Chapter 1

Matrix Algebra Review

This chapter reviews some basic matrix algebra concepts that we will use
throughout the book.

Updated: August 15, 2013.

1.1 Matrices and Vectors

A matriz is just an array of numbers. The dimension of a matrix is deter-
mined by the number of its rows and columns. For example, a matrix A
with n rows and m columns is illustrated below

ap a2 ... Qim
Q21 Q22 ... G2m
A =
(nxm)
An1 Ap2 ... Aum

where a;; denotes the i*" row and j** column element of A.
A wvector is simply a matrix with 1 column. For example,

a1
X2
X =
(nx1)
Tn
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is an n x 1 vector with elements x1, zo, ..., x,. Vectors and matrices are often
written in bold type (or underlined) to distinguish them from scalars (single
elements of vectors or matrices).

Example 1 Matrixz creation in R

In R, matrix objects are created using the matrix () function. For example,
to create the 2 x 3 matrix

123
(2><3)_ 456

use

> matA = matrix(data=c(1,2,3,4,5,6) ,nrow=2,ncol=3,byrow=TRUE)
> matA
[,11 [,2] [,3]
[1,] 1 2 3
[2,] 4 5 6
> class(matA)
[1] "matrix"

The optional argument byrow=TRUE fills the matrix row by row.! The default
is byrow=FALSE which fills the matrix column by column:

> matrix(data=c(1,2,3,4,5,6) ,nrow=2,ncol=3)
(,11 [,2] [,3]

[1,] 1 3 5

[2,] 2 4 6

Matrix objects have row and column dimension attributes which can be ex-
amined with the dim() function:

> dim(matA)
[1] 2 3

'When specifying logical variables in R always spell out TRUE and FALSE instead of
using T and F. Upon startup R defines the variables T=TRUE and F=FALSE so that T and
F can be used as substitutes for TRUE and FALSE, respectively. However, this shortcut is
not recommended because the variables T and F could be reassigned during subsequent
programming.
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The rows and columns can be given names using

> dimnames(matA) = list(c("rowl","row2"),c("coll","col2","col3"))
> matA
coll col2 col3
rowl 1 2 3
row2 4 5 6

or

c("Coll", "Col2", "Col3")
c("Rowl", "Row2")

> colnames (matA)
> rownames (matA)
> matA

Coll Col2 Col3
Rowl 1 2 3
Row2 4 5 6

The elements of a matrix can extracted or subsetted as follows:

> matA[1, 2]
[1] 2
> matA["Rowl", "Coll"]
[1] 1
> matA[l, ]
Coll Col2 Col3
1 2 3
> matA[, 2]
Rowl Row?2
2 5

To preserve the dimension attributes when subsetting use the drop=FALSE
option:

> matA[1, , drop=FALSE]
Coll Col2 Col3

Rowl 1 2 3

> matA[, 2, drop=FALSE]
Col2

Rowl 2

Row2 5
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[ |
Example 2 Creating vectors in R

Vectors can be created in R using a variety of methods:

> xvec = ¢(1,2,3)

> xvec

[1] 123

> xvec = 1:3

> xvec

[1] 1 2 3

> xvec = seq(from=1,to=3,by=1)
> xvec

[1] 123

Vectors in R are of class numeric and do not have a dimension attribute:

> class(xvec)
[1] "numeric"
> dim(xvec)
NULL

The elements of a vector can be assigned names using the names () function:

> names(xvec) = c("x1", "x2", "x3")

> xvec
x1 x2 x3
1 2 3

To force a dimension attribute onto a vector, coerce it to a matrix object
using as.matrix()

> xvec = as.matrix(xvec)
> xvec
[,1]
x1 1
x2 2
x3 3
> class(xvec)
[1] "matrix"
> dim(xvec)
[1] 31
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The transpose of an n X m matrix A is a new matrix with the rows and
columns of A interchanged, and is denoted A’ or AT. For example,

- 14
123
A = ., Al =125
(2x3) 456 (3x2)
- 36
1
x =12, ¥ 2[123].
(3x1) (1x3)
3

A symmetric matrix A is such that A = A’. Obviously, this can only
occur if A is a square matrix; i.e., the number of rows of A is equal to the
number of columns. For example, consider the 2 x 2 matrix

12
21

A =

Then,
12

21

A'=A=

Example 3 Transpose of a matrix in R

To take the transpose of a matrix or vector use the t() function

> matA = matrix(data=c(1,2,3,4,5,6) ,nrow=2,ncol=3,byrow=TRUE)
> t(math)
[,1]1 [,2]
[1,] 1 4
[2,] 2 5
[3,] 3 6
> xvec = c(1,2,3)
> t(xvec)
(,11 [,2] [,3]
[1,] 1 2 3
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Notice that, when applied to a vector with n elements, the t() function
returns a matrix object with dimension 1 x n. B

1.2 Basic Matrix Operations

In this section we review the basic matrix operations of addition, subtraction,
scalar multiplication and multiplication.

1.2.1 Addition and subtraction

Matrix addition and subtraction are element by element operations and only
apply to matrices of the same dimension. For example, let

49 20
B

J

21 07
Then
49 20 442940 69
A+B = + = = :
21 07 240 1+7 28
49 20 4—-29-0 2 9
A._B: — = =
21 07 2—-01-7 2 —6

Example 4 Matrixz addition and subtraction in R

Matrix addition and subtraction is straightforward in R:

> matA = matrix(c(4,9,2,1),2,2,byrow=TRUE)
> matB = matrix(c(2,0,0,7),2,2,byrow=TRUE)
> matA
[,1]1 [,2]
[1,] 4 9
[2,] 2 1
> matB
[,11 [,2]
[1,] 2 0
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[2,] 0 7
> # matrix addition
> matC = matA + matB
> matC

[,1]1 [,2]
[1,] 6 9
[2,] 2 8
> # matrix subtraction
> matC = matA - matB
> matC

[,1]1 [,2]
[1,] 2 9
[2,] 2 -6

1.2.2 Scalar Multiplication

Here we refer to the multiplication of a matrix by a scalar number. This is
also an element-by-element operation. For example, let ¢ = 2 and

3 -1
A:
0 5
Then
2-3 2-(-1) 6 —2
c- A= —
2.-(0) 2-5 0 10

Example 5 Scalar multiplication in R

> matA = matrix(c(3,-1,0,5),2,2,byrow=TRUE)

> matC = 2*matA
> matC
[,11 [,2]

[1,] 6 -2
[2,] 0 10
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1.2.3 Matrix Multiplication

Matrix multiplication only applies to conformable matrices. A and B are
conformable matrices if the number of columns in A is equal to the number
of rows in B. For example, if A is n X m and B is m x p then A and B are
conformable and the matrix product of A and B has dimension n x p. The
mechanics of matrix multiplication is best explained by example. Let

12 121
= and B =
(2x2) 3 4 (2x3) 3492
Then
12 121
A .- B = .
(2x2) (2x3) 34 34 9

1-1+2-31-24+2-41-1+2-2
3-1+4-33-2+4-43-1+4-2

7 10 5

15 22 11 (2x3)

The resulting matrix C has 2 rows and 3 columns. In general, if A isn xm
and Bism xpthen C=A-B isn X p.

As another example, let
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Then
12 2
A - B = .
(2x2) (2x1) 34 6
1-2+2-6
3-2+4-6
14
30

As a final example, let

Then

Xy=[123] |5]=1-4+25+3.6=32

Example 6 Matrix multiplication in R

In R, matrix multiplication is performed with the %*% operator. For example:

> matA = matrix(1:4,2,2,byrow=TRUE)

> matB = matrix(c(1,2,1,3,4,2),2,3,byrow=TRUE)
> matA
[,1]1 [,2]

[1,] 1 2
[2,] 3 4
> matB

[,11 [,2]1 [,3]
[1,] 1 2 1
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[2,] 3 4 2
> dim(matl)

[1] 2 2

> dim(matB)

[1] 2 3

> matC = matA¥%*/matB
> matC

(,11 [,2] [,3]
[1,] 7 10 5
[2,] 15 22 11
> # note: BY*%A doesn’t work b/c B and A are not comformable
> matB)x/matA
Error in matB %x*J matA : non-conformable arguments

The next example shows matrix multiplication in R also works on numeric
vectors:

> matA = matrix(c(1,2,3,4), 2, 2, byrow=TRUE)
> vecB = c(2,6)
> matAY*J,vecB

[,1]
[1,] 14
(2,1 30

> vecX = ¢(1,2,3)

> vecY = c(4,5,6)

> t(vecX)hxlvecY
[,1]

[1,] 32

> crossprod(vecX, vecY)
[,1]

[1,] 32

1.2.4 The Identity Matrix

The identity matrix plays a similar role as the number 1. Multiplying any
number by 1 gives back that number. In matrix algebra, pre or post multi-
plying a matrix A by a conformable identity matrix gives back the matrix
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A. To illustrate, let
10
I, =
01

denote the 2 dimensional identity matrix and let

ail aiz

A =
G21 Q22

denote an arbitrary 2 X 2 matrix. Then

1 0 a1 ai2
I,A = .
0 1 921 A9
a11 A12
= = A.,
21 A22
and
a11 a12 1 0
A1, = :
921 A22 0 1
a11 a2
p— p— A_‘
a21 A22

Example 7 The identity matriz in R

Use the diag() function to create an identity matrix:

> matI = diag(2)
> matl
[,1]1 [,2]
[1,] 1 0
[2,] 0 1
> matA = matrix(c(1,2,3,4), 2, 2, byrow=TRUE)
> matI/x/%matA
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[,1]1 [,2]
[1,] 1 2
[2,] 3 4
> matAY*/matI

[,11 [,2]
[1,] 1 2
[2,] 3 4

1.3 Representing Summation Using Vector No-
tation

Consider the sum

n
E Ty =21+ + Zp.
k=1

Let x = (x1,...,2,) beannx 1 vector and 1 = (1,...,1) be an n x 1 vector
of ones. Then

1 n
x/lz[xl...a:n}' :$1+"'+xnzzxk>
k=1
1
and
X1 n
I'x = [1 1]- Pl =mt et = )
k=1
Tn

Next, consider the sum of squared x values

n

E 2 2 2
ZCk:(L'l—F"‘—i—.Tn.

k=1
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This sum can be conveniently represented as

X1 n
xx:[xl $n] :x%—k -‘+xn:Zxk
k=1
Tn
Last, consider the sum of cross products
n
Zxkyk =T1Y1 + - Tpln-
k=1
This sum can be compactly represented by
Y1 n
X/y:|:xl iCn} : =I1?J1+"'$nynzzxkyk-
k=1
Yn

Note that x'y = y'x.
Example 8 Computing sums in R

In R, summing the elements in a vector can be done using matrix algebra.

# create vector of 1’s and a vector x

> onevec = rep(1,3)

> onevec

[1] 111

> xvec = ¢(1,2,3)

> xvec

(1] 1 2 3

# sum elements in x

> t(xvec)%*xjonevec
[,1]

[1,] 6

The functions crossprod() and sum() are generally computationally more
efficient:
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> crossprod(xvec,onevec)
[,1]

[1,] 6

> sum(xvec)

[1] 6

Sums of squares are best computed using

> crossprod(xvec)
[,1]

(1,1 14

> sum(xvec~2)

[1] 14

The dot-product or cross-product of two vectors can be conveniently com-
puted using the crossprod() function:

> yvec = 4:6

> xvec

[1] 123

> yvec

[11 456

> crossprod(xvec,yvec)
[,1]

(1,1 32

> crossprod(yvec,xvec)
[,1]

[1,] 32

1.4 Systems of Linear Equations
Consider the system of two linear equations

r4+y =1
20—y =1
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X+y=1, 2x-y=1

1.0

0.8
I

0.6
I

04

0.2

0.0
|

0.0 0.2 0.4 0.6 0.8 1.0

Figure 1.1: System of two linear equations.

As shown in Figure 1.1, equations (1.1) and (1.2) represent two straight lines

which intersect at the point x = % and y = % This point of intersection is

determined by solving for the values of x and y such that z +y = 22 — y.2
The two linear equations can be written in matrix form as

11 x 1
21| |y 1|
or
A-z=b,
where
11 T
A= , Z = and b =
2 -1 y 1

2Soving for  gives x = 2y. Substituting this value into the equation z +y = 1 gives
2y +y = 1 and solving for y gives y = 1/3. Solving for x then gives x = 2/3.
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If there was a (2 x 2) matrix B, with elements b;;, such that B- A =I5,
where I, is the (2 x 2) identity matrix, then we could solve for the elements
in z as follows. In the equation A -z = b, pre-multiply both sides by B to
give

B-A-z = B-b
— I1.-z=B:-b
— z=B"-b,

or
T bn b12 1 bll -1+ b12 -1

Yy le b22 1 621 14 bgg -1

If such a matrix B exists it is called the inverse of A and is denoted A1
Intuitively, the inverse matrix A~! plays a similar role as the inverse of a
number. Suppose a is a number; e.g., a = 2. Then we know that % ca =
a~la = 1. Similarly, in matrix algebra A~'A = I, where I, is the identity
matrix. Now, consider solving the equation a - z = 1. By simple division we
have that x = %x = a~'z. Similarly, in matrix algebra if we want to solve the
system of linear equations Ax = b we multiply by A~! and get the solution
x = A"'b.
Using B = A, we may express the solution for z as

z = A" 'b.

As long as we can determine the elements in A~! then we can solve for the
values of x and y in the vector z. The system of linear equations has a solution
as long as the two lines intersect, so we can determine the elements in A~!
provided the two lines are not parallel. If the two lines are parallel, then one
of the equations is a multiple of the other. In this case we say that A is not
invertible.

There are general numerical algorithms for finding the elements of A ™!
(e.g., so-called Gaussian elimination) and matrix programming languages
and spreadsheets have these algorithms available. However, if A is a (2 x 2)
matrix then there is a simple formula for A™'. Let A be a (2 x 2) matrix
such that

a1l a2

A =
Q21 Q22
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Then

B 1 Qg2 —a12
~ det(A) ’

—a21 Q11

A—l

where det(A) = a11a22 — as1a12 denotes the determinant of A and is assumed
to be not equal to zero. By brute force matrix multiplication we can verify
this formula:

A-TA — 1 Az  —a12 a1l G2
Q11099 — Q210G
1822 = B2102 | —a9  an az1 Qg2
1 (22011 — A12021  A22012 — A12022
Q11099 — Q210G
11522 22 —agrayy + ar11a21 —a21a12 + A11022
1 (22011 — Q12021 0
Q11099 — Q910G
11622 = ©21612 0 —@21012 + A11022
a22a11—a12a21 O
— a11a22—a21012
0 —a21a12+a11a22

11022—021012

10
01

Let’s apply the above rule to find the inverse of A in our example linear
system (1.1)-(1.2):

11
Al L i N
—-1-2 2 —
2 1 iy
Notice that
. 11 10
AA = =

Wi Wl

wl' Wl
=

[\

—_

o

—_
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Our solution for z is then

z:Aflb

REEAEE
R

_ 5o
B

sothat + = 2 and y =

1
3 3

Example 9 Solving systems of linear equations in R

In R, the solve() function is used to compute the inverse of a matrix and
solve a system of linear equations. The linear system z+y =1 and 2z—y =1
can be represented using

matA
vecB

matrix(c(1,1,2,-1), 2, 2, byrow=TRUE)
c(1,1)

First we solve for A~=1:3

> matA.inv = solve(matA)
> matA.inv
[,1] [,2]

[1,] 0.3333 0.3333
[2,] 0.6667 -0.3333
> matA.inv¥*%matA

[,1] [,2]
[1,] 1 -5.551e-17
[2,] 0 1.000e+00
> matA%*YmatA.inv

[,1] [,2]
[1,] 1 5.551e-17
[2,] 0 1.000e+00

3Notice that the calculations in R do not show A~!'A =T exactly. The (1,2) element
of A—'A is -5.552e-17, which for all practical purposes is zero. However, due to the
limitations of machine calculations the result is not exactly zero.
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Then we solve the system z = A~ 1b:

> z = matA.invY*}vecB
> z
[,1]
[1,] 0.6667
[2,] 0.3333

19

In general, if we have n linear equations in n unknown variables we may
write the system of equations as

aj1ry + a1y + - + a1y =

911 + Q99T9 + + + + + A9y, Ty

Ap1Tq + Ap2X2 + -+ ApnTn

which we may then express in matrix form as

or

The solution to the system of equations is given by

ap; a2 -

ag1 Q22 -

Qp1 An2 * "

A1n

Aan

ann

(nxn) ' (nx1)

T

)

(nx1)

x=A"'b

by
ba

bn

by
by

where A™'A =T and I is the (n x n) identity matrix. If the number of
equations is greater than two, then we generally use numerical algorithms to

find the elements in A~!.

1.4.1 Partitioned Matrices and Partitioned Inverses

To be completed
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1.5 Positive Definite Matrices

To be completed

1.6 Multivariate Probability Distributions Us-
ing Matrix Algebra

In this section, we show how matrix algebra can be used to simplify many
of the messy expressions concerning expectations and covariances between
multiple random variables, and we show how certain multivariate probability
distributions (e.g., the multivariate normal distribution) can be expressed
using matrix algebra.

1.6.1 Random Vectors

Let X3, ..., X, denote n random variables for i = 1,...,n let u, = E[X;] and
0? = var(X;), and let o;; = cov(X;, X;) for i # j. Define the n x 1 random
vector X = (X1,...,X,,) . Associated with X is the n x 1 vector of expected
values

E[Xl] 251

1.6.2 Covariance Matrix

The covariance matrix ¥, summarizes the variances and covariances of the
elements of the random vector X. In general, the covariance matrix of a
random vector X (sometimes simply called the variance of the vector X)
with mean vector p is defined as

cov(X) = E[(X - u)(X — p)] = =,
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If X has n elements then 3 will be the symmetric n x n matrix

U% 012 *** O1n
5 012 03 ot O2p
nxn
O1n O2n " 0-721
For the case N = 2, we have
/ Xl
E(X—p)(X—p)] =E Xy =, Xo — )
i Xz—MQ
[ ey X)X
| (X2—M2>(Xl py) (X — N2
_ El(X1 — 11)?] E[(Xy — py) X2—M2
EKX? — j19) (X1 — M1)] EKX? - M2
var(X) cov (X, X) 0% 019 5
COV(XQ,Xl) Var(XQ) 012 O'%

1.6.3 Variance of Linear Combination of Random Vec-
tors

Consider the n x 1 random vector X with mean vector g and covariance
matrix ¥. Let a = (ay,...,a,)" be an n x 1 vector of constants and consider
the random variable Y = a’X = a; X; + -+ + a,X,,. Then

py = E[Y] = E[@’X] =a' E[X] = a'p.

and
var(Y) = var(a’X) = E[(a'’X — a'p)?] = E[(a'(X — p))?]

since Y = a’X is a scalar. Now we use a trick from matrix algebra. If z is
a scalar (think of z = 2) then 2’2 = z- 2/ = 22, Let z = a’(X — pu) and so
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z-2 =a' (X —pu)(X — p)a. Then

var(Y) = E[2*] = B[z - 2]
= Ela'(X — p)(X — p)'al
aB[(X - p)(X—p)a
= a'cov(X)a = a'Xa.

1.6.4 Covariance Between Linear Combination of Two
Random Vectors

Consider the n x 1 random vector X with mean vector pu and covariance
matrix ¥. Let a = (ay,...,a,) and b = (by,...,b,)" be n x 1 vectors of
constants, and consider the random variable Y = a’X = a; X7 + -+ - + a, X,
and Z =b'X =b, X, +---+b,X,,. From the definition of covariance we have

cov(Y, Z) = E[(Y — E[Y])(Z - E[Z])]
which may be rewritten in matrix notation as

cov(a'X,BX) = Bf'X - p)(6X — )
— Bla/(X — wb'(X - p)]

[a
= Ela'(X — p)(X — p)'b]
= aE[(X - p)(X—p)b
= a'Yh.

Since a'(X — p) and b'(X — p) are scalars, we can use the trick
a'(X - p)b'(X - p) =a' (X — p)(X - p)'b.

1.6.5 Bivariate Normal Distribution
Let X and Y be distributed bivariate normal. The joint pdf is given by
1

f(x,y) = 27T0'X0'me
exp ¢ — 1 (x_“X)2+ (M>2_ 2pxy (v — px )(y — py)
P 2(1 - P%(Y) 0Xx Oy Ox0y

(1.3)
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where E[X] = py, E[Y] = py, sd(X) = ox, sd(Y) = oy, and pyy =
cor(X,Y). The correlation coefficient pyy describes the dependence between
X and Y. If pyy = 0 then X and Y are independent and the pdf collapses
to the pdf of the standard bivariate normal distribution.

The formula for the bivariate normal distribution (1.3) is a bit messy. We
can greatly simplify the formula by using matrix algebra. Define the 2 x 1
vectors X = (z,y)" and p = (pux, 1)), and the 2 x 2 matrix

2
O'X [%5'e%

E:

2
OxXy Oy

Then the bivariate normal distribution (1.3) may be compactly expressed as

1

- xR (x-p)
J&) = 5 ez !

where

2 2 2 92 2 2 2 2 92 2 2
det(z)_UXUY_UXY_UXUY_UXUYPXY_JXUY(l_pXY>'

1.6.6 Multivariate Normal Distribution

Consider n random variables Xj,..., X, and assume they are jointly nor-
mally distributed. Define the nx1 vectors X = (X1,...,X,), x = (x1,...,2,)
and g = ({49, ..., 1,)", and the n x n covariance matrix
U% 012 "+ O1n
5 _ 012 U% Tt O2p
Tin Oon =+ Op

Then X ~ N(p,X) means that the random vector X has a multivariate
normal distribution with mean vector g and covariance matrix ¥. The pdf
of the multivariate normal distribution can be compactly expressed as

fx) = 1 o A S (x )

2m/2 det(3X)1/2
= (27T)—n/2 det(Z)—l/%—%(X—u)'z*l(x_”)'
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1.7 Derivatives of Simple Matrix Functions

Result: Let A be an n X n symmetric matrix, and let x and y be an n x 1

vectors. Then

=y, (1.4)

— A, (1.5)

= 2Ax.

0
5o X Ax

We will demonstrate these results with simple examples. Let

ab
A= ,
b c

First, consider (1.4). Now

T n

X'y = z1y1 + T2yo.

Then
0 o/
X %X/y

Next, consider (1.5). Note that

ab
b c

Ax =

8%1 (T1y1 + T2Y2) _ [y y
% (T191 + 2212) Y2
T1 axy + bxs

i) b!L’l + cxo
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and
(Ax)" = (azy + bxo, by + cx9)
Then
iAx— a%l (a1 + bxe, bxy + cx2) (@ b A
ox % (ax1 + bxa, bry + cx3) b c

Finally, consider (1.6). We have

ab 1

x'Ax = <$1 Ty ) = ax] + 2bx 19 + CT5.
b c To
Then
J di (ax? 4 2bxy79 + CT2) 2ax1 + 2bxy
—xAx = =
ox ai ax? + 2bxyx + c1) 2bx1 + 2cxs

1.8 Portfolio Math Using Matrix Algebra

Let R; denote the return on asset : = A, B, C' and assume that R4, Rg and
R¢ are jointly normally distributed with means, variances and covariances:

H; = E[RZ], O'z2 = var(Rz-), COV(RZ‘, Rj) = Uij-

Let x; denote the share of wealth invested in asset i (i = A, B, C) , and assume
that all wealth is invested in the three assets so that x4 + x5+ xc = 1. The
portfolio return, R, ;, is the random variable

Rp@- =x2RAs+ xR + zcRc. (17)

The subscript “z” indicates that the portfolio is constructed using the x-
weights x4, xp and x¢. The expected return on the portfolio is

Mp,:r - E[Rp,x] =TAlA + ITplp + Topeo, (18)
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and the variance of the portfolio return is

Ufw = Var(Rpw) = I2AJ2A+x2BJ2B+x2CJ2C+2xAxBUAB+2xAxCUAC+2xBxCJBC.
(1.9)
Notice that variance of the portfolio return depends on three variance terms
and six covariance terms. Hence, with three assets there are twice as many
covariance terms than variance terms contributing to portfolio variance. Even
with three assets, the algebra representing the portfolio characteristics (1.7)
- (1.9) is cumbersome. We can greatly simplify the portfolio algebra using
matrix notation.
Define the following 3 x 1 column vectors containing the asset returns and
portfolio weights

Ry A

Re xc

The probability distribution of the random return vector R is simply the
joint distribution of the elements of R. Here all returns are jointly nor-
mally distributed and this joint distribution is completely characterized by
the means, variances and covariances of the returns. We can easily express
these values using matrix notation as follows. The 3 x 1 vector of portfolio
expected values is

Ry E[RA] Ha
E[R] =F RB = E[RB] = Up =N,
Re E[Rc] He

and the 3 x 3 covariance matrix of returns is

var(Rs)  cov(Ra, Rp) cov(Ra, Rc)
var(R) = | cov(Rp, R4) var(Rg) cov(Rp, Re)
cov(Re, Ra) cov(Re, Rg)  var(Re)

2
04 0AB 0AC

_ 2 _
- 0AB Op OBC = 3.

2
gAc 0Bc O¢
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Notice that the covariance matrix is symmetric (elements off the diago-
nal are equal so that ¥ =3’ where ¥’ denotes the transpose of X) since
cov(Ra, Rg) = cov(Rp, Ra), cov(R4, Rc) = cov(Re, Ra) and cov(Rp, Ro) =
cov(Rc, Rp).
The return on the portfolio using vector notation is
Ra
Rp,x =x'R = (:CA,zCB,zCC) . Rp =x4Rs+2Rp + 2cRc.

Re
Similarly, the expected return on the portfolio is

1y, = EXR]=XER]|=x'p

Ha
= (mA,mB,mC)- UB ZI’A,UA—FZUB,UB—FI’C,MC.
2%,
The variance of the portfolio is
0% 0B Oac n
012),x = var(x’R) = X,EX = (ZL’A,ZL'B,ZL'C) . O AB O'QB OBC rB
oAc OBC 0% To

2 2 2 2 2 2
= 1904 + TR0 + X000 + 204230 AR + 204200 Ac + 22T 0 BC.

Finally, the condition that the portfolio weights sum to one can be expressed
as

1
x'1= (za,2p,20) | 1 | =xa+2p+ 20 =1,
1

where 1 is a 3 x 1 vector with each element equal to 1.
Consider another portfolio with weights y = (y4,yg, yc)'- The return on
this portfolio is

Ryy = YR =yaRa+ysRp +ycRc.
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We often need to compute the covariance between the return on portfolio x
and the return on portfolio y, cov(R, ., Rp,). This can be easily expressed
using matrix algebra:
Oy = COV(R, 2, Ry,) = cov(xX'R,y'R)
= E[(xR - x'u))(yR-y'n)]=EX R - p)(R - p)y]
= X'E[(R - p)(R - p)y =x'ZTy.
Notice that

2
0A OAB 0AC Ya
/
Ozy = Xzy: (anxBaxC) : O AB O'2B oOBC UB
2
0Ac OBc O¢ Yo

= TAYATH + TBYBOE + LYooy
+(Tayp + ¥pya)oas + (Tayc + Toya)oac + (Tpyc + TcYp)o o,
which is quite a messy expression!

The global minimum variance portfolio m solves the constrained mini-
mization problem

min o2, =m'Sms.t. m'l=1. (1.10)

The Lagrangian function is
L(m,\) = m'Em + A(m'l — 1)

The first order conditions can be expressed in matrix notation as

_ OL(m,\) 0 0 / B

= Tom - ™ Em—l—am)\(ml 1) =2-Ym+\-1(1.11)
_ OLm,)\) 0 0 , o

(191) = o™ Em—i-a)\)\(ml 1)=m'1-1 (1.12)

1.9 Further Reading

A classic textbook on linear algebra is Strang (1980). Reviews of matrix al-
gebra with applications in economics and finance are given in Chang (1984).
Excellent treatments of portfolio theory using matrix algebra are given in In-
gersol (1987), Huang and Litzenberger (1988) and Campbell, Lo and MacKin-
lay (1996).
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