Stat 581 Homework 8: Outline solutions

1. X;iiid, B(X;) =6, var(X;) = 1, my = B(X}) < 00, us = E(X; — 0)*
Tip=n""20 X7~ 1L T = (01 0 X5)? — (1/n)
(a) E(T1,) = BE(X2)—1 = 1+62—1 = 62 E(Ty,)
ViTon —0%) = Vi(X,’
by cts mapping thm, since X, —as 0, n — 0.

V(Tin —02) = yn(X?— (1+62%)) —q4 N(0,var(X?)), where var(X?) = my — (1 +6%)2

(b) If dsn is symmetric, 0 = E((X —6)3) = m3 —30(0% +1) +203; m3 = 63+ 30.
So M4 = My — 497713 + 692(1 + 92) — 494 + 94 = M4 — 692 + 94.

Now ARE of (Ty,) to (Thn) is (mg — (14 62)%)/(40%) = 1+ (g — 1)/(46%).

But py = E((X; —0)Y) > (E(X; —0)?)? = 1,s0e1 > 1.

(c) Many choices will do — need a dsn skewed to left: < 0 and/or us < 0.

e.g. B(k,p) for large p, kp = 0, with (e.g) p = 0.95, kp = 20

or X ~&(1)+6 —1 works for § < —1. etc.

1) = ¢

-0 -nYH = (X, - 9)()% +0)—n"12 420N (0,1) = N(0,46?)
-1/2

2. X(u) ~ N(a+ ﬁu,UQ), 0<wu<1,o? known, n even. = Silui —u) X ) Y (ui — 5)2
(a)

n

¢, = const— Z(ZEl — (a+ fu;))?/(202)

=1
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0%, n 0%, nu 0%, > u?
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n 2 n
det(l(@ ) = (%) @@ - @) = %3 (w-w?

V&I‘(B) = Z(ui—ﬂ)zaQ/(Z(ui—ﬂ)Q)Q = UQ/Z(U -

(b) Now 3, (u; —@)? is max by having all u; either 0 or 1, and then distance from @ is max by putting
n/2 at each. So ng = n; = n/2 maximizes det(I(c, 3)) and minimizes var(3).

(c)u = (0,1,2,3,,,,,,(n—1))/(n —1): n points equally spaced. ©w = 1/2.
e (-1 1N a(n+1)
;(“Z DR ;<n—1 2) T 12(n-1)

to be compared with n/4 so AR.Eis (n+1)/3(n—1) — 1/3.
(Note 3, (u; —%)? o< 1/var and both estimators have var ~ 1/n.)

(d) (b) is more efficient, but (c) is more robust.

3. b, = —AIn+ SylogA —,Lm+S logu
(a) Unconstrained MLE is A = X,,, fi = Y. If A =2u, A = 2ji = 2(S, + Sy)/3n
26 — a3 N) = 2AXlog Xy + Vlog¥y

— (X + V) log(Xy + V) — X log(2/3) — Yo log(1/3))

— 3X, — 3Y,
= 2(X,log <2(Xn+Yn)> + Y, log <(Xn+Yn)>)



and statistic is x? if null hypothesis is true.

(b) (Wn)' = n((Xn/A) —1,(Ya/p) — 1),

n_lJn = diag(Xn/)‘zaYn/:u2)7 It = (E(n_ljn))_l = diag(A, p).

Rao statistic is evaluated at constrained MLE A = 2/ = 2(X,, 4+ Y,,)/3.

R, = n(X, —2Y,)?/(2(X,, +Y,)), which makes sense as under the null hypothesis (X,, — 2Y,,) has
mean 0 and variance 3\/n, and 2(X,, +Y,,) —, 3.

4 W, =nPlss,

(a) B=A-2p.
1/A, 0
I()‘nu') = < 0. 1/“)
_ (9 ) D)
1Bo) = (8<ﬁ,u> 9 (550)
oANpm)\ 1 — 1 2
(8(6,u)> o 1 0 1
I(B,pn) = <;?i 4//\2/)\1/M ), Igg, = 1/(4p+N)
W, = n(X,—2Y,)%/(4Y, + X,,)
Note var(X,, — 2Y,,) = A+ 4u, 4Y, + X, — 4p+ .
(b) B = /A
(8<A,u>) ( —p/ N 1/A> o (—A% A/u)
(B, 1) 0 1
X3 2 X%/ _
1(3, 1) ( N o) ‘ZI/M)),IW = N/(u(r+w)

W, X, — 29, K/ (45 (Vi + X))

Note (4, (Y, + X))/ X0 —p 6uif X = 2p.

(c) B=Au
) - (6 ) - (6%)
1(Bp) = ( 21/A (A/p2) 1+( > Igpu = 11/ (AA+m)
Wo = n(X, —2Y,)V/(Xn(Vs +

Note (X (Yo + X0n))/Yn —p 6pif A= 2pu.

(d) B = log(p/N)
<8<A,M)> _ (—1/>\ 1/p >_1 _ (—A A/u)
a(B, 1) 0 1 0 1
I1B,p) = (_AA/N (A/M;)Al’él/u) ),Iﬁﬂ.u = A/(A+p)
W, = n(log(2Yn/X0)) Vo X0/ (Yn + Xp)

2



Note expanding the log of (1 + (2Y,,/X,, — 1)) to first order gives (c) again, while expanding negative
log of (1 + ((X,,/2Y,) — 1)) gives (b).

5. NZ] ~ Mn4(n,pij), Z,j = 1,2
(a) Unconstrained p;; = Nyj/n, p1. = N1./n, p1 = N.a/n,

o~

Y = log(p12p21/p11p22) = log(N12Na1/N11Na2).

(b)
Y = g(p) =logpiz +logpa —logpi1 —logpa
vop) = (=1/p1u,1/p12,1/p12, —1/p22)
V(D —p) —a Z~ Ny(0,V), where V. = diagp — pp’
So V(Y — 1) —4 Vg(p)Z ~ N(0,v) where
vo= (v9)'V(ve) = pi' +pi3 +pa + 05

(¢) Ho: pij =pipj,orp=0.Ifp =0, V(exp(1h) — exp(0)) —4 N(0,v), since ® = 1.

Qn E HZZ(NZJ—NZNJ)Q/NZN] = n_S(NHNQQ—N12N21)222(ﬁ]3,\j)_1
i g P
nexp (i) — 1)1 2952
- P(ll)/\n)/\/\)/]\?n P22 (N(0,0))*p1.p2.papeo
b1.p2.p1p-2
= (N0,1)) %0 Yprpapipe = (N(0,1))% ~ x?if Hy true.

(171\2172\1 —171\11723)2 - (p12p21 - p11p22)2
P1.D2.D-1D-2 P1.p2.P-1D-2

n'Qn

(e) Under local alternatives v/nth, —q N(t,v) s0 Qn —q (N(tv/2,1))2 =4 x2(6) where § = ct2, and
¢ = Pp1.p2-p-1P-2-

p©® =(0.3,0.2,0.1,0.4); ¢=0.06, tn"'/2 = ¢ = log(piapa1/p11p22), t = —9.814.

So § = (9.814)%(0.06) = 5.8, and power is

PO32(5.8) > [x3%% =3.84) = P(N(24,1) > 1.96) + P(N(2.4,1) < —1.96)
P(N(0,1) > —0.5) ~ 2/3.

Oops: this year a@ = 0.02, so power is

POA(.8) > 0% =5412) = P(N(24,1) > 2.3)+ P(N(2.4,1) < —2.3)
P(N(0,1) > —0.1) ~ 1/2.

(Actually, 0.53, according to those who did the computation more accurately.)



