1 Estimating the Single Index Model

S| model
Ry = oa;+B;Ry+eu, t=1,...,T
eit ~ iid N(0,02,)
Rpe ~ iid N(upr, 09y)
COV(RMta‘git) =0
where

p; = E[Ry] = o+ Biups

cov(Ri, Ryre) o
B; =

var(R¢) 0%\4

Main parameters to estimate: «;, 3; and agﬂ-



1.1 Plug-in Principle Estimators

Plug-in principle: Estimate model parameters using sample statistics

A O'M
Bi = —
O\
;T
6ive = ——= > (Rit — ;) (Rare — Bar)
T_]'tzl
2 1 & 2
6 = 77 2 (B — )
T_ltzl
1 L 1 L
f; = ?zlezta ﬁM:fzleMt
t: t:



1.2 Least Squares Estimation

Idea: S| model postulates a linear relationship between R;; and Rj;; with
intercept «; and slope ;. Estimate a; and (3; by finding the “best fitting line”
to the scatterplot of data

e Problem: How to define the “best fitting line"?

e Least Squares solution: minimize the sum of squared residuals (errors)



1.2.1 Least Squares Algorithm

&; = initial guess for o

B; = initial guess for G,

Ry = &;+ B;Ryy = fitted line
git = Ry — Ry

= Ry — (&; + B;Rypt) = residual

Determine the best fitting line by minimizing the Sum of Squared Residuals
(SSR)
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That is, the least squares estimates solve

T
| . 2
min SSR(«y, B;) = Z (Rit — Oy — ﬁiRMt>

O"iaﬁi t=1

Note: Because SSR(«;, 5;) is a quadratic function in &;, BZ there is an analytic
solution to the minimization problem.



1.2.2 Calculus Solution

The first order conditions for a minimum are

OSSR(&;, B I .
0 = 8(“ i) _ > (Rit — &; — BiRe)
Qg t—=1
OSSR(&;, B; I .
0 = 80,50 _ _, > (Rit — &; — BiRpre) Ry
0p; t=1

Two linear equations in two unknowns. Solving for &; and (3, gives

Qi = f; — Biftpy
~ O M
Bi — 2

which are exactly the plug-in principle estimators!
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1.2.3 Estimators for o

; and R — square

Utilize plug-in principle

Eit = Ry—a&—B;Rypy
2 1 L
t=1
bei = 4/62;=SER

= standard error of regression



Remarks
® G, ; typical magnitude of residual = standard error of regression (SER)
e Divide by T" — 2 to get unbiased estimate of Jgi

e ' — 2 = degrees of freedom = sample size - number of estimated para-
meters («; and 5;)



Recall
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= % of variability due to market

Estimate using plug-in principle

B2 -




1.2.4 Least Squares Estimation Using R

R command

1m - linear model estimation
Syntax

Im.fit = 1m(y~“x,data=my.data)
my .data=data frame with variables y and x

Important method functions

summary ()
plot ()
residuals()
fitted()
coefficients()



1.3 Statistical Properties of Least Squares Estimates

Assuming the S| model generates the observed data, the estimators
A B and 62
&;, B; and 6¢ ;

are random variables.

Properties

® (&, B; and 65,7; are unbiased estimators

Ela;] = o
ElB;)] = B

AD 2
E[Us,i. — O¢;




e Analytic standard errors are available for SE(&;) and SE(3;)

_ 5. 1 L
SE(&;) = —=—- |=>_R3,
A O~ ;

SE(Bi) = =

These are routinely reported in standard regression ouput (e.g. by R
summary command)

— SE(&;) and SE(B;) are smaller the smaller is Gei

— S/E(BZ) is smaller the larger is 6%\4

— SE(&;) and SE(3;) — 0 as T gets large = &; and 3; are consistent
estimators



e Standard errors for 6?71-, Gc; Or R—square can be computed using the

bootstrap

e For T large enough, the central limit theorem (CLT) tells us that
&; ~ N(aj, SE(8;)°)
fo SE( R \2
Bi ~ N(B;, SE(B)7)

e Approximate 95% confidence intervals

&y £ 2 - SE(&;)
B; £2- SE(B;)



1.4 Sl Model Using Matrix Algebra

Ry = a; + B; Ry +€4, t=1,...,T

Stack over observationst =1,...,T
R;j 1 Ry €i1
: =a; | ¢ | +85; : + :
R;T 1 Ryt EiT
or

R, = a¢-1+5i-RM‘|‘€z‘:(1 RM)<gZ>-|—€Z
i
= Xv;+¢€;



Recall the least squares normal equations

OSSR(&;, B; a . oa
0 = 8(“ i) _ > (Rit — &; — BiRry)
Qg t—=1
OSSR(&;, B; I .
0 = (80,50 _ _, > (Rit — &; — BiRpre) R
9B; t—1

Using matrix algebra these equations are

>iq Rig _ T SL Ry Q;
ZT R+ R — ZT R ZT R2 B



Equivalently,
1'R; o 11 1'Ry,
RfMRi B 1’RM R{MRM

X'R; = X'X¥;

or

Solving for 4, gives the least squares estimates

5= (X'X) " XR;
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1.5 Estimating SI Model Covariance Matrix

Recall, in the SI model
X = 03,80 +D

51 Ug,l 0 0
B = . |, D=| 0 --. o0
B, 0 0 Ug,n
Estimate X using plug-in principle
-~ A A -
3 =6%BB +D
where
B1 621 0 0
B = : , D= o --. 0
B 0 0 &2,



