STAT 341 WINTER 2010 Midterm 1: Solutions, February 1, 2010

1. X;, X2, and X3 are a sample of three independent realizations from a distribution with mean 6

and variance 1.

(a) T = (X1+X2—|-X3)/3 T = (4X1+3X2+X3)/9
E(T)) = 30/3 = 0 E(Ty) = (4+3+1)8/9 = 86/9
bi(0) = E(T)) -6 = 0 ba(8) = E(Ty)—0 — —0/9

() var(Ty) = (1/9).(1+1+1)=1/3 = 27/81 var(ly) = (16+9+1)/81 = 26/81
(c) mse(T1) = b2 +var(Ty) = 0+27/81 mse(Ty) = b3+ var(Ty) = 6%/81+26/81

(a) From (a) above, T; is unbiased, T is not.
(b) From (b) above, Ty has smaller variance.
(c) From (c) above, they have the same mse if § = =+ 1.

Otherwise, if |#| < 1, T has smaller mse; if |§| > 1, T} has smaller mse;

2(a) E(X?) = var(X) + (E(X))? = 0 + 62

(b) var(X?) = E(X*) — (BE(X?)? = 0(6°+60>+70+1) —6%(0 + 1)

Call this mess K (0).

() B(T) = (1/n) X E(X?) = E(X?) = 6240 for all 6.

so T is an unbiased estimator of 2 + 6.

(d) From Chebychev’s inequality, T}, will be consistent is mse(7,,) — 0 asn — oo.
Since T,, is unbiased, mse(7},) = var(7},) so we need var(7;,) - 0 asn — oo.
But var(T,) = (1/n)? 31", var(X?) since the X? are independent.

So var(Ty,) = nK(0)/n?> = K(0)/n — 0asn— oo, and T}, is consistent.

3. (a) The Mom equation is to set (1/n).> " x; = E(X;) = 6

That is the MoM estimator of  is X,, = (1/n) Y1, X;, and the MoM estimator of 02 +6is W = X, + X,.
(b) B(X,") =var(Xy) + (B(Xa)? = (I/npvar(Xi) + (B(X)? = 0/n + 6

using the fact that the X; are independent for the variance term.

() E(W) = BX,)) + EX,) = 0/n + 6% + 0

Sobw(#) = E(W)—(0*+0) = 0/n — 0asn— oo.

So W is a biased estimator of # + 6, but asymptotically unbiased.



