Notes on field theory

1 Conventions

Unit: h=c=1, GeV = 10° x 1.6 10719 J.
Metric: p = diag(+1, -1, —1,—1)

2 Scalar field theory

Action for a real scalar .

5= [dte(@,07 - me?

Field equation:
O+ m?*)¢=0

Expansion to plane-wave modes:

d3k —ik-x T ik-x
P(x) = m(ake + ae™)

where Fy = (k% + m?)Y/2,
Canonical quantization:

lax, al,] = (27)32F 0% (k — k')

other commutators are zero.
Hamiltonian:

dk
H = /W aLak + const

()

The vacuum |0) is the ground state of H: ay|0) = 0. The Fock space is constructed by

applying creation operators on |0):
a'L|O> = |k>7 a.‘l;la'irtg = |k1’ k2>

These are one-particle, two-particle,..., states.
Complex scalar field theory:

Sszﬂ@mﬁwﬁmﬂ

1
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where |¢|> = ¢*¢. Plane-wave expansion

o(x) = /@Z%Ek(ake_ik'x + bielkx) (8)

where [ay, al,] = (27)*2F8° (k — K'), [b, bl,] = (27)*2E36%(k — k'), other commutators are
Zero.

Noether theorem Assume the Lagrangian is invariant under a continous symmetry:

L(¢+edp) = L(o) (9)
then there exist a conserved current,
oL
a.j" =0, = —-0 10

In the case of the complex scalar field, the symmetry is ¢ — e @, or §¢ = —i¢), 6¢* = —i*.
The conserved current is

j*=i(¢*0" ¢ — 0"9"9) (11)
the conserved charge is
4 dk
Q= /d?’X]O — /W (aLak — bLbk) (12)

The operator aL increases () by one unit, while bL decreases () by one unit. One can think

about bL as the operator that creates an antiparticle, while aL creates a particle.

3 Spin-1 fields

3.1 Massless spin-1 fields

An example of a massless spin-1 field is the electromagnetic field (photons). It is described

by a 4-vector A,. Its components are the scalar potential and the vector potential, A, =
(¢, —A). The action is

S = —i /d4:c F"™F,, (13)
where [}, is the field strength tensor,
F. =0,A, —0,A, (14)
The field equation is
0 F" =0 (15)

These constitute two of the four Maxwell’s equations. The other two are the Bianchi identity,
OuFu\ + 0, Fy\, + O\F,, = 0.



F,,, is invariant under gauge transformations,
A, — A+ 0, (16)

By chosing an appropriate o, one can impose the Lorentz gauge condition 9,A* = 0.
The field equation then becomes
A, =0 (17)

and the plane-wave solution is .
A, =€, (peP? (18)

where p? = 0. Here ¢, is a polarization vector.

The Lorentz gauge condition requires that p - ¢ = 0. This means that there are only
three independent polarization vectors possible. Even after imposing the Lorentz gauge,
one still can make a residual gauge tranformation A, — A, + J,a where Oa = 0. This
amounts to changing €, — €, + ap, with arbitrary constant a. Thus one has to impose one
additional constraint to fix €,. For example, one can impose ¢y = 0. The ¢, is a spatial
vector perpendicular to p. For example, if p = (p,0,0,p) then there are two independent
polarization vectors: (0,1,0,0) and (0,0, 1,0). These correspond to linearly polarized plane
waves. Circularly polarized waves corresponds to ¢, = (0, 1,4,0)/v/2 or (0,1, —i,0)/v/2.

Denote the two independent polarizations as eﬁ(p), A = 1,2. We can normalize the
vectors so that

N = oW (19)
The quantum field A, can then be expanded as
dp A —ip-x T A« ip-x
Au(z) = W(&pxm(p)e + a,ne," (p)e™™) (20)
P

Quantization of the Maxwell’s theory leads to the commutation relation

[apx, aL,X] = (2m)*2E,60(p — P') (21)

So aL\\O> is the state with one photon with momentum p and polarization €*.

3.2 Massive spin-1 field

Lagrangian:

1 » m? p
The action is no longer gauge-invariant.

The field equation is
0, F" +m*A” =0 (23)

Taking 0, of that equation, we find 9,A4” = 0. Hence the field equation is (O + m?)A4, = 0.
The plane-wave solution is .

A, =€, (24)

where p?> = m? and p - € = 0. There is 3 possible polarization vectors e. A massive spin-1
particle has 3 possible polarizations.



4 Spin-1/2 fields

4.1 Lorentz algebra

Recall the operators of rotations (angular momenta) satisfy the commutation relations of a
SU(2) group:
[JE, JI] = i€k J* (25)
The tensor representation of J* is J* = ¢?/2, where o' are the Pauli matrices.
Instead of J', J?, J3, we shall use J¥ so that J¥ = —JJ/¢ J2 = J3 J2 = J' J3! = J2.
The commutators of J¥ can be written as

[Jij’ Jkl] — Z(5zkjjl + 5jljik o 5ilek o 5jkjil) (26)
(check!). This commutation relation can also be found if one recalls that, for orbital moment,

J9 =x'p) —2dp' and ¢, p'] = idY.
The commutators of the Lorentz group is a direct generalization:

9, J0) = i I — g e e o) (27)

It is instructive to write these commutators in components. Introducing J! = J?3, etc., and
K = J% we have

[J, T = iédk gk, (28)

[Ji, K9] = el K*, (29)

[K', K9] = —ie'k Jk (30)
Introducing ' '
- J+ K

Ly =— (31)

the Lorentz algebra decomposes into two SU(2) algebras,
(L%, %] = ie* Lk, [LL, 7] =ie* Lk (32)
The tensor representation of the Lorentz group is equivalent to
- 1o 0 > 10 0
L+_§<0 o)’ L__§<O a)’ (33)

which means



4.2 Dirac matrices

The Dirac matrices v are 4x basis that satisfy the anticommutation relation
{2 =2

In the chiral basis they are chosen as

T\ 10) T ¢ 0

. 10 i
fIWWfWI((]l), o = 20" "]

One also introduces

4

In the spinor representation of the Lorentz algebra, J* = . (check!).
A Dirac spinor is a four-component spinor

(&
(e
Vs
Uy

P =

One defines 1) = 1140,

4.3 The field theory for spin-1/2 particles

Dirac Lagrangian: -
L =Y(iy"d, —m)y

Plane wave expansion:

b(z) = / ﬁ%(apsus(p)e-w b0, (p)e®)

(35)

(36)

(37)

(39)

(40)

Again in this equation it is implied that py = +E,. The spinor us(p) and vs(p) satisfy the

equations

and are normalized so that

(41)
(42)



One choice is

win = (V27 ) (4
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). Analogously one can chose

VP USS

s = — 46
v (p> ( _W& ) ( )
. One can check that
UgUy = 2m5sra (47)
VU = —2m0g, (48)

The operators aL and bL create a particle and an antiparticle, respectively. In the case
of electrons, the antiparticle is called the positron.

5 Renormalizability

In the unit system h = ¢ = 1, all dimensions are powers of energy. A quantity O is said to
have dimension A if it is measured in unit of (GeV)®. We write in this case [0] = A.

The action is dimensionless (h = 1), and since S = [d*z £ and [z] = —1, [£] = 4.

The Standard Model Lagrangian is renormalizable. The renomalizability condition re-
quires that there are only operators with dimensions less or equal to 4 in the Lagrangian. In
other words, the coefficients in front of the operators have non-negative dimensions.

In a scalar field theory the only allow interaction terms are cubic (¢®) or quartic (¢*) in
fields. In a theory with fermions and scalars, the only interaction term between a boson and
a fermion is 1o, ihy>1¢. For example, @M“@D@ugb has dimension 5 and is not renormalizable
(irrelevant).

The justification for renormalizability is that if nonrenormalizable terms are present in
the Lagrangian, the coefficient in front of them would be proportional to 1/M2~%, where A
is the dimension of the operatore and M is some energy scale characteristic of the physics
beyond the Standard Model. We now experimentally that M is high, therefore these terms
can be neglected.

For a coupling between a fermion and a gauge field, the term ﬁa””wFW is gauge invariant,
but not renormalizable (dimension 5). The term 127’%14“ is renormalizable. How to preserve
gauge invariance is the subject of next Section.

6 Gauge-invariant interactions

The Lagrangian B
L = ipy'o, (49)



is invariant under phase rotations

Y= = ey (50)
where « is a constant. But if we generalize it to spatially varying «,
) — =@y (51)
The reason is that 0,1 does not tranform homogeneously,
Outp — Ou' = (9% + 10, 0)) (52)

It is possible to correct for this by introducing a gauge field A, into the theory. We
replace the derivative 9, by the covariant derivative D,,, defined as

Dyt = 0, + ie A, (53)

If we requires that under (51) with a@ = «(x), A, simultaneous undergoes a gauge tranfor-
mation

, 1
Ay — A=A, — gﬁua(aj) (54)
then |
Dy — (D) = 0,0 + ieAl = e D, (55)
Hence the following Lagrangian
T : = 1
L= ipy*(0, +ieAu) — mipyp — ZFilj (56)

is invariant under gauge tranformations (51), (54). This is the Lagrangian of quantum
electrodynamics, describing electrons and photons.

7 Nonabelian gauge theories

The gauge theory described in the previous Section is called U(1) gauge theory, taking its
name from the group of phase rotations (50). Let us generalize it to the SU(2) group.
Consider a doublet of fermion fields
(G}
= 57
o= (4 57

The Lagrangian ¥(i 8 —m)v (same mass for ¢; and 1) is invariant under SU(2) rotations

Y — o =Uy (58)

where U is a spatial unitary matrix, UUT = U {1 U = 1, det U = 1 (it is also invariant under
U(1) phase rotation ¢ — '), which we will not consider here). In order to “promote” this
symmetry to a gauge symmetry with U = U(x), we introduce a gauge field 2 x 2 matrix A4,
and write

D =0, —igAun (59)
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We require that under the transformation 1) — ' = U(z) the convariant derivative tran-
forms homogeneously;,

Dyp — (9 — igA )W = U(0, — igAnb) (60)
That fixes the tranformation law for A,:
A, — AL =UAU - é(&uU)U‘l (61)
It is possible to restrict A, to be a Hermitian, traceless matrix. This property is preserved
under gauge tranformation (61). That means we have 3 components of A,

aTa
A“ - AN? (62)

Thus the coupling between fermions and the gauge field can be introduced in a gauge-
invariant manner,

L= (0, g ) v = i (63

We still need a gauge-invariant action for the gauge field alone, similar to the Maxwell action.
Notice that
DuDuw - DVDM¢ = _igFuuqvb (64)

where
F,., =0,A,—0,A, —iglA,, A (65)

it follows that under gauge transformation F,, — UF,,U'. Thus we can add to the
Lagrangian the Yang-Mills Lagrangian

1
—5 T F P (66)

which is invariant under gauge tranformations. In components
a a a abc Ab pc
FL, = 0,A, — 0,A] + ge" A} A7 (67)

The term —iF . I, contains both the kinetic terms of the gauge field and the interaction
terms.



