Stat 581 Homework 4: Outline solutions

1. (a) Pr(X,, #0) = 1/n — 0, so X, — 0 for all real a.

(b) From the Ferguson example, X,, = n® i.0. So if a« > 0, X,, does not cge a.s. to 0. However, if

a<0,n*—0. So X, —4s 0,iff —c0o<a<0.
(c) E(| X, —0]") = nm ™l - 0iff —co <a < 1/r.

2. (a) E(fu(z)) = (2bp) Y (F(z +by) — F(x —b,)) — 0ifb, — 0.
(b)

var(fo(z)) = (4b2n) var(I(z —b, < X <z +b,))

= ) (B =0 (1 (# o 8,) = P =)

— 0-f(x)-1 = 0 ifb, — 0, nb, — 0.

() ful(@) = E(fu(@)) = (2nbp)™' ity Iz — bn < X; <@+ by) — E(fu(2)),
so have mean 0, var(I(x — b, < X; <z +b,)/v/2b,) — f(z) as above, and by CLT and Slutsky
x

V2nb, (fr(z) — E(fn(z)) —a N(O, f(z)) if by, — 0, nb, — oo as in (b).

(d) Need v2nby(E(fo(z) — f(2))) = V2nba((F(z + by) — F(z —bn))/(2bs) — f(z)) — 0 so
bnv2nb,, — 0 or nb?Z — 0 should do it.

(e) Suppose we have the conditions for (d) and apply ¢’ theorem to (c), with g(y) = /(y), so

(' (f(2)))? = 1/(4f(x)) and
M(W— (@) —a NO,(J(f()*f(x) = N(0,1/4)

3. (a) With the change of variable suggested

>~ 1 11
I = / —sin(2rx)dz = / —sin(27/y)dy
1 0y

X

However, if Y1,...,Y, are i.i.d U(0, 1),
1 . <1 .
E (‘Y 51n(27r/Y1)\) = / —|sin(27/y)dy = / —] sin(27z)|dx
1 1
= Z/ —]sm (2rx)|de > Z / ]sm 27x)|dx
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So the SLLN fails, and this will probably not be a good way to estimate I.
(b) Now

oo 1 1
I, = / — sin(2rz)dr = / Y2 sin(27 /y)dy
1@ 0



and in this case, if Y ~ U(0,1)

By sin2n/Y)) < EY®?) = (-7 [ < oo

is @ > 1. So by SLLN the estimator will converge a.s. to I, if a > 1.
(c) Now

B([y?sin2r/Y)P) < BY*™) = (20-3)" [y2a—3](1) < o0
if @« > 3/2. So then, by the CLT, if a > 3/2,
n2(Ina —Io) —a N(0,0%(q))
where 0%(a) = E((Y?*(sin(27/Y))?) I2.
4. (a) R=XY/(X2Y2)2.
By SLLN X2 —,, E(X?) =1,Y2 -4, E(Y?) =1, and XY —,, E(X;Y;) =p.

By CLT, n(XY —p, X2 -1, Y2 —1) —; N3(0,V) where Vj; = var(X;Y;) = E(X?Y?) - p?
Vi = Cov(X?, X;Y;) = E(X3Y) —p, etc.

(b) Consider g(z1, z2,23) = le2—1/223—1/27 so R=¢g(XY, X2, Y?2). Then
dg .01 -3 11 1.3
(82) [y = ((2223)72, BT R B L LR ) = (1,—p/2,-p/2)
So, by ¢’ theorem /n(R — p) —aq (Z1 — 3pZ> — 3pZ3) where (Z1, Z, Z3) has the N3(0,V) dsn of (a).
(c) X, Yindep = p =0, and var(Z;) = E(X?Y?) —p? =1,80 /nR—q Z1 ~ N(0,1).
(d) If (X1,Y;) Normal

var(XY) = E(X?Y?)—p? = E(X’E(Y?X)) - p?
= E@X'+(1-p)X?=p*) = 3p°+(1—p")—p° = 1+
E(X°Y)-p = E(pX")—p = 2p = EXY’)-p
E(X?Y?) -1 20%, var(X?) = var(Y?) = 2

then direct calculation of (1,p/2,p/2)V (1, p/2,p/2) gives \/n(R — p) —q N(0,(1— p?)?)

(e) g(z) = (1/2)(log(1 + z) —log(1 — z)), ¢'(z) = (1/2)(1 + =)' + (1 —2)~") = (2(1 - «?))~".
So /n(g(R) — p) —a N(0,1/4) if (X;,Y;) is Normal.

5. (a) E(X; — p)* = py so, by SLLN, By —a.s. H.

(b) var((X; — p)*) 3 finite, since pgp, < 0o. Also g = E(X; — pu) = 0.

So by CLT \/ﬁ((B — 1...,Bk)/ - (07N27~-7ﬂk),) —d N(O, V) where Vz‘j = COV((X[ - u)i,(Xl -
pY) = v = Rl

(c) nM;, = Y,;(X; — X,)F, and expanding (X; — X,,)¥ = ((Xi — p) — (X, — p))* gives
M, = K10k j)BjBffj, noting By = (X, — u). (Here C(k : j) denotes the combinatorial
coeff “k-choose-j”.)

Now By —as 0,50 My —as (=D *C(k:k)lim(B;).1 = 1



(d)
! i—7 . i—j . 1. 2
MZ‘ = E (—1) jC(Z : j)BjBl = BZ‘ - ZBZ‘_lBl + 52(1 — 1)Bi_gBl + ...

0
(M; — pi) — (Bi — pi —ipi-1B1) = ipi1B1 —iBi1B1 + Op(BY)
= —iBi(Bi-1 —pwi—1) +Oy(B})
Vn((Mi — i) — (Bi — pi —ipi-1B1)) = (—i(Biv/n))(Bi—1 — pi—1) + (Biv/n)Op(B1) —p 0

since B1 —p 0, \/ﬁBl —d N(O, 1), (Bi—l _Mi—l) —p 0.

(e) The limiting dsn of /n(M; — u;) is the same as that of \/n(B; — u; — ipi—1B1) or Nx_1(0,V™)
where now ¢ = (2, .., k) and

Vi = Cov((X — ) = (i + Dps(X — ), (X = p™ = (G + 1)pi (X — )
= irjr2 — (F + Dptivapyy — (04 Dpiprjyo + (0 + )G + Dpapjpe — piv1tj41

(f) G2 —as. pa/u3 —3 = 0and pg;r1 = 0. Then /n(My — 2, My — pu4) cges to bivariate Normal,
mean 0, variance (p4 — i3, 6 — pajia, s — p3). Now let g(z,y) = y/2%, so ¢ = (=2pa/u3,1/13), so
limiting variance of /nGg is (4u3 (g — p3) — 4pa(pe — popa)p® + (s — u2)pd)/us. (Arithmetic not
guaranteed.)



