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Matrices and Vectors

Matrix
- aj; aip ccc A1y |
A |02 az o om
(nxm) . . . .
| Apl Gp2 - Anm |
n = # of rows, m = +# of columns
Square matrix : n = m
Vector
h
x
X = 2
(nx1)




Remarks

e R is a matrix oriented programming language

e Excel can handle matrices and vectors in formulas and some functions

e Excel has special functions for working with matrices. There are called

array functions. Must use
<ctrl>-<shift>-<enter>

to evaluate array function



Transpose of a Matrix

Interchange rows and columns of a matrix

A /= transpose of A

(mxn) (nxm)
Example

1 4
A= iéé],A’: 2 5
1 3 6

R
X = |2 ,X’:{123]

3




R function
t (A)

Excel function

TRANSPOSE(matrix)
<ctrl>-<shift>-<enter>



Symmetric Matrix

A square matrix A is symmetric if

A=A

[1 2 , [1 2
IR

Remark: Covariance and correlation matrices are symmetric

Example



Basic Matrix Operations

Addition and Subtraction (element-by-element)

442 9+0]

240 147

(6 O
2 8

42 9—0]

2—0 1-—-7

(2 9
2 _6



Scalar Multiplication (element-by-element)

c = 2 = scalar

A= 3—1]

23 2:.(-1)] _
a-[1349)|




Matrix Multiplication (not element-by-element)

@11 412 bi1 b1z D13
A2 = |ap ax |, B = bt bon b
(3x2) a3 gz (2x3) 21 boo b23

Note: A and B are comformable matrices: # of columns in A = # of rows
in B

A - B
(3x2) (2x3)

a11b11 + a12b21 a11b12 + a12b22 a11b613 + a12b23
= | a21b11 + aobp1 ap1b12 + ax2brp az1b13 + axbo3
| a31b11 + a32021 a31b12 + azpboy  a31b13 + azpbo3
Remark: In general,

A-B£B-A



Example
(1 2 5 6
A= 3 4]’B_[7 8]

 5+14 6416 | |19 22
15428 18432 | | 43 50

R operator
A%*7B
Excel function

MMULT(matrix1, matrix2)
<ctrl>-<shift>-<enter>



Identity Matrix

The n— dimensional identity matrix has all diagonal elements equal to 1, and
all off diagonal elements equal to O.

Example

10
2=[5 1]

Remark: The identity matrix plays the roll of “1" in matrix algebra

|1 o]]an an
A= 0 1][&21 ano

_[a114+0 a2+0| _ [ a1 a1
| 0+ap1 0+ an a1 a2
=A




Similarly
ail a
AT, = | M1 012
az1 a2

ail ai2
az1 a2

R function
diag(n)

creates n— dimensional identity matrix




Matrix Inverse

Let A = square matrix. A~1 = “inverse of A" satisfies
(nxn)
ATIA=T,
AAL=T,
Remark: A1 is similar to the inverse of a number:
1
a = 2, o l=2
2
1
a-al=2.-=1
2
1
al.a=2.2=1
2



R function
solve(A)

Excel function

MINVERSE(matrix)
<ctrl>-<shift>-<enter>



Representing Systems of Linear Equations Using Matrix Algebra

Consider the system of two linear equations
r+y=1
2r —y =1

The equations represent two straight lines which intersect at the point

2
r = —, = —
37 Y73



Matrix algebra representation:

or

where



We can solve for z by multiplying both sides by A1

A LA .z=A"1p
—TI.z=A"1lp
> 7 = A__]'.b

or

Remark: As long as we can determine the elements in A~ we can solve for
the values of x and y in the vector z. Since the system of linear equations has
a solution as long as the two lines intersect, we can determine the elements in
A~1 provided the two lines are not parallel.



There are general numerical algorithms for finding the elements of A~1 and
programs like Excel and R have these algorithms available. However, if A is a
(2 x 2) matrix then there is a simple formula for A=1. Let

A:[an a12].

a1 a2
Then
Al 1 [azz —alzl.
det(A) | —a21 a11
where

det(A) = ajjaxn —apja1p # 0



Let's apply the above rule to find the inverse of A in our example:

_ 1 ~1 -1 i1
e ERIN Y]
—1—-2| -2 1 5 T
Notice that
A-1A — % 11 1] 1o
- < —Tl 2 —1| |0 1|
Our solution for z is then
z=A"1b
m 1 1
=11 4]
3 3
NEANE
| 3 Y

_ 2 _1
so that x = 5 and y = 3.



In general, if we have n linear equations in n unknown variables we may write

the system of equations as

a1121 + a12x2 + -+ + a1pTn = b1
a21x1 + axo + -+ + aspTn = by

an1T1 + apoxo + -+ - + annxTn = by

which we may then express in matrix form as

ajl a2 -+ Qlp x1 b1
agy a2 v agp | | T2 | _ | b2
| Apl ap2 -+ ann | | Tn | _bn_

or

A - x = b
(nxn) (nx1) (nx1)



The solution to the system of equations is given by
x=A"1b

where A7'A =1 and I is the (n x m) identity matrix. If the number of
equations is greater than two, then we generally use numerical algorithms to
find the elements in AL



Representing Summation Using Matrix Notation

n
in:xl—l—xz—k---—l—xn

1=1
T1
X p— $2 , ]_ p—
(nx1) 5 (nx1)

In



Then

Equivalently

X’lZ(ajl LD
'x=(1 1



Sum of Squares

x%_‘_a’;%_l_...

(xl L2

x%.'.x%_l_...

+ac,,21
I
X
In
2 = 2
+Tn = sz



Sums of cross products

n
inyi:w1y1+$2y2+“°+wnyn
i=1

Y1
Xy:<x1 Ty - mn) y:2

Yn

n
= T1Y1 T+ T2Y2 + - T TnlYn = Z T;Y;
i=1



R function

Excel function

t () oxhy, t(y)h*hx

crossprod(x,y)

MMULT(TRANSPOSE(X),y)
MMULT(TRANSPOSE(y),x)
<ctrl>-<shift>-<enter>



Portfolio Math with Matrix Algebra
Three Risky Asset Example

Let R; denote the return on asset : = A, B, C' and assume that R4, Rp and
R are jointly normally distributed with means, variances and covariances:

wi = B[R], of = var(R;), cov(R;, Rj) = oy
Portfolio “X”

x; = share of wealth in asset 7
TA+xp+xo=1
Portfolio return

Rpa =x4RA+xpRp+xcRc.



Portfolio expected return

ppx = E[Rpz] = xApA +2BUB + Tolo
Portfolio variance
2, = var(Bya) = o + aho + hod
+ 20 4xBOAR + 2T ATCOAC + 22 BTCOBC
Portfolio distribution

Rpﬂj ~ N(/,Lp,a';, O-}%,CU)



Matrix Algebra Representation

Ra KA 1
R=|Rp [,pu=| B |,1=]1
Reo e 1
T A 04 OAB 0AC
x=|xzp |, X2=| oapB 0'23 OBC
e OAC OBC 0(2;

Portfolio weights sum to 1

1

xX'1=(xzy 25 zc )| 1
1

=zpat+rxpt+rzo=1



Digression on Covariance Matrix

Using matrix algebra, the variance-covariance matrix of the N X 1 return vector
R is defined as
var(R) = cov(R) = E[(R — p)(R — p) ] = =
NXxN
Because R has N elements, 3 is the N X N matrix

2
/01 0122 Uln\
m=| 2 3 o

\Jln O2n 0721)



For the case N = 2, we have

FIR — u)(R — )] = [( i — ) (Ry— . Ry M)]

2x1 1x2 Ry — po
_ 5 [( (Ry — p1)? (R1 — p1)(Ro — p2) )]
(Ro — m2)(R1 — p1) (Ra — po)?
_ ( E[(Ry — p1)?] E[(R1 — p1)(R2 — p2)] )
E[(Ry — p2)(R1 — p1)] E[(R2 — p2)?]

_ ( var(Rl) COV(Rl,Rz) ) L ( O'% 012 ) —

COV(RQ,Rl) var(RQ) N 012 O%



Portfolio return
Rpe=xR=(z4 2B 20)

=xARA+xzpRp + xR
=R'x

Portfolio expected return
_ <, —
ppax=Xp= (24 B xX )

=ZTApA +TBUB T+ TOUC
p— ,LL/X

HA
HB
HC



Excel formula

MMULT (transpose (xvec) ,muvec)

<ctrl>-<shift>-<enter>

R formula

crossprod(x,mu)

t (x) %*Ymu



Portfolio variance
02, = var(x'R) = E[(xR - x'u)] = E[(x(R — )]
= E[x'(R — p)x'(R — p)] = E[X'(R — p)(R — p)'x] =
=X E[(R — p)(R — p)]x = x'Ix

>
o) 01423 OAC x A
=(xz4 B 2z¢ )| 0AaB 0% TBO Tp
oAC OBC Of TCo

— :r;1240124 + 3323023 -+ x%a%

+ 2w pxBoAR + 2T ATCOAC + 20 BTCOBC



Excel formulas

MMULT (TRANSPOSE (xvec) ,MMULT (sigma ,Xxvec))
MMULT (MMULT (TRANSPOSE (xvec) ,sigma) ,xvec)
<ctrl>-<shift>-<enter>

Note: x'¥x = (x'¥) x = X' (£x)

R formulas

t (x) %xhsigmal*xhx

Portfolio distribution

vax ~ N(lu'pﬂj? 0-12?,33)



Covariance Between 2 Portfolio Returns

2 portfolios
LA YA
X = B y Y = YB
LC yc

Portfolio returns

Covariance

cov(Rp,z, Rpy) = x'Zy
= y'¥x



Derivation

cov(Rpx, Rpy) = cov(x'R,y'R)
= B[(x'R — x'u])(y'R — y'u])]
= E[x'(R — pn)y'(R — p)]
= B[x'(R— p)(R — p)'y]
=X'E[(R — p)(R — p) ]y
= X’Ey




Excel formula

MMULT (TRANSPOSE (xvec) ,MMULT (sigma,yvec))
MMULT (TRANSPOSE (yvec) ,MMULT (sigma,xvec))
<ctrl>-<shift>-<enter>

R formula

t (x) %xYsigmal*xhy



Bivariate Normal Distribution

Let X and Y be distributed bivariate normal. The joint pdf is given by

f(x7y): ! X

27TO'XO'Y\/1 — p%(Y

(CIZ _ UX)z N (y — ,LLy>2 B 2pxy(33 — ,UX)(:‘/ — MY):| }

ox gy OX0Y

1
exp { —
{ 2(1 — P%(y)
where E[X] — KX, E[Y] — MY, Sd(X) — 00X, Sd(Y) — 0y, and PXY =
cor(X,Y).



Define

2
X:(X),X:<x>,M:<MX>,E:<O-X O-‘XéY
Y Y Ly oxXy Oy

Then the bivariate normal distribution can be compactly expressed as

e [ CSND R CS)
21 det(32)1/2

f(x) =

where
2 2 2 2 2 2 2 2
det(X) = ooy —oky = 0X0y — OXOYyPXY
2 2 2
= o050y (1 — pky)-
We use the shorthand notation

X ~ N(u, %)

)



Derivatives of Simple Matrix Functions

Result: Let A be an n X n symmetric matrix, and let x and y be an n x 1
vectors. Then

0
5 7Y
~— XY = =Yy,
oOx 9
Oznt Y
5 70— (Ax)’
a—AX: : = A,
X
a% (Ax)’
0
a 8—CU]_X/AX
a—X,AX = : = 2Ax.
X %X’AX



We will demonstrate these results with simple examples. Let

_[ad [ ™ [ wn
a=(50) == (0) = (0)
For the first result we have

x'y = x1y1 + T2y0.

ixly _ 3% Xy \ _ 8:c1 (x1y1 + z2y2) ( U1 > v.
Ox 31 x'y 52 (2191 + T2y2) Y2

Then



Next, consider the second result. Note that

a b
AX_(b C

and

)

L1
L2

)=

axri + bxo
bri + cxo

(Ax) = (ax1 + bxg, bry + cxo)

Then

— Ax=
ox

O % (ax1 + bxo, br1 + cxo) _ ( a
913 (ax1 + bxo, br1 + cxo)

|



Finally, consider the third result. We have

X/AX:(xl xz)(Z i)(i;

0

915 (aazl + 2bx1xo + cm2>

) = aa:% + 2bx1x0 + cx%.

2bx1 + 2cxo

0
EX/AX: ( Da1 (awl + 2bx1xo + cxz) ) _ ( 2ax1 + 2bxo
2

=25 2)(5) =2

)



