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1. Replacement (with same technology)
Suppose the relevant opportunity cost of capital is 18% and is constant through time.  Consider a machine that has the following cash flows when used for 8 years:



Time
     0
1      2
    3
4     5
   6      7     8



CF        -300  185  100  100  100  100  100   20   10

After 8 years, the machine will no longer be at all productive.  However, the firm may elect to replace the machine with a new version of the same machine at a time prior to 8 years.  If the firm replaces the machine at time t, it forgoes cash flows at time t+1 and later.  However, if the world remains unchanged over time, the early replacement starts a new "chain" of cash flows earlier, beginning with 300 subtracted from the otherwise normal time t cash flow.  There is neither any salvage value nor any cost of tearing out the machine at any time during its life.  The firm must decide whether, and when, to replace with a similar type machine.

This problem is really a special case of the "Durability Problem" already considered.  That is, replacing at time 8 can be considered a project of duration 8 and compared to the alternative projects of different durations-- 7, 6, etc.  Thus, we know that the solution to this problem, under the assumptions that the world replicates itself in all future periods, is to pick the time t* which maximizes the Uniform Equivalent Cash Flow (UECF) for cash flows beginning at time 0 and ending at time t*.  Of course this assumes that the NPV of the project, and therefore also the UECF, is positive.

A short-cut method to reduce your calculation costs when cash flows eventually decline, as they do in the project considered above, is to calculate UECFs for all years t when CFt+1 is less than CFt.  Then, t* will be the optimal time to replace when



t* is the smallest t such that UECFt > CFt+1,




assuming UECFt > 0.

The intuition behind this decision rule is as follows: extending the life of the machine one more period involves sacrificing one UECF annuity payment for the next cash flow.  When the next cash flow exceeds the annuity payment, we want to extend to the next year.  When the annuity payment exceeds the cash flow, the sacrifice is not worth it and we therefore want to replace.

We know that t* is better than any later t, because the next cash flows are all lower than UECFt, and therefore must lower the UECF.  Similarly, t* is better than any earlier t since the CFt was larger than all previous UECFs and therefore must have increased UECF.

This same logic suggests that, even where CFs do not always decline, UECFs need only be calculated for times t when CFt+1 is less than CFt.  This greatly simplifies the above problem into only calculating UECFs for times 6, 7, and 8, because these are the only times where NPV is potentially greater than zero and the next cash flow is lower than the current one.  Furthermore, we can do this sequentially to find the lowest t where UECFt exceeds CFt+1.  In the above problem, this results in a decision to replace at time 6, since UECF6 = 34.8 which exceeds 20 ( = CF7).  The decision involves only one calculation of UECF.

2. Replacement of Old Technology with a New One
Suppose that the machine given in the example above is a new technology, and the opportunity cost of capital is again 18% per year.  Suppose the cash flows from the old technology machine are as follows:



Time
       0
   1     2     3     4     5
 6



CF
   -200  100   80   70   50   25
20

where the machine lasts for 6 years.  Suppose that you have just installed the old technology machine in your plant when you find out about the new technology (thus, you have just incurred your 200 investment expense).  Suppose further that, as above, there is neither any salvage value nor any cost of tearing out the old machine at any time in its life.  Your problem now is to decide when you should rip out the old machine and install the new technology one.

First, you might want to assure yourself that the new technology is actually better.  To do this, you would want to compare the UECF for the new machine, calculated above, to the UECF for the old machine.  These calculations turn up




UECFnew = 34.8 > 8.27 = UECFold.

Thus, in fact, the new machine is better.

The question of when to scrap the old machine, already built, is a trickier one, however.  Under assumptions similar to those above, i.e. that the world repeats itself over and over again in future time periods, we can provide a simple decision rule to make this choice, however.  That is, we should replace the old machine with the new one when




at time t*, where t* is the minimum t when





UECFnew > CFt+1 of the old machine,

assuming that UECFnew also exceeds all future CFs from the old project.  The logic of this decision rule is the same as that of the one above: extending the old machine one year adds CFt+1 but eliminates a t+1 period cash flow of UECF from the chain of new projects.  If the UECF is bigger, you would replace the old machine to get the higher UECF.  If not, you would extend the old machine one more year.

In the example here, you would replace the old machine with the new at time 4, because time 5's cash flow of 25 is the first one that falls below the new machine's UECF of 34.8.

3. Putting Salvage Value into Replacement Problems
Suppose in the above problems the machines had some salvage value, St at each time t.  How would this alter the above calculations?

When salvage values are added to replacement problems, it becomes necessary to compute a variable, which we designate Zt, for each time period the project can be extended to.  Let




Z1 = CF1 + S1 - (1+r)I

and

Zt = CFt + St - (1+r)St-1  for all t>1.

Z1 is the value in time 1 dollars of doing the project for exactly one period.  The Zt variable for t>1 can be thought of as the value, expressed in time t dollars, of extending the project to time t instead of stopping at time t-1.  Notice that the value of extending the project one year, in time t dollars, is the extra cash flow and salvage value received at time t -- CFt+St -- minus the time t value of the salvage value at time t-1 forgone -- (1+r)St-1.

It is important to notice that the present value of the Zt's from time 1 through any time t is equal to the present value of the original project if stopped at time t.  Thus, for example,



Z1/(1+r) + Z2/[(1+r)2] = -I + CF1/(1+r) + (CF2+S2)/[(1+r)2].

This is because Z1 contains the required -I term, Z2 contains the required S2 term, and the extra S1 term in Z1 is exactly cancelled in value by the extra -(1+r)S1 term in Z2.

Now to do replacement problems correctly, simply treat the Zt's (with Z0=0) as if they were the cash flows from the project(s) and proceed according to the methods given above.  For example, consider what would happen if the "new" technology of the first problem had salvage values as follows:



Time

      1
  2      3      4
  5     6     7    8



Salvage V
    100  100  100  100  100   50   30   0

Then we would compute Zt's as follows:



Time

0     1
  2     3     4      5    6    7       8



Z

0   -69   82   82   82   82   32  -9   -25.4

and compute UECF's now at times 5 and 6.  Since UECF5 turns out to be 41.1, which exceeds 32, we need go no further.  The optimal time to replace the new machine with another one is time 5, instead of time 6 computed earlier.

Supposing that the salvage value of the old machine were 50 at time 1 and all later times, we would compute the Z values for that machine as follows:



Time

      1
 2     3
  4      5     6



Z

    -86   71   61   41   16   11.

The optimal time to replace the old with the new would now be time 3, instead of time 4 computed before, because





UECFnew = 41.1 > 41 = Z4.




