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@ Matrices and Vectors

@ Basic Matrix Operations
@ Addition and subtraction
@ Scalar multiplication
@ Matrix multiplication
@ The Identity Matrix
@ Matrix inverse
@ Systems of linear equations
@ Representing summation using matrix notation
e Portfolio math with matrix algebra
@ Bivariate normal distribution

@ Derivatives of simple matrix functions
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Square matrix : n =m

a2m

Gpm

n = # of rows, m = # of columns
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e R is a matrix oriented programming language

@ Excel can handle matrices and vectors in formulas and some
functions

e Excel has special functions for working with matrices. There are
called array functions. Must use:

<ctrl>-<shift>-<enter>

to evaluate array function
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Transpose of a Matrix

Interchange rows and columns of a matrix:

A ' =transpose of A

(mxmn) (nxm)
Example,

(1 2 3 L

A= 45 6],A': 2 5
- 3 6
1

x=| 2 ,x':[l 2 3}
3
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Computational tools

R function
t(A)

Excel function
TRANSPOSE (matrix)

<ctrl>-<shift>-<enter>
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ymmetric Mat

A square matrix A is symmetric if:
A=A’

Example,

Aol 2] a2
2 1 2 1

Remark: Covariance and correlation matrices are symmetric.
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@ Matrices and Vectors

@ Basic Matrix Operations
@ Addition and subtraction
@ Scalar multiplication
@ Matrix multiplication
@ The Identity Matrix
@ Matrix inverse
@ Systems of linear equations
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Addition and Subtraction (element-by-element)

Eric Zivot (Copyright ©

2015)

(442 940
240 1+7
(6 9
2 8
[4-2 9-0
1 2-0 1-7
[2 9
2 -6
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Scalar Multiplication (element-by-element)

¢ = 2 = scalar
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Matrix Multiplication (not element-by-element)

_ o | bir b1z b3
A =|ay ax |, B =
(3x2) (2x3) ba1 bao  bos
as;  as2

Note: A and B are comformable matrices: # of columns in A = # of
rows in B:

A - B
(3x2) (2x3)

a11b11 + ai2ba1  ai1biz + a12b22  a11b13 + ai2bag
= | a21bi1 + agbar  a21bia + azsbaz  az1b13 + aznbos
az1b11 + azaba;  asibia + azaboa  asibiz + asabas

Remark: In general,

A-B#B-A
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Example

SN

5+14 6+16 | | 19 22
| 43 50

15+28 18+ 32

A-B=

R operator
A% *7B

Excel function
MMULT(matrix1, matrix2)

<ctrl>-<shift>-<enter>
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Identity Matrix

The n— dimensional identity matrix has all diagonal elements equal to
1, and all off diagonal elements equal to 0.

Example,
10
01

Remark: The identity matrix plays the roll of “1” in matrix algebra,
1
LA = 0 ai a2
01 as21  ag

| air+0 a2+0
0+ao1 O0+ax

I

air a2
az1  G22
=A
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Ident

Similarly,

A'IQZlZH
21

| a1
a2
R function

diag(n)

Matrix cont.

a1 1 0
a9 0 1
ai2 — A
az2

creates n— dimensional identity matrix.
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Let( A : = square matrix. A~ = “inverse of A” satisfies:
nxn

A7TA=T,
AA =T,

Remark: A1 is similar to the inverse of a number:

1
a=2 al=-
2
1
-1
. =92.-=1
a-a >
1
-1
:7-2:1
a " -a=g
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Computational tools

R function
solve(A)

Excel function
MINVERSE(matrix)

<ctrl>-<shift>-<enter>
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Representing Systems of Linear Equations Using Matrix

Algebra

Consider the system of two linear equations
r+y=1
20 —y =1
The equations represent two straight lines which intersect at the point:

rT=35,Y=5

3 3
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Representing Systems of Linear Equations Using Matrix
S . o

Algebra cont.

Matrix algebra representation:

IRERH

or,
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Representing Systems of Linear Equations Using Matrix

Algebra cont.
We can solve for z by multiplying both sides by A~!:
AMA.z=A""b
=1.z=A""'b

—z=A"1b

AT

Remark: As long as we can determine the elements in A~!, we can
solve for the values of x and y in the vector z. Since the system of
linear equations has a solution as long as the two lines intersect, we can
determine the elements in A~! provided the two lines are not parallel.

or,
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Matrix Inverse (2 x 2 case)

There are general numerical algorithms for finding the elements of A~1
and programs like Excel and R have these algorithms available.

However, if A is a (2 x 2) matrix then there is a simple formula for
AL Let,

Then,
_ 1 azy  —ai2
A 1
det(A) [ —ag1  an 1
where,

det(A) = 11092 — ag1a12 75 O
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Matrix Inverse (2 x 2 case) cont.

Let’s apply the above rule to find the inverse of A in our example:

1 -1 -1
Al = =
-1-2 [ -2 1 1 l

Notice that,

WD Lol =
I

w‘Hw\H

| I

ATA = [

w" ol
—
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cont.

Our solution for z is then,

z=A"'b

|
|

so that x = £ and y =

oa" ol

=

| I

| — |
— =

| I

[SUIEMIN]
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Representing Systems of Linear Equations Using Matrix

Algebra cont.

In general, if we have n linear equations in n unknown variables we
may write the system of equations as:

a1121 + a1px2 + - + ATy, = by

a21x1 + a2 + - - - + a2,y = bo

121 + Ap2T2 + -+ + App®y = by,

which we may then express in matrix form as:

a1 @12 - Qip 1 b1
a1 G2 -+ A2, T2 bo

Gp1 An2 - Qnpn T, by,
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Representing Systems of Linear Equations Using Matrix

Algebra cont.

or,

- X b .
(nxn) (nx1) (nx1)
The solution to the system of equations is given by:
x=A"b

where A=A =T and I is the (n x n) identity matrix. If the number of
equations is greater than two, then we generally use numerical
algorithms to find the elements in A~
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@ Matrices and Vectors

@ Addition and subtraction
@ Scalar multiplication

@ Matrix multiplication

@ The Identity Matrix

@ Matrix inverse

@ Systems of linear equations

@ Representing summation using matrix notation
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nting Summation Using Matrix Not

n
Zwi=$1+$2+'”+l’n

=1

I 1

T 1
x = | 1 =
(nx1) : (nx1)

Ty 1
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nting Summation Using Matrix Notation cont.

Then,
1
1
x’lz(xl To - :En) :
1

n
:$1+$2+”-+$n:in
i=1
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nting Summation Using Matrix Notation cont.

Equivalently,
x1
Ux=(11 - 1) 3::2
o

n
:$1+$2+”-+$n:in
i=1
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nting Summation Using Matrix Not

Sum of Squares:

2 _ 2, 2 2

Y ap=ai+ait -+,
/ x2
sz(xl Ty - l‘n) .

n
2 2 2 2
:$1+$2++$HIZIIZ‘Z
i=1
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nting Summation Using Matrix Notation cont.

Sums of cross products:

n
Zmz’yi =ZT1Y1 + T2Y2 + -+ TpYn
i=1
Y2
X/y:(ml :L'Q xn) :

n
=T1Y1 + Xoy2 + -+ TnpYp = Z%yz
i=1
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Computational tools

R function
t () %%y, t(y)h*hx
crossprod(x,y)
Excel function
MMULT(TRANSPOSE(x),y)
MMULT(TRANSPOSE(y),x)

<ctrl>-<shift>-<enter>
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@ Matrices and Vectors

@ Addition and subtraction
@ Scalar multiplication

@ Matrix multiplication

@ The Identity Matrix

@ Matrix inverse

@ Systems of linear equations

e Portfolio math with matrix algebra
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Portfolio Math with Matrix Algebra

Three Risky Asset Example:

Let R; denote the return on asset i = A, B, C and assume that R4, Rp

and R¢ are jointly normally distributed with means, variances and
covariances:

wi = B[R], 012 =var(R;), cov(R;, Rj) = 03
Portfolio “x”:
x; = share of wealth in asset 7
za+rptro=1
Portfolio return:

R, =724ARs+ 2R +xcRC.
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Portfolio Math with Matrix Algebra cont.

Portfolio expected return:

ppz = E[Rps] = xapa+ xpup + xcuc
Portfolio variance:
U;%,a: =var(Ry ) = 2404 + vhoh + vhok

+2242B0AB + 22 axc0AC + 22BXCOBC

Portfolio distribution:

Ryz ~ N(pip,a, Uim)
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Portfolio Math with Matrix Algebra cont.

Matrix algebra representation:

Ry HA
R=| R |, u=| pup |, 1=
Rc pe
T A 0% 0aB OAC
x=| zp |, X2=| oaB 0123 OBC
xc ocac OBc O&

=zat+ap+tac=1
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riance Matrix

Using matrix algebra, the variance-covariance matrix of the N x 1
return vector R is defined as:
var(R) = cov(R) = E[(R — p)(R — p) ] = =
NxN
Because R has N elements, X is the N x N matrix:

2
01 012 +*+ Oln
2
012 g3 o O2p
Y= .
2
Uln 0-271 Un

Matrix Algebra Review
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Digression on Covariance Matrix cont.

For the case N = 2, we have:

E[(R—-p)(R—p)]=FE K - ) - (Ry — p1, Ro — p2)

2x1 1x2 Ry — po
_EK (R1 — m)? (Ry — ) (Ra — o) )1
(Ro — p2)(R1— ) (R2— M2)2
_ ( E[(Ry — pu1)?] E[(Ry — p1)(Rg — p2)] )
E[(R2 — p2) (R — m)] E[(Rg — MZ) ]

_ ( var(R) cov(Ry, R2) > _ ( ol o012 > —¥
cov(Ra, Ry) var(Rg) 2 '
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Portfolio Math with Matrix Algebra cont.

Portfolio return:

Ra
Rp,x =xR = ( rA B IC ) Rp
Rec
=xpaRA+xzRp + xcRc
=R'x
Portfolio expected return:
HA
fpa=xp=(za xp zx )| BB
]

=2ApA +TUB + XCuC

= M/X
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ional tools

Excel formula
MMULT (transpose (xvec) ,muvec)
<ctrl>-<shift>-<enter>

R formula
crossprod (x,mu)

t (x) %*Ymu
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Portfolio Math with Matrix Algebra cont.

Portfolio variance:

J;x =var(xR) = E[(x'R — x’M)Q] = E[(xX'(R— ,u))Q]
=EX'R - p)x' (R~ p)] = EX'(R - p)(R — p)'x] =

=x'E[R - p)(R — p)]x = x'Sx

0% oAB OaC TA
2
=(xa zp z¢c )| oap o0f oBC B
2
oAC OBC O¢ o

2 2 2 2 2 2
=XY04 + 108 +T000

+2xA1rB0AB + 2xATC0AC + 22BXCOBC
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Computational tools

Excel formulas
MMULT (TRANSPOSE (xvec) ,MMULT (sigma,xvec))
MMULT (MMULT (TRANSPOSE (xvec) ,sigma) ,xvec)
<ctrl>-<shift>-<enter>

Note: x'¥x = (x'¥) x = x’ (2x)

R formulas
t (%) %*%sigmal*hx

Portfolio distribution

Rpo ~ N(tp,a, 0';27,1)
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‘e Yo

xX1=1,y1=1

Portfolio returns:

!
R, =xR
_ !
R,y =y'R
Covariance:

cov(Rp .z, Rpy) = X' Ty

=y'¥x
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Covariance Between 2 Portfolio Returns cont.

Derivation:
cov(Rpa, Ryy) = cov(xR,y'R)
= E[(x'R - x'u))(y'R — y'1])]
= EX'(R — p)y' (R — p)]
= EX'(R — p)(R — p)'y]
=x'E[(R~p)R —p)]y

=x'3y
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Computational tools

Excel formula
MMULT (TRANSPOSE (xvec) ,MMULT (sigma,yvec))
MMULT (TRANSPOSE (yvec) ,MMULT (sigma,xvec))
<ctrl>-<shift>-<enter>

R formula

t (x) %xlhsigmal*hy
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@ Matrices and Vectors

@ Addition and subtraction
@ Scalar multiplication

@ Matrix multiplication

@ The Identity Matrix

@ Matrix inverse

@ Systems of linear equations

@ Bivariate normal distribution
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Bivariate Normal Distribution

Let X and Y be distributed bivariate normal. The joint pdf is given by:

flz,y) = ! X

2moxoy/1 — :O?XY

1 x—pux\? |, (y—puy\? 2pxy(@—px)y—
R Ty U ) T
(1—p%y) ox oy X0y

where E[X]| = ux, E]Y] = py, sd(X) = ox, sd(Y) = oy, and
PXY = COI‘(X,Y).
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Bivariate Normal Distribution

Let X and Y be distributed bivariate normal. The joint pdf is given by:

flz,y) = ! X

2moxoy/1 — p?XY

1 p=px \? | (y=pv ) _ 20xy(@—px)(=py)
exp { by () (150)” - 2eotecnonan

where E[X]| = pux, E]Y] = py, sd(X) = ox, sd(Y) = oy, and
PXY = COI‘(X,Y).

Eric Zivot (Copyright © 2015) Matrix Algebra Review


http://faculty.washington.edu/ezivot/

Bivariate Normal Distribution cont.

Define

X 2
X = cx={ ") u= ("), == X XY
Y Yy 0% oxy Oy
Then the bivariate normal distribution can be compactly expressed as:

1 1 ry—1
- _ —5 (x—p) BT (x—p)
T&) = o qami®

2 9 2 2 9 2 2 9
det(X) = ok 0y — 0xy = 0x0y — OX0yPxy

2 2 2
= oxoy (1 — pxy).
We use the shorthand notation:

X~ N(uX)
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@ Matrices and Vectors

@ Addition and subtraction
@ Scalar multiplication

@ Matrix multiplication

@ The Identity Matrix

@ Matrix inverse

@ Systems of linear equations

@ Derivatives of simple matrix functions
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Functions

Result: Let A be an n X n symmetric matrix, and let x and y be an
n x 1 vectors. Then,

X'y
9 ., . B
8XX y= : =Y,
0 5
Oxy y
5 3%1 (Ax)'
x 0 (Ax)’
Oxn
5 3‘21 x' Ax
8—X/Ax = : = 2Ax.
X
%X/AX
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Example

We will demonstrate these results with simple examples. Let,
b
b ¢ T2 Y2
For the first result we have,

x'y = z1y1 + 22ys.

Then,

9 , %X/Y o 3%1 (T1yr +m2y2) \ [ w1\
ox Y= D o = d = =Yy
X XY Fe; (T1Y1 + T2Y2) Y2
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Example cont.

Next, consider the second result. Note that,

a b T azxy + bxy
Ax = =
b ¢ 9 by + cxo
and,

(Ax)" = (azy + bxy, bxy + cx)

Then,

ol
EAX: %Eam%—bwg,bm%-cxg) _(ab A
azy + bxe, bxy + cx2)

Oz
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Example cont.

Finally, consider the third result. We have,

b
X’Ax:< Tl T ) (Z c)(i; ) = ax? + 2bxxg + cxd.

Then,

gx'Ax— 32 (a371 + 2bx1we + Cmg) [ 2awy + 2bxo
ai (ax? + 2bx179 + C23) 2bx1 + 2czo

—of ¢ b)(“):zAx.
b ¢ T9
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