Homework 5; Due 8.30 a.m. Wed Feb 11. Ross Problems: Ch 6: 23, 27 (b), 42(a), 8, 43
23. fxy(z,y) =12zy(l—z) on 0 <z <1, 0 <y < 1 and 0 otherwise.

(8) So fxy(2:5) = g1(@)galy) for all z,y where

g1(x) =6z(1 —z) on 0 < x < 1 and 0 otherwise, g2(y) =2y on 0 < y < 1 and 0 otherwise

and this is the right way to factorize the constant as each of g; and go integrates to 1.

So yes they are independent. (and fx(z) =6xz(1 —x) on 0 < z < 1).

(b) B(X) = [z fx(z) dz = [ (62 — 62%)dz = 2—1.5=0.5. (Or cite symmetry about = = 1/2).

(c) Fron (a), fy(y) =2yon0<y<1. E(y) = fol 2y2dy = 2/3.

(d) B(X2) = [y (62°—62%)dz = (6/4)—(6/5) = 6/20. var(X) = E(X?)—(E(X)))? = 6/20—1/4 = 1/20.
(@) B(Y?) = [l2g%dy = 172, var(Y) = B(Y?)— (E(V))? = (1/2)— (4/9) = 1/18.

27(b) X ~ U(0,1),Y ~&(1), X,Y 1ndependent fxy(z,y) =exp(—y) on 0 <z <1,0<y<ooand0
otherwise.  pW = X/Y < w) / / exp(—y)dydx = / exp(—z/w)dx

= [~wexp(— x/w)] = w(l —exp(—1/w)) 0<w< oo
Note: If we integrate X first, then x < min(yw, 1) which gets messy.

42(a) fxy(z,y) = zexp(—z(y+1))on 0 <z < oo, 0 <y < oo.

fx(z) = /yoo xe e Wdy = ze *(1/x) =exp(—x)

=0
fw) = [ vewlar)de = @+ [ wexp(-w) du = 1/(1+y)?

PrxlX =2) = for(ey)/fx(e) = wexp(—ry) on0<y<oo

Fxp(@lY =y) = fxy(@y)/fr(y) = (y+1%zexp(-z(y+1)) on0<az<oo
Note, Y| X = x is exponential with rate parameter z: (Y|X =) ~ &(x).
Note, X|Y = y is Gamma with shape 2 and rate parameter y + 1: (X|Y =y) ~ G(2,y +1).
8. fxy(z,y) = c(y? — a2 exp(—y), ~y<z <y, 0<y< oo
(2) friy) = cexp(~y) /_yy(?f —a%)dz = cexp(—y)(2y° —2y°/3) = (4/3)cy’ exp(~y).

[e.e]

1= / fr(dy = (4/3)c0(4) = (4/3)c(3) =8¢ So ¢ = 1/8
0
(b) So from (a) fy(y) = (y*/6) exp(—y) on 0 < y < co and 0 otherwise. Have symmetry in z so let > 0

fxla) = (1/8) [ 2 exp(~y)da

/er’ydy = —y?e ¥ + /2ye*ydy = —y?e ¥ — 2ye Y + 2/e*ydy = —e YW+ 2y + 2)

fx(z) = (1/8)exp(—z)(x? +2z+2—2%) = (1/4)(x + 1) exp(—z)
Hence by symmetry, fx(z) = (1/4)(1 + |z|) exp(—|z]|) for all z.

43 We have done all the work in #8, but note X and Y are reversed in this question relative to #8. So now

fxy(@y) = (1/8)(x* —y*)exp(—2), —z<y<z, 0<2z<o0
fx(x) = (1/6)2°exp(—x) from question #8
rix@lX =2) = fxy(xy)/fx@) = (1/8)@* —y?)exp(~2)I(~z <y < 2)/(1/6)z” exp(~2)

= (3/4)(1/2)(1 — (y/o))I(~x <y <)
Note: this is a valid density: it integrates to 1 for every x; also book soln is CDF, but this is sufficient!.

Also we do not need to know ¢ = 1/8 — it will cancel out anyhow.



