient Portfolios:

1. Analytic solution using matrix algebra

2. Numerical solution in Excel using the solver



Analytic solution using matrix algebra

The Lagrangian function associated with Problem 2 is

L(z, M1, A2) = X'Ex 4+ M (X' pp—pp ) + A2(x'1 — 1)
The FOCs are

OL(x, A1, A
(Xé 122) s Ars Mol =0,
X
8L(X7 >‘17 >‘2) /
= — = O7
Y XK= [Hpo
Ao |

These FOCs consist of five linear equations in five unknowns

(an rB,IC, >‘17 >‘2)



We can represent the FOCs in matrix notation as

23 u 1 X 0
l"’/ 00 A1 = | Hp,0
17 0 0 Ao 1
or
A—ZUZCC: bO
where
23 1 X
A= ¢/ 0 0 |,zz=| A\ | and bg =
17 0 0 Ao

Hp,0



The solution for z. is then

The first three elements of z; are the portfolio weights x = (x4, z g, v’ for
the efficient portfolio with expected return p,, . = pp, o



Computing the Portfolio Frontier

Result: The portfolio frontier can be represented as convex combinations of
any two frontier portfolios. Let x be a frontier portfolio that solves

-2 /
min oy, o x 23X s.t.
/ 0
Hpox = XH = Hp
x'l =1

Let y # X be another frontier portfolio that solves
min o = y'3y st

Hpy = YB=ps#
1

Q<\
ek
|



Let v be any constant. Then the portfolio

z=a -X+(l—a) 'y

is a frontier portfolio. Furthermore

Hp,z — Z/[,l, R e (1-— O‘):“Jp,y
012,72, = 7/3z
= 042012)@ +(1— oz)zaz%,y +20(1 — a)ozy

ory = cov(Rpge, Rpy) =%y



Example: 3 asset case

7 p—

a-x+(1—a)y
T A
a-| zg | +(1— «a)
To
azrp+ (1 —a)ya
arg + (1 — a)yp
arc + (1 — a)yc

YA
YB
Yyc

<A
B
<C



Strategy for Plotting Portfolio Frontier

1. Set global minimum variance portfolio = first frontier portfolio

2 1 —
mnllnap,m_mzm st. ml=1

and compute fi,, p, = m'p

2. Find asset 4 that has highest expected return. Set target return to 0 =
max( ) and solve

min o x'¥x s.t.

pa = X = 0 = max()
x'1 = 1



3. Create grid of «a values, initially between 0 and 1, and compute

z = a-x+(1—a)-m
Hp>z — & [Mpm + (1 — O‘):up,ﬂc
Uzzj,z = 0420229,771 + (1 — 04)20}2,753 +2a(1 — a)om,x
O'm,x = mIZX

4. Plot u, , against op .. Expand the grid of « values if necessary to improve
the plot



Finding the Tangency Portfolio

The tangency portfolio t is the portfolio of risky assets that maximizes Sharpe's

slope:
, Hpt —T
max Sharpe's slope = p;t f
t O-p7t
subject to
t'1 =1
In matrix notation,
t/u — Tf

Sharpe's slope =
(t'=t)1/2



Solving for Efficient Portfolios:

1. Analytic solution using matrix algebra

2. Numerical solution in Excel using the solver



Analytic solution using matrix algebra

The Lagrangian for this problem is

L(t,A) = (¢ —7y) (t'St)72 + A(H1— 1)

Using the chain rule, the first order conditions are

OL(t, A 1
(82) p(t'St) 72— (Yp—rp) (K3) 328t + A1 =0
ot

L(t, A

oLt A _ t'1t—1=0

O
After much tedious algebra, it can be shown that the solution for t is
S —rp-1)

t —
US—1(u—rp-1)



Remarks:

(e S
o If the risk free rate, rr, is geeFter than the expected return on the global

minimum variance portfolio, fgmin, then the tangency portfolio has a
positive Sharpe slope

e If the risk free rate, 7¢, is equal to the expected return on the global

minimum variance portfolio, (i, min, then the tangency portfolio is not
defined

iﬂﬂ{abm(

o If the risk free rate, 7y, is #&ds-than the expected return on the global
minimum variance portfolio, Hgmin, then the tangency portfolio has a
negative Sharpe slope.



Mutual Fund Separation Theorem Again

Efficient Portfolios of T-bills and Risky assets are combinations of two portfolios
(mutual funds)

o T[-bills

e Tangency portfolio



Efficient Portfolios

share of wealth in tangency portfolio t
share of wealth in T-bills
1

rf + xt(:“p,t - Tf)a Hp.t = t,u
1/2



Remark: The weights x4 and x are determined by an investor's risk prefer-
ences

e Risk averse investors hold mostly T-Bills (z¢ =~ 0)

e Risk tolerant investors hold mostly tangency portfolio (z¢ ~ 1)

e If Sharpe’s slope for the tangency portfolio is negative then the efficient
portfolio involve shorting the tangency portfolio



Portfolio Value-at-Risk

Let x = (x1,...,2n)’ denote a vector of asset share for a portfolio. Portfolio
risk is measured by VaR(Rp ) = x'3x. Alternatively, portfolio risk can be
measured using Value-at-Risk:

VaRa = WO . (eqa — 1)

Wo = initial investment
g = 100 - a% cc return quantile
a = loss probability

Result: Assuming the CER model holds,

dov — /’Lp,CL‘ —I_ O-paxq(%
Hpx — Xll*”
1/2
Op,x = (XIZX) /

qg = 100 - a% quantile from N(0, 1)



Example: Using VaR to evaluate an efficient portfolio

Invest in 3 risky assets (Microsoft, Starbucks, Nordstrom) and T-bills. Assume
T = 0.005

1. Determine efficient portfolio that has same expected return as Starbucks

2. Compare VaR g5 for Starbucks and efficient portfolio based on $100,000
Investment



Solution for 1.

HSBUX — 0.0285

pp = rptalppr—ry)
re o= 0.005
ppt = t'p=.05186,0, = 0.111
Solve
0.0285 = 0.005 + x+(0.05186 — 0.005)
0.0285 — .005
0.05186 — .005
z; = 1—0.501=0.499
Note:

ué = 0.005 4+ 0.501 - (0.05186 — 0.005) = 0.0285
0% = x40 = (0.501)(0.111) = 0.057

"o



Solution for 2.

00 = uspux + osux - (—1.645)
— 0.0285 + (0.141) - (—1.645)
= —0.203
¢os = Mp+ oy (—1.645)

— .0285 + (.057) - (—1.645)
—0.063

Then
VaRABUX = $1oo,000-(eq.os —1)

= $100,000 - (
VaR%s = $100,000 - (%05 — 1)

= $100,000 - (



Efficient Portfolios without Short-Sales

Short Sale

e Borrow asset from broker and sell now

e To close short position, buy back asset and return to broker

e Profit if asset price drops after short sale

e |f asset 7 is sold short then
x; <0

where x; = share of wealth in asset ¢



No Short Sale Restrictions

e Exchanges (e.g. NYSE, NASDAQ) may prevent short sales in some assets

e Some institutions (e.g. pension funds) are prevented from short-selling
assets

e Certain accounts do not allow short sales (e.g. retirement accounts)

e Short selling often requires substantial credit qualifications



Markowitz Algorithm with No Short Sales Restrictions

min 0129733 x'¥x s.t.

!, _, 0

Hpox = XH = Hp
x'l =1



Remarks:

e Problem must be solved numerically (e.g. using the Solver) :(

e Portfolio Frontier can no longer be constructed from any two efficient

portfolios :(

e No short sale portfolio frontier must lie “inside” the portfolio frontier that

allows short sales



