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Appendix

Answers to Embedded Exercises

Here we give solutions to all exercises embedded within the main parts of Chapters 1
to 11 (as noted in the Preface, solutions to the exercises at the ends of these chapters
are available to instructors upon contacting us). We believe readers can develop a
basic understanding of spectral analysis by making an honest effort to do these exer-
cises, so we encourage tackling them before looking at our solutions. Working these
exercises independently opens up the possibility of finding better solutions, which we
would appreciate learning about (our email addresses are dbpercival@gmail.com and
atwalden86@gmail.com).

Answer to Exercise [8] First, note that, since E{A;} = E{B;} =0 for all j,

LN/2)
E{X;}=pn+ Y E{Aj}cos(2nf;t) + B{B;}sin (2 f;t) = p.
=0

Next, note that
E{(Xt4r —p)(Xe — )}

[N/2]
= E{( Z Ajcos (2 f;[t + 7]) + Bj sin (27rfj[t+7])>

Jj=1

[V/2]
X ( Z Ay, cos (27 ft) + By sin (27Tfkt)> }

k=1
LN/2] |N/2)
= Z Z (E{Aj cos (2 f;[t + 7]) A cos (27 frt) }

j=1 k=1
+ E{AJ coS (27Tfj [t + T])Bk sin (27Tfkt)}
+ E{B;jsin (27 f;[t 4+ 7]) Ay cos (27 fit)}

+ E{B;jsin (2r f;[t + 7]) By sin (27rfkt)}>.

Because the A; and B; RVs are all mutually uncorrelated; because E{A?} =F {BJZ} =
0%; and because of the trigonometric identity cos (z +y) cos () 4 sin (x 4 y) sin (z) =

A-1



A-2 Answers to Ezercises [8] and [11]

cos (y), we have

B{(Xeyr — 1)(Xe — )
LN/2]
= Z E{A?} cos (2 f;[t + 7)) cos (27 f;t) + E{BJQ} sin (27 f;[t + 7]) sin (27 f;1)
=1
LN/2]
= Z O'JQ» [cos (2nf;[t + 7]) cos (27 f;t) + sin (27 f;[t 4+ 7]) sin (Zijt)}
j=1
LN/2]
= Z o3 cos (27 f;7),
=1

as required. Letting 7 = 0 in the above yields

B{(X, - w*}=0’= Y o2

from which we obtain

act B{(Xir — )Xo — )} 251 0% cos (2mfy7)

pT 2 N/2 b
g ZJL:{ JUj

as required.

Answer to Exercise [11] Multiplying both sides of Equation (8a) by cos (27 f;t)
and summing over ¢ yields

N-1 N-1 N-1|N/2]
Xicos(2mfit) =p cos (27 f;t) + Z Z Ay, cos (27 fit) cos (27 f;t)
+=0 t=0 t=0 k=1
N—-1|N/2]
+ Z By, sin (27 fit) cos (27 f;t)
t=0 k=1
[N/2]  N-1
Ay, cos (27 fit) cos (27 f;t)
k=1 t=0
IN/2)  N-1

+ Z By, Z sin (27 fit) cos (27 f;t),
k=1 t=0

since it follows from Exercise [1.2d] that Zt o ! cos (2nfjt) = 0. For 1 < j < N/2,
Exercise [1.3c] gives the following “orthogonality relationships”:

N-1 . N
cos (2 fit) cos (2w ft) = { (J)\;‘/Q i Z i :;’ (A-2)
=0 ) 5
and
N-1

sin (27 fit) cos (2m fjt) =0 for all j and k.
t=0



Answers to Fxercises [11], [12] and [29] A-3

We thus have
N-1

N
X, cos (2 f;t) = Aj?’
t=
from which the first desired result readily follows. If N is even and j = N/2, the only

difference is that N/2 is replaced by N in Equation (A-2) (again, see Exercise [1.3¢]).

We now have
N-1

Z Xt COS(27TfN/2t) = AN/QN,

t=0

from which the second desired result follows.

Answer to Exercise [12] Summation of both sides of Equation (8a) yields

N-1 N-1 |N/2)
X, = W+ Z [A, cos (2 f;t) + B;sin (27 f;t)]
=0 t=0 j=1
[N/2] N-1 |N/2] N—1

=Np+ Z A; Z cos (2m f;t) + Z B; Z sin (27 f;t).
j=1 t=0 j=1 =0

Exercise [1.2d] tells us that for all j

2

N-1
cos (2rf;t) =0 and Z sin (27 f;t) = 0,

t t=0

I
o

thus yielding Zivz 61 X; = Npu, from which the desired result follows immediately.

Answer to Exercise [29] Without loss of generality, we can assume p = 0 (if not,
we just need to replace X;; and X5, with, respectively, X;; — p1 and Xo; — p2 in
what follows). We have

cov{Ziyr, 2t} = E{Z:1+ Z}}

= E{( X114+ +1Xo 147 ) (X1 +1X24)"}

= E{( X144+ +1Xo4,) (X1 —1X24)}

= E{Xl,t-‘rTXl,t} + E{XZ,t—i-TXZ,t}

+iE{Xo 14 X1} —1E{ X114, X2}

Now, for any integers t1, t2 and 7/, the joint second-order moments of Xj 4, Xo 4,
X1+, and Xo 4, exist, are finite and are equal to the corresponding joint moments of
X147 Xoty+775 X145+ and Xo g, 4. Letting t1 =t + 7, to =t and 7/ = —t says

that the joint moments of X1 ¢4+, X2 ¢4+, X1+ and Xz, are equal to the corresponding
joint moments of X; ,, Xo -, X100 and X5 . Hence

* . . def
E{Zy -2} } = E{X1 7 X1,0} + E{ X2+ Xp 0} +1E{X5, X210} —1E{X1 X320} = s,

a sequence that depends upon 7 but not . Now

s_r=E{X1 ;Xi10} + E{Xo X0 o} +1E{Xo X1 0} —1E{X: - X2p}.



A4 Answers to Ezercises [29], [32] and [36]

Adding 7 to each time index leaves the expectations unchanged, so we have (using the
elementary fact that E{XY} = E{Y X})
s_r=E{X10X1-} + E{X20Xo -} +1E{X20X1 .} —iE{X10X2+}
= E{X1 - X10} + E{X2: X0} +1E{X1,X20} —iE{X2,X10}
= (B{X1,:X10} + E{X2,X20} —iE{X1 : Xp0} +1E{Xs,X10})" =
Finally, note that

E{Z1+Z;} = BE{(X1,147 +1Xo 147 ) (X1 +1X2,4)}
= F{ X114+ X1} — B{ X014+ X0} +1E{ X0, 117 X1} +1E{ X1 147 X2}

Using the same argument as before, we see that
E{Zt+TZt} = E{Xl,TXl,O} - E{XQ,TXQ,O} + iE{XQ,TXl,O} + iE{Xl,TX2,O}7

which depends upon 7 but not ¢, as required.

Answer to Exercise [32] Letting Z, = Xy, + iX1, as per Equation (29b) and
assuming (without loss of generality) that E{Z;} = 0 and hence E{X;} = E{X1,.} =
0, we have

o? =var{Z;} = B{|Z;]*} = E{Xg}t + Xit} = var {Xo,} + var {X1,.,}.

Since {Z;} is proper, its autorelation sequence at lag 7 = 0 must be zero; i.e., we have
ro = E{Z}} = 0. Since Z} = X3, + 2iXo, X1+ — X{,, we find that

E{Xg,t} — E{Xit} =0 and E{X;X1.}=0;

ie.,
2

var{Xo:} =var{X1.:} = % and cov{Xo:, X1:} =0,

as claimed. (Note that we haven’t made use of the fact that {Z;} is white noise — any
proper complex-valued stationary process {Z;} is such that the real and imaginary
parts of Z] are uncorrelated and have the same variance.)

Answer to Exercise [36] First, we note that

L

E{X;}=p+ Z E{A;}cos (2nfit) + E{B;}sin (27 fit) = p
=1

since E{A;} = E{B;} = 0 for all I. Next note that

L
cov { X4, X;} = cov { > Aycos (2m filt + 7]) + Bysin (27 fit + 7)),
=1

L
Z Ay cos (27 fyt) + By sin (wal/t)}

I'=1

:ZZCOV{AZ cos (27 filt + 7)) + By sin (27 fi]t + 7)),

=10U=1
Ay cos (27Tfl/t) + By sin (27Tfl/t)},



Answers to Exercises [36] and [37] A-5

where the above manipulations can be justified by results stated in Exercise [2.1]. Now

cov {A; cos (27 fi[t + 7]) + By sin (27 fi[t + 7)), Ay cos (27 fit) + By sin (27 firt)}

= cos (27 fi[t + 7]) cos (27 firt) cov { A;, Ay }
+ cos (27 fi[t + 7]) sin (27 fy t) cov { A, By }
+ sin (27 fi[t + 7]) cos (27 fi t) cov { By, Ay}
+ sin (27 fi[t 4+ 7]) sin (27 fi/t) cov { By, By }

= cos (27 fi[t + 7]) cos (27 fyt) cov { Ay, Ay}
+ sin (27 fi[t + 7]) sin (27 fi.t) cov { By, By },

because cov {A;, By} = cov{B;, Ay} =0 for all [ and . We also have cov {4;, Ay} =

cov {Bl,Bl/} = 0 when [ 7& I’ and COV{A[,AV} = CoVv {Bl,Bl/} = O’l2 when [ = [’
Hence

L
cov{Xiyr, X4} = Z o? [cos (2m fy[t + 7]) cos (27 ft) + sin (27 fy[t + 7]) sin (27 f1t)]
=1

o? cos (2T f17),

I
M=

N
Il
_

where we have made use of the trigonometric identity cos(x) cos(y) + sin(z) sin(y) =
cos(z — y). The above is a function of 7 and not ¢t. Hence the harmonic process of
Equation (35c¢) is a stationary process, with an ACVS {s;} whose 7th element is given
by the above expression.

Answer to Exercise [37] Asnoted below Equation (35d), the trigonometric identity
cos (z+y) = cos (z) cos (y) —sin (z) sin (y) allows us to put that equation into the form
of Equation (35¢), in which 4; = D;cos(¢;) and B; = —D;sin (¢;). In order to show
that the resulting {X,;} is a harmonic process, we need to argue that A; and B, are
zero mean uncorrelated RVs such that var{A4;} = var{B;} for all [. To show that
they have zero mean, note that, since the PDF for ¢; is given by fy, (u) = 1/27 for

u € (—m, 7], Tr

1
E{A;} = DiE{cos(¢y)} = Dl/ cos (u)2— du=0
- T
and that a similar argument yields F{B;} = 0. We can make use of the indefinite
integral [ cos?(z)dz = % + % to show that

T 1 D?
cos? (u)— du = =L
2m

var (A} = E{47} = D} E{eos*(én)} = D} [ L,

similarly the indefinite integral [ sin®(z)dz = 5= w yields var {B;} = D?/2 also.
The fact that the ¢;’s are independent RVs implies that cov {4;, Ay}, cov{B;, By}
and cov {A;, By} are all zero when [ # I’. The desired result thus follows if we can
show that cov{4;, B;} =0 for all [. Now

™

cov{A;, B;} = E{A; B/} = D?E{cos (¢;)sin (¢;)} = Dlz/ cos (u) sin (u)% du =0,

—T

where we have made use of the indefinite integral [ cos(z)sin(z)dz = sin®(z)/2.
Finally the ACVS of Equation (37b) follows from Equation (36a) by noting that the
common variance for A; and By is given by 012 = D12 /2.



A-6 Answers to Ezercises [{9a], [49b] and [55]

Answer to Exercise [49a] If we take both sides of Equation (49c¢), multiply them
by exp (—i2 f,,t) and integrate from —T/2 to T/2, we get

T/2 _ T/2 '
/ gp(t)e_12”f”‘tdt:/ Z G2 Fn=fm)t 4y (A—6a)
-T/2 “T/2n="c0
o0 T/2
- Y G, / 2 (futm)t gy,
n=-—o0 —-T/2

Since fr, — fm = (n —m)/T, the change of variable v = ¢/T" shows that

T/2 1/2
/ el27r(fn7fm)t dt = T/ el27r(n7m)u du
—T/2 —1/2
1/2

1/2
= T/ cos(27[n — m|u) du + iT/ sin(27[n — m]u) du.
—1/2 —-1/2

If m # n, both integrations are over over one or more complete cycles of the sinusoids
and are hence equal to zero; if m = n, the integrals for the real and imaginary parts
are, respectively, one and zero. Hence

T/2 .
/ D27 (f—fm)t g — { 0, m#n; (A-6b)

—1/2 T, m=n.

Equation (A-6a) now reduces to

/2 ‘
/ gp(t)e 2™ Imt 4t = TG,
—T/2

from which (49b) follows immediately.

Answer to Exercise [49b] Recalling that |2|?> = zz* for any complex-valued vari-
able, we have

/2 T/2 T/2 o0 4
/ l9p(8)* dt:/ gp(t)gy(t) dtZ/ gp(t)< > G;el%fnt) dat

-T/2 -T/2 -T/2 e —oo
oo 1 [T/2 o
=T Gy —/ gp(t)e?™Int dt
n;oo T -T/2 3
=T Y GiGn=T > |Gn|*.

Answer to Exercise [55] Recalling that |g(t)]> = g(t)g*(t) and making use of
Equation (53), we have

/_o; lg(t)* di = /_O; g(t) (/_O; G(f)e2m Tt df)* "
= /_O; G (/) (/_o;g(t)e‘i%ft dt) df

- /fo G*(f)G(f)dfz/jo IG(f)? df.



Answers to Ezercises [67], [69] and [71] A-7

Answer to Exercise [67] If we substitute Equation (67a) into the left-hand side
of (67b), we have

/ / —ue —i2mft g, qf — / g(u)efﬂﬂf’u/ h(t — u)efizwf(tfu) dt du.

Let y =t — u to get
[ st au [ ne i ay = o),

—00 —00

as required.

Answer to Exercise [69] We have

g% h(t) = / " gh(t — u) du

—00

_ 1 e _u2/(20,2)
NCITOIREN -

L oo
! Z A / e/ (20%) cog @ filt — u] + ¢p) du

= 2V1/2
Grozie 2

du

L
ZAl cos (2w fi[t — u] + ¢)

=1

Using the trigonometric identity, we have

[ee] oo
/ e/ cos 2m filt — u] + 1) du = cos (2 fit + 1) / e~/ cos (21 fyu) du
— 00

—00
oo

+ sin (27 fit 4+ ;) / e/ (20%) gin (27 fiu) du

= (27r02)1/2c*(”2”fl)2/2 cos (2w fit + &)

1/2 and making use of the integral expressions,

because, letting v = u/(270?)

/ e~4/(20%) ¢og (27 fiu) du = (27r(r2)1/2 / e~ ™’ cos 2nf [27r02]1/2v) dv

—0o0

= (2m02) /2™ fi2m0" — (97 52)H/2e=(02m[1)*/2,
while

/ e~u'/(20%) giy 27 fiu) du = (27702)1/2 / o~ ™% gin (2nf [27r02]1/2v) dv = 0.

The stated result now follows immediately.

Answer to Exercise [71] We have

1 t+6 t+6
rxh(t) = 2(5/ 262Al/ cos (27 fu + ¢;) du (A-7)
The integral is the real part of

t+5 t+6 N (s
/ @ fiutd) g, = ol® / oi27fit gy, — it (el m fi(t+9) B ei2m fi( )>
-0 t=3 i27 fy 27 )

— oi@mfit+en) Q210 — o~ 20 _ oienfit+ep) S0 (27 f19)
i27Tfl 7l'fl ’

so we have

cos (27 fru + &) du = cos (27 fit + 1) 7
-5 T

Substitution of the above into (A-7) leads to the desired result.

/t+5 sin (27 f;9)



A-8 Answers to Fzercises [73a] and [73b]

Answer to Exercise [73a] It follows from Equation (72c) that

grg'0)= | " )y (w) du = / T P a,

— 00 — 00

so we can establish the desired result by showing that

/_Zg*g*(t)dt:’/_o;g(t)dt

Note that, if a(-) +— A(:), it follows from the relationship

2

o0

A(f) = /Oo a(t)e™ 2™t dt that A(0) :/ a(t)dt.

— 00 — 00

Thus [ g g*(t)dt is the Fourier transform of g« g*(-) evaluated at f = 0; however,
Equation (73a) says that this transform is given by |G(-)|?, and hence we have

2

| argwa=icoP - \/Zga) at

—0o0

)

as required. Alternatively we can integrate both side of Equation (72c) with respect
to t to obtain (letting ¢’ = u +t)

[ araa= [ [ gwengande= [ g [ gt paran
=/_Zg*(u> /_o;g(t’)dt'duz/_O;g(t’)dt’/_o;g*(u)du

/O:Og(t’)dt’ (/C:g(u)du)* = ‘/Zg(t’)dt’ 2,

Answer to Exercise [73b] From Exercise [73a], we have, because a PDF must
integrate to unity,

as required.

2
I 90(1) dt‘ B 1

widtha, {g,(-)} = [ g2wdt [ g2()dt’

Now

1 e (mo?)/? 1 s ]
2 _ t*/o" _ . t?je? _ L
9o(1) omo2* 2mo? (mo2)1/2 271/2090/\/2@)»

and hence

o 1
2 —
/ 9o (t) dt = 27T1/2CT’

—0o0

which leads to the stated result.
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Answer to Exercise [76] Using the inverse Fourier transform of Equation (75a)
(with Ay = 1), we have

. m - m 1/2 . / ‘
GP,WL(f) d:f Z gt6712ﬂ—ft — Z ( Gp(f/)eﬂﬂ'ftdf/) 67127rft

t=—m t=—m 71/2
1/2 m
= [ G(f) ( > ei%(f’—f”) df’
_1/2 t=—m
1/2
=(@2m+1) ” Gp(f ) Doms1(f — f1)df’

since

Z 2™t = (2m 4 1) Doy (f)

t=—m
from Exercise [1.2¢].

Answer to Exercise [79] Using the inverse Fourier transform of Equation (75a)
(with Ay = 1), we have

(@) — S _m Yz NaQ2mf't 3 pr | —i2nft
G = > (1= Gy(f)e* I af’ | e

t=—m —-1/2
= /1/2 G,(f) i (1 _ |t|> e—i2m(f—f")t df’
—1/2 Y t=—m m
1/2
=m , Gp(f)Do(f = f)df,
—-1/2

where we have made use of the fact that

i (1 B ntl) e i2mft _ men(f)

t=—m

This equation can be verified by filling in the details in the following line of thought:
(a) the sequence defined by 1 — |t|/m is essentially the autocorrelation of a rectangular
sequence of length m with itself; (b) the Fourier transform of a rectangular sequence
is essentially Dirichlet’s kernel; and (c¢) an appropriate version of the autocorrelation
theorem thus says that the Fourier transform of {1 — |¢|/m} is the square of Dirichlet’s
kernel. Here are the details. Let

, :{1/\/771, t=0,1,....,m—1;
¢ 0 otherwise.

The Fourier transform of {r;} is

1
—i2n ft
§ re -
¢ Vvm

t=—0o0 t=

m—1

e—i27rft.
0

From Exercise [1.2¢], we have

m—1
efi27rft _ mefi(mfl)ﬂ'fpm(f)
t=



A-10 Answers to Ezercises [79], [84] and [92]

and hence
m—1

1 : .
% § : ef12wft _ /mef1(m71)7rszm(f)'
t=0

It follows from the discussion following Equation (100a) that the Fourier transform of
the autocorrelation {r«r;} is the function given by |/me "=V ID,_ (£)|> = mD2 (f).
The desired result follows if we can establish that

[t] .
’I"*’I"t:{l_m’ |t|§m_1a
0 otherwise.

From Equation (99f), we have

e’} 1 m—1
kT = E Tu+tTu = 7\/m E Tu+t-
u=0

U=—00
If |t| > m, then 7,4+ = 0 when w = 0,...,m — 1 since then either u + ¢t < 0 always or
u—+t>m — 1 always; if [¢| < m, then
m—1
I def
Z Tuit = \/—, where I; = {# of w such that 0 <wu -+t <m—1}.
m
u=0

If ¢ is nonnegative, then I = m —t = m — |¢|; if ¢t is negative, then I; = m — |t| also.
Hence {r » 7.} has the required form.

Answer to Exercise [84] It follows from Equation (74a) that

I © o )
/ (At Z gt,e—127rft At> elZﬂ'ft df

_f./\f t'=—o0

e f
= Z g <At/ N ei27rf(tt’Ac)df>.

t=—00 7fN

g9(t)

Recalling that fy, = 1/(2A¢), we have

In ei2mfya  g—i2nfya
a )

s 2ra  i27a
N

ei27rf(1.df _ At (

i2mfara _ q—i27wfpra in(2
_e . e _ sin(27 fya) _ sine(2fya),
idn fyra 27 fyra

from which the desired result follows immediately by letting a = ¢t — ' Ay.

Answer to Exercise [92] If we take both sides of Equation (91b), multiply them
by exp (i2wnt’ /N) and sum with respect to n, we get

N—-1 ) N—-1N-1 ) N—-1 N-—-1 )
Z Gnel2ﬂ'nt /N _ A Z Z gtel27rn(t —t)/N _ A Z g Z elen(t 7t)/N' (A*].O)
n=0 n=0 t=0 t= n=0

It follows from Exercise [1.2] that

N-1

Z oi2mnk/N _ N, if k=mN for integer m;
. “ 10, otherwise.

n=

The only time that ¢’ —¢ is an integer multiple of N is when ¢’ = ¢, so Equation (A-10)

reduces to
N-1

Z GneiQW"t//N = g N Ay,
n=0

from which the desired result follows.
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Answer to Exercise [93] If we insert the Fourier representation for {g;} given by
Equation (75a) into Equation (91b) and make use of the definition f, = n/(N Ay),
we obtain

N—-1 Far 4 -
G, = A Z (/ Gp(f)el27rftdt df) o i2mfnt Ay
t=0 *f,r\/

fa N-1

= At/ Gp(f) Z o2t (f=fn) As df.
—In =0

If we appeal to Exercise [1.2¢], the above becomes

I ) ,
Gn = Ay Gy()e NI =D ANDY ([f0 = f1A) 4,
I
where Dy (+) is Dirichlet’s kernel (note that this is an even function). The desired

result now follows from the definition of P(-).

Answer to Exercise [122] We have
oo

X, = X(tg+tA) = / 208D 47y (1 (f)

— 00

> (2E+1)/(2Ay) )
/ e127rft Atel27rft0 dZX(t)(f)
piho J@k-1)/(2A0)

oo 1/(2A¢) i27r(f+L)tAt i27r(f+i)t0 k
. A e A dZX(t)<f + f)
—1/(2A¢) t

k=—o00
(o)

In . i2m *
:/ elZﬂ'ftAt Z 62 (f+At)t0 dZX(t)(f+ALt)

f./\/’ k=—o0

In
:/ el2ﬂftAtdZ(f).

I
Answer to Exercise [148] We have

= [ lewrasd )

— 00

= /_;_df/ ds@ () + /ff - ds ()
= SV 1) = SO = df )+ SO (F + df) = 59 (F)
=2 [P +d) - 5L ()]

where the last part follows because Sg(l)(—f) + Sgg) (f) = 0% for all f.

Answer to Exercise [150] We have
K

Yo ogulatBt—w]=(a+6t) Y g.-8

u=—K

K
gy = a + Bt
K

u=—

because of the assumption that Zf;f x 9u = 1 and because

K K -1 K K
Z Jull = Zgour Z Jull = ZguufZguu:O
u=—K u=1 u=—K u=1 u=1

under the assumption g_,, = g,.



A-12 Answers to Ezercises [165] and [170]

Answer to Exercise [165] It follows from Exercise [2.1¢] that

| N1 | N1 ] NoIN-d
var{X} = COV{N Z X, i Z Xt} =Nz Z Z cov {X,, X:}
u=0 t=0 u=0 t=0
] NoIN-d
= N2 Su—t
N u=0 t=0

Consider an N x N matrix whose (u, t)th element is given by s,_;. The above double
summation is just the sum of all the elements in the matrix. Since the matrix is
Toeplitz (see Equation (29a)), we can also sum its elements by summing along all its
diagonals. The main diagonal has N copies of sg; the first sub- and super-diagonals
each have N — 1 copies of s;; the second sub- and super-diagonals each have N — 2
copies of s9; and so forth, leading to the conclusion that

N-1 N-1

wiX-g Y W-lhe -y X (1)

T=—(N-1) T=—(N-1)
as required.

Answer to Exercise [170] Define X; = 0 for t < 0 and ¢t > N. The autocorrelation
of the infinite sequence {X;} is

X*Xr =070 > Xepr Xp = N3PA,

t=—o00

def
(see Equations (99f) and (170b), and recall that 5% = 0 for |7| > N). The Fourier
transform of an autocorrelation is the squared modulus of the Fourier transform of
the sequence being autocorrelated:

0o 2
At Z Xte—iQTrft Ay

t=—0o0

At Z X*XTe_iQﬂ-fTAt _
T=—00
(see Equations (100a) and (74a)). Substituting X « X, = N5 A, into the above and

adjusting the limits of the summations to range over the nonzero portions of {3}
and {X;} yield

2

N-—1 A N—-1
A —i t —i
At § Sg_P)e 27 fr Ay — W E Xte 27 ft Ay
T=—(N-1) t=0

which is the required result.
Here is a second proof. Using the definition for §{ in Equation (170b), we have

N-1 A N-1 N—|7|-1
A Z §Erp)e—127rf7' Ay Wt Z Z Xt+|7—\Xte_l27TfT Ay (A712a)
T=—(N-1) T=—(N-1) t=0
A N—-1N-1
— Wt > X Xpe 2T (a) A (A-12b)
j=0 k=0
N-1 2
A —i2m
= Wt Z Xte 2mft Ay
t=0
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after a change of variables in the double summation, which we can justify as follows.
Consider the N x N matrix whose (j, k)th element is X; Xy, exp [—i27 f(k—j) A¢]. The
double summation in Equation (A-12b) is just the summation of all the elements of
this matrix. The inner summation adds up the elements of the jth row, while the outer
summation ranges over all rows. The double summation in Equation (A-12a) again
sums up all the elements of the matrix, but now by diagonals indexed by 7 = k — j:
here the inner summation adds up the elements of the rth diagonal (note that there
are N — |7| elements in that diagonal), while the outer summation ranges over all
2N — 1 diagonals.

Answer to Exercise [174] Consider the “rectangular” sequence {r; : t € Z} defined

as
1, when0<t< N —1and

"= {O, otherwise.

With the sampling interval taken to be Ay, Equation (74a) and Exercise [1.2c] say
that the Fourier transform of {r;} is given by A;Ne N =U™Dy(f A;). Note that the
autocorrelation of {r;} is given by

def - _ J AN —|7]), when |7| < N and
rar = A ; Tutrlu = {O, otherwise
(see Equation (99f) and cf. Figure 69). Equation (100a) says that the Fourier transform
of {rxr;} is given by

. 2
‘AtNe*I(N*I)“DN( FAY| = AZN2D2(FA,) = ANF(f).

Since {s;} +— S(-), Equations (74a), (99e) and (99d) tell us that the Fourier trans-
form of {rxr;,s;} is

o I

. N
Ac D raresee TR S AN F(fHS(f = fHdf'.
T=—00 7f./\/’
Since v
o) —1
1 _i2nfr A < |T> —i27fr A
—Zr*rTsTe‘”Tt:At Z 1— 1) s e 27f7 t
N T=—00 r=—(N-1) N

we obtain the desired result:

-~ 7] o
D S (e | FUIS - s
) TN

T=—(N-1

(When Ay = 1, the above is an immediate consequence of Exercise [4.5b] once we note

that [J(f)[> = S®(f) and NDX (f — f') = F(f — f').)

Answer to Exercise [179] The first part of the exercise follows from the second
by letting N7 = 0, so we only consider the more general case. Define

Xi—nyy, N <t< N+ N —1and

0, 0<t< Ny —1,
X;_{
0, N+N <t<N+N +Ny—1=N"—-1.
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Answers to Fzercises [179], [186] and [188]

From Equation (91b), the DFT of {X/} is given by

N’ —1 N+N;—1
. 7 . ’
X]; — At 2 X£e7127rkt/N _ At 2 Xt_Nlefl%rfktAt’ k=
t=0 t:Nl
from which it follows that
2
/19 N+N;—1
|Xk‘ _ Ay —i27 it Ay
= — thNle
N A N Ryl
A N2 2
_ =t Z Xte—izwf,;(H-Nl)At
N t=0
A N-1 2
— =t 67127rkN1/N E Xtefi27rf;t Ag
N t=0
A 5 |[N-1 2 A V1
_ B¢ e—i27rkN1/N‘ Z X,e i2rfit A — 2t Z X, i2m it A
N N
t=0 t=0

since | exp(iz)

Answer to Exercise [186]

|2 =1 for all real-valued z.

Plugging the spectral representation

In
Xt:/

f

ei27rf’t Ay dZ(f/),

0,1,...

N -1

2

= SP(f)

into the definition for J(f) and making use of the definition of H(-) yields

as required.

Answer to Exercise [188]

/ " E{S™(f)}df = A
,fN

N-—1
I =03 he

t=0

N-1
N A1/2 Z he—i2r(F =)t Az ¢
t t€ (f)

—fn t=0

In
-/ [ H—pan),

(L

I

eiQﬂ-f’t Ay dZ(f’)) e—iQﬂ-ft Ay

N-1 N—|1|-1

as required because

In
> (s X ]/
T=—(N-1) =0 ~In
N—-1
t=0
Iur efiZﬂ'f‘rAtdf: Q.f/\/zl/Ata T:O;
Iy 0, otherwise.

Integration of both sides of Equation (186g) yields

efi27rf'r Ay df
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Answer to Exercise [192] Equation (186e) and the facts that both H(-) and S()
are even and periodic with a period of 2f,,, and that H(-) integrates to unity over
[—fars farl, allow us to write

~ fN fN
b(f) & B{S®(f)} - S(f) = y H(p — £)S(p)de — y H()S(f) do
Far Ia
-/, H(p)S(f + ¢)dg — y H(#)S(f)de
Ia
-/, H() [S(f +¢) —S(f)] do
In 2
~ H(o) [QSS’(f) = Q;S”(f)] do
—far
_ S ™ gy
2 )y,

as required (the integral involving ¢H(¢) vanishes because this defines an odd func-
tion).
Answer to Exercise [212] Recall that, if {a;} «— A,(-) and {b;} «— B,(-), the
two-sequence version of Parseval’s theorem says that

fa el

/ Ap(u)By(u)du= Ay Y arb;

—In t=—o00
(see Equation (99a)). Let Ap(u) = H(u) so that a; = hy, and let By (u) = H(n — u).
Since {h;} +— H(-) and since {h;} is real-valued, it follows that

N-1 N-1
Bp(u) _ H*(n - u) _ At Z hteiQﬂ'(nfu)tAt _ At Z (htei%rntAt) efiQwutAt'
t=0 t=0

Hence by = hy exp(i2mntAy), and use of Parseval’s theorem leads to
2

. 2

§ h%e*iZWUtAt

t=—o0

In
H(u)H(n —wu)du

—f

)

from which the required result follows.

215] Note first that

< 1- ¢l de
Z = L s,

where we have made use of Equation (17a). For 0 < |¢| < 1, we have

as(|é)) 1 == Bl (1= o))
a9 Z'¢‘ 0192 '

Letting J — oo yields

Answer to Exercise

—

<
—

I§
=)

J

: | R
Z]W 1_ |¢D2, from which we obtain ;JWV - 1—eh?’

as requlred (the case |¢| = 0 holds trivially).
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Answer to Exercise [217] The DFT of the reflection-extended series is given by

2

2N—-1

X, = Z X, e—i2mkt/(2N) | Z Xonyqei2mkt/(2N)
t=0 t=N
N—-1 2N—-1
_ Xtefnrkt/N+ Z XQN_t_leflﬂ'kt/N.
t=0 t=N

Letting u = 2N —t — 1 so that t = 2N — u — 1, we can write

2N—-1 N-1
Xon_t_1e —inkt/N _ X —irk(2N—-u—1)/N _ X eiwk(u+1)/N
t=N u=0
Hence
N-1
X, = X, (e—mkt/N n emk(t+1)/N)
t=0
N-1

X, (e—iﬂkt/N + eiﬂ—kt/Neiﬂ-k/N)
t

Il
=}

N-1
— oiTk/(2N) Z X, (e—iﬂ-kt/Ne—i‘;rk/@N) +ei7rkt/Neiwk/(2N)>

N—-1
. k2t + 1
2674/N) $™ ¥, cos <7T[+])

2N
t=0

The periodogram is thus given by

2
&(DCT) ( f X |2 2 7Tk2t—|—1
S )(fk) ‘ k| <ZXt ( N ])) ,

as required. When k = N, the cosine term above reduces to cos (7[2t + 1]/2) = 0 for
all ¢, and hence ST (fy) = SPM(1/2) = 0.

Answer to Exercise [218] It follows from Exercises [2.1e] and [1.2b] that

O’,% = cov {Ck,Ck}

e f(52) () (252 e 21

N-1N-1
_2— 0y mk[2t + 1] wk[2u + 1]
= EZO St_y COS ( 5N cos SN

t u=0
N—1N—-1 ink[2t+1] _imk[2t41] _imk[2u+1] imk[2u41]
2 — 0, e 2N +e N e IN +e 2N
= St—
N v 2 2
t=0 u=0
N—1N-1
2 — 0, ( i ko[t —u] n imk[ttutl] n imk[t4u+t1] n _imk[t—u]
= S¢_ e N e N e N e N
4N v
t=0 u=0
2 — Ok
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where
N—-1N-— N—-1N-1
é E E 17rk[t u]/ and By djf E E St_ueiwk[tJrqul]/N.
t=0 u=0 t=0 u=0

Using a change of variables similar to that used in the solution to Exercise [170], we

have
N-1

A= Y (N —lr)) ™/ = 45

T=—(N-1)

for k=0,1,...,N — 1. A similar change of variables yields

N-1 — N—7-1
B = sg Z irk(214+1)/N 42 Z Z ink(204+7+1)/N
=0 T=1 1=0
N-1 N-1 N—r-1
— 5o ™k/N Z 27kU/N 4 o Z 5, Tk H1)/N Z Qi27kl/N
=0 T=1 1=0
When k£ = 0 we have
N-1 N-1
By=Nsg+2> (N=7)s. = Y. (N—|r])s,
T=1 T=—(N-1)

Letting z = exp (i27k/N) and noting that z # 1 for k =1,..., N — 1, it follows from
Equation (17a) that, for 7 =0,1,...,N — 1,

N—7-1 N—-7-1 N-—T i2rk(N—1)/N —i2ntk/N
ol27kl/N _ Sl -z _l-e ( )/ _1l-e /
> - Z 1— 2 1 _e2nk/N ] _ giznk/N
=0

Since the above is equal to zero when 7 = 0, we have

N—-1 N—1 . .
1—e —i2nTk/N emTk/N _ e—lTer‘/N
17rk (r+1)/N —
Bp=2) s [ o2/ 2 > s o—imk/N _ qink/N
T=1 T=1
= W Z sy sin (n7k/N) =
Hence
N-1 7]
= > (1-5)s
T=—(N-1)
while, for k=1,...,N — 1,
2 ey |7l inkr /N 2 =
_ 1— - irkT o - 1 k/N).
o% __(ZN_U ( N> sre N sin (7k/N) ; Sy sin (n7k/N)

Comparison of the above with Equation (174a) yields the required result.
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Answer to Exercise [247] Using the right-hand side of (188a) to substitute for
S®)(¢) in (247a), we have

N-1

I
s = [T valr-o [ Y spemra ) g
—fx r=—(N—-1)
N-1 In
_ At Z (/ Vm(f_¢)ei27r(f—¢)TAt d¢> §§_D)e—i27rfTAt
r=—(N-1) \" “fx
N-1
_ At Z ,Umﬂ_gg_D)efiQﬂ'fT Ay
T=—(N-1)

as required, where
det [N 27 (f— )T Ay In 21T Ay
Ve = Vi — @)e do = Vin(®)e do
— I —fn
(the second integral follows from the first since V,,,(-) is symmetric and 2f,, periodic).

Answer to Exercise [249a] Since {3} «— S®(.) (see Equation (188a)), and
since f,’cij = fi, — fj, we can use Equation (246b) to see that

M N-1

SPV(fi)= D g (A Do APemEiTA
j=—M T=—(N—1)
N—-1 M

. 7 . !
_ At § § gjel27rf]-‘r A¢ S;D)eleﬂ'fkT Ay
7=—(N-1) \j=—M

N—-1
. ’
_ At § Ug’TSEFD)e—Qﬂ'fkTAt’
T=—(N-1)

as required.

Answer to Exercise [249b] Since {wy, r} «— Wy, (-), Equations (100g) and (101b)
in conjunction with Equation (247e) yield

{wm,T:T:—(N—l),...,N—1}<—>{Wm(fj’-):j:—(N—1)7...,N—1}

(cf. the argument leading to Equation (171e)). The inverse DFT (Equation (101a))
gives

= Y W) = (N —-1),... N1
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Hence we can write

N—-1
SEWI(F) = A, Z Wiy 7 8D e 27T B
T=—(N-1)
N-1 1 N—1 . |
> (2N —1) A, > Win(f))e?mhim A | sPem i ir A
T=—(N-1) j=—(N-1)
1 N1 N-1
= e O Walf) A0 Y e Ui a:
@N-DA =T
1 N-1 N1
“ e L WeUDSUUL) = X ST Uy)
j=—(N-1) (N1

where g; is defined as in Equation (249d).

Answer to Exercise [255] Using Equation (186e) to substitute for E{S® (¢)} in
Equation (255a) yields (with f” in the third line below defined to be ¢ — f7),

. fN f/\/‘
ES) = [T Wals 0 ( S f’)S(f’)df’> as

- [ ’;” ( ff” W (f — S)H(6 — f/)d¢>> S(f)df’
fa =1

= / / Wm(f _ fl . f//)H(fI/) dfl/ S(f/) df/
—fan —f— 1
far I

_ / ( / Wolf — f' — f”)H(f”)df”> S(f')df’
—fan —fun
I

_ / Un(f — £)S(F) df,

where U, (+) is defined in Equation (255¢). The above uses the fact that W,,(-) and
H(-) are both periodic functions with period 2f,.

Answer to Exercise [256] Equation (255d) says that
{wp,r h*hr} — Up(+) Ay,

and hence
In

W7 hx he = Ay / Up, (f)e2™I™ 20 df.
—fy
Setting 7 = 0 in the above yields

Ia
| tiryar=1
—fy
since W, 0 = 1 and h*xhy = A;. An application of Parseval’s theorem (Equation (75b))
yields

In N-1
AT un(Hdf =AY wh(hxh)?
—fn r=—(N-1)

from which the required result follows.



A-20 Answers to Ezercises [257] and [265]
Answer to Exercise [257] It follows from Equations (256a) and (99f) that

1

5.
N-1
AT 1)“’%”( t=0 ht+rht)

By =

Equation (251e) states that

1
BW )

At ZT*—(N 1) wr2n T

so By > Bw holds if we can show the following to be true:

N-1 N-1

N-1 2
> wh, <Z ht+rht> < D> wh
t=0 T

T=—(N-1) =—(N-1)

2
m,T

Since w is nonnegative, the above holds if the multiplier of w2, _ on the left-hand

m,T

side is always less than or equal to unity. Recalling that h; o Ofort<OQort>N
and that >, h7 = 1, the Cauchy inequality of Equation (257a) with a; = hy;, and
b; = h; tells us that

N-1 N-1 2
(Z ht+7ht> < Z hZ,. Z h2 < (Z hg) =1,
t=0

t=0 t=0

as required.

Answer to Exercise [263] Following the hint, Equations (213b) and (213a) say,
upon setting Ay = 1, that

N-1 N-1 N-—|7|-1
PUEED SERSEE SEND ST
T=—(N-1) T=—(N-1) t=0
however, Equation (212a) gives
N-1 |?
R(O)=|>_hi| =1,
t=0

as required.
Alternatively, consider an N x N matrix whose (j, k)th element is h?h%. If we
sum its elements across rows and down columns, we get

N—-1N-1 N1
> > i (L) (X ) -
§=0 k=0 k=0

on the other hand, if we sum its elements along diagonals, we get the desired result.
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Answer to Exercise [277] Without loss of generality, set Ay = 1. It follows from
Equation (248a) that

N-1
S«(LW)(f) _ Z e_.,-?/m2§§_D)e—i27rfr’
T=—(N-1)

where {5} +— S®)(.). Since §® = 0 for all |7| > N, we have

oo 1/2
S = Y e mspe T [y (7= 6)5(6)do,
T=—00 _1/2

where V,,,(+) is the Fourier transform of the infinite sequence {exp (—7%/m?), 7 € Z}.
Since necessarily S®(f) > 0 for all f, it follows that S (f) > 0 also if we can
show that V,,(f) > 0 for all f. Equations (55b) and (55¢) imply that the Fourier
transform of g(t) = exp (—t?/m?), t € R, is G(f) = (m?n)'/? exp (—m?n2f?), f € R.
Regarding the infinite sequence {exp (—72/m?)} as arising from sampling g(-) at t € Z,
Equation (82a) says that V;,(-) can be expressed in terms of G(-) as

Valf) = Y G(f+k) = (m*m)/2 Y o™ U+ 5 0 for all |f] < 1/2.

k=—o00 k=—o0

The fact that V,,,(+) is periodic with a period of unity says that V;,,(f) > 0 for all f,
thus establishing the desired result.

Answer to Exercise [298] An application of Exercise [2.1e] says that

N—-1 1 N—-1 1 1 N—1N-1
e ) = cor{ 3240 3 ot 3 S ()
t=0 u=0 t=0 u=0

By letting Zy = Z1 = X; and Zy = Z3 = X, in Equation (30), we have
cov {X2, X2} =2 (cov { Xy, X })? =257,

Hence

9 N—-1N-1 9 N—-1 |T‘
Wl s Y Y dame Y (1-2)s
1)

t=0 u=0 7':7(1\/'—

where the last equality follows from the same argument used in the solution to Exer-
cise [165].

Answer to Exercise [300] For clarity, let Brs,, denote the right-hand side of
Equation (300b). When dzp = 1, the right-hand side of Equation (300c) is equal to
5Br1/3 —1/(N Ay), and hence the result from Walden and White (1990) says that
E{BT} ~ Br. When 5, = 0, we have

B 5Bry 1 5Bpy 1
6 NA, 3 N A

T

since BT,O = QBTJ, and hence E{BT} ~ Br again.



A-22 Answers to Ezercises [303], [307], [326] and [375a]

Answer to Exercise [303] Using the approximations for E{¢/®} and E{(¢&/)?}
stated in Equation (303d) and recalling that w,, ¢ = 1 always, we have

Ny—1
In = Ay Z [w?n;rE{(éfr(D)F} - 2wm,TCTE{éfr(D)} + CZ]
T=—(NL—1)

2.2
Mo, | 24252 N (140, 46, _y)
~ A E 2 2_92 u T 2
' lwm,T (CT T Tar 7t 6N A2

Y0,
— 2Wp,rCr (cT — Zt ) + ci
2242 N2 (140, +6__ )
= AP)/ + At Z [wgn,T <C72' + 6N/ A2 : - 2“’m,rcz + 072'
t t

T

A%y? A 2 2 A*7? 2
AT ZT:CT(l ~wma) 4 GTA, 2 W (140 0 y),

T

as required.

Answer to Exercise [307] Replacing S (-) with S®(-), g; with g, ;, N’ with N
and M with N — | N/2| — 1 in Equation (246b) yields

N—|N/2]-1
SPfr) = D gmiST(fimy)-
j=—N+|N/2|+1

When N is odd, the lower limit becomes j = —N + &=L 41 = —|N/2, so the right-
hand side of the above is in agreement with the right-hand side of Equation (307), as
required; on the other hand, when NV is even, we have j = —N + % +1=—|N/2|+1,
so we again have the required agreement since the assumption that g,, _ /2 = 0 allows
us to adjust the lower limit of right-hand side of Equation (307) to be j = —|N/2] +1.

Answer to Exercise [326] Take Y/ to be X; — X;_; (the time differences of the
atomic clock), substitute Y’ for Y in Equations (143d) and (143b), and, in Equa-
tion (143e), set go = 1, g1 = —1 and g, = 0 otherwise. These three equations then
tell us that

Syr(f) = [1 = 727 B P (f) = eI A () & — e A 5 ()
= 4sin®(rf Ay) Sx (f),

where we have made use of |[e7%|2 = 1 and (e!* —e~1*) /(2i) = sin (x) (Equation (17b)).
The integral of any SDF is equal to the process variance (Equation (113e)), which
implies that, for any real-valued constant C, the process {CY}} has C%Sy(-) as its
SDF since var {CY/} = C?var {Y/}. If welet C = 1/Ay, then C'Y/ =Y, (the fractional
frequency deviates), which gives the desired result.

Answer to Exercise [375a] Using the definition for &, we have

N-1 N—1 N—|7]-1
A(D) —i2wfT A —i27wfr A¢
§ wm,'rsg— ‘e frie = § Wm,r E ht+|‘r\Xt+|‘r|htXte Fr
T=—(N-1) T=—(N-1) t=0
N—-1N-1

= Wi j—khy Xjhy X e 20—k A
j=0 k=0
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after a change of variables in the double summation, which we can justify by consider-
ing an N x N matrix whose (7, k)th element is w;_j - h; X;h Xy exp [—127f (5 — k) Ay]
and by applying the same argument used to justify the change in variables in going
from the double summation in Equation (A—-12a) to the one in Equation (A—12b).

Answer to Exercise [375b] We have

d 0 - 0 h§
B - 0 d -~ 0 hi
Q=HyDyHy =[ho hi ... hya]|. . : :
0 0 - dyoad Lhy_,
hy
th K—-1
=[dohy dihy ... dyoihyoa]| . | = dphihi
T: k=0
thl

since di = 0 for all £ > K; on the other hand, merely replacing all instances of hy_;
and dy_1 in the above with hx_1 and dx_1 shows that we also have

K-1
HDgH" =) dihihy, (A-23)
k=0

and hence Q = HD HT .
Answer to Exercise [376] Making use of Equation (A-23), we have

K—-1 K—-1
S@(f)y=AZ"HDxH" Z = A, Z" (Z dkhkh;{> Z=NA Y dZ"hihiZ

k=0 k=0
K1 K—1 ) K-1 |N-1 2
A bl 2RI Z =AY dy ‘hfZ* =AY a4 | iz
k=0 k=0 k=0 | t=0
K-1 |N-1 2
= Ay dy, z hk,tXteii%ft Al
k=0 t=0

as required.
Answer to Exercise [380] Since K =1,dy =1, Q = HDyH?" in general and
Q= hohg in this specific case, we have

K-1
OIS ()} = d—tr {DyH' E®VH} =1 — tr {(HDyH" X"}
k=0
=1 -tr {QX®} =1—tr{hohl X} =1 — tr {h] X hy}.

Because hg is an eigenvector of X" corresponding to the eigenvalue \o(N, W), we
have X®" hg = A\o(N, W)hg. Hence

BE{S@ ()} =1 = Ag(N, W) tr {hj ho} =1 — Ag(N, W)

because hj hg = ivzgl h%yt =1, and the trace of a scalar is just the scalar itself.
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Answer to Exercise [392] We can regard the single-taper bias measure (3, of
Equation (391a) as a special case of the measure 5?27 of Equation (391c) with K set to

unity. When K =1, we have Dg = 1 and H = hy, so Equation (391c) says that
12 12
B3, = I tr{hj X" hy} = A—%hfZ“PL)hk

since the trace of a scalar is just the scalar itself. The desired result follows since

hT XY hy = AhEhy, = A,
where we have used the fact that~ YR, = S\khk because hy is the eigenvector of
X" associated with eigenvalue Ag.

Answer to Exercise [465] The orthogonality principle of Equation (454a) states
that the prediction error € (k) is uncorrelated with all RVs utilized in the prediction
of Xy, which, because j < k, includes Xy, ..., X;. Thus, an appeal to Exercise [2.1¢]
says that

cov {@;(4), €(k)} = cov {Xj > 6iXj1, ?k(k)}
=1

J
= cov {X;, Er(k)} = D djucov{X; 1, Br(k)} =0,
=1
as claimed.

Answer to Exercise [524] It follows from Equations (523b), (523a) and (516a)
along with the facts E{A;} = A; and E{B;} = B; that

. NA; -~ NA A 2
B{S™(f;)} = I LE{D?} = 1 ‘ (E{AIQ}‘FE{B?})
NA ; ia]? : 5]
= Tt <var {A} + {E{Az}} + var {B;} + {E{Bl}} )
N A, (202 207 NA
- 4t<N+A?+N+B?> Dl ol
as claimed.

Answer to Exercise [553] Letting w = 27 f A for convenience and making use of
Equation (17b), we can write

zy = Dcos (wt + ¢) = 2D (e“le' + e Whe™1?),
Hence
2y + 24y = 2D (eiwtei¢> 1 e wle—id | giw(t=2)gid | efiw(t72)efi¢>.
On the other hand,
2 cos (w)ze_1 = (€ +e~) 2D (eiw(t—l)eiaﬁ 4 efiw(tfl)efifb)
—9D (eiwtei¢ 1o iw(t=2)g—io | giw(t=2)gid efiwtefhz)) — 2+ s,

from which Equation (553a) follows immediately.



Answers to Ezercises [562], [597], [598] and [601] A-25
Answer to Exercise [562] Letting w = 27 f A for convenience, we have

N—-7—-1 N—7—-1 N—-7-1
1 N-—T1

1 * 1 i(w T —i iwT iwT
¥ > ZewZi = 3 el (wt+¢):N or = S Tolr,
t=0 t=0 t=0
as claimed.

Answer to Exercise [597] Using Equations (597b) and (596a) with ¢ set to 2 yields

3 1.3 2
¢11_¢2,1+¢2,2¢2,1 _ 4 32'3d _ 1 and a%— o5 1
1= 2 = 1 2 = 2 = 1
1—¢3, 1-3 1—¢3, 1-73

SV

A second use of Equation (596a) with ¢ now set to 1 yields

Given realizations of Zy, Z1, ..., Zy_1, we can generate realizations of the prediction
errors €y(0), €1(1), €2, ..., ex_1 based on 002y, 01 21,092, . ..,09Zn_1. Making the
following substitutions into Equation (597a) with p set to 2 yields the procedure stated
in the exercise: ?0(0) = 0'020 = %ZOv ¢1_’1 = %, ?1(1) = 0'121 = %Zl, ¢271 = %,

(]52’2:—% and ¢, =002y = Zy fort=2,..., N — 1.

Answer to Exercise [598] We have

q P
X~ 0, (z R )
=0 k=1
q

p
=2 0ok
k=1 Jj=

q p q
Vg Yemjor | + D Dggei—g = D bprXeor + Y Vg€,
0 =0 k=1 =0

as claimed.

Answer to Exercise [601] Taking (601b) to be a contiguous segment of length 2N
from an infinite periodic sequence with a period of 2N, and recalling that s_, = s,
Equation (100g) tells us that we can write

N-1
Sk = SNeiiQWka + Z S-,—eiiQWfkT (A-25)
T=—(N-1)

N—-1
_ sNe—iTrk + 50+ Z P (e—iTrk‘r/N +ei7rk7'/N)

T=1

N-1

=sn(—1)F 45042 Z sy cos (kT /N)

T=1

since e™1¥ +el™ = 2 cos (z) (see Equation (17b)) — hence Sy, is real-valued, as claimed.



A-26 Answer to Exercise [602]

Answer to Exercise [602] For convenience, let &y = 27 f, and consider

2N— AN-1 /g \1/2
Yt = Z R{Vpe 1} = Z (k> R{[Zar + 1 Zog+1][cos (@xt) — isin (Oxt)]}
k=0

2N
k=0
2N—-1 1/2
= Z < ) [ng COs (C:)kt) + Z2k+1 sin (L:Jkt)],
k=

which is a special case of the harmonic process of Equation (35c). Hence {Yx .} is
a zero mean Gaussian stationary process with an ACVS dictated by Equation (36a),
namely,

ger 1 aN—1 ~
SR = v kzzo Sk cos (wT). (A—26a)
Similarly, we have
. _2N—1 S\ /2 ~ o
S = Z (2]\7) [Zak+1 cos (@rt) — Zag sin (@gt)] ,

which has properties similar to {Yx .} including an ACVS {sg ,} identical to {sgp r}.
Now

—12N-1

1
cov {Yretr Yo} = E{YrerrYau} = o Z Z V SkSIE{ Ak},
k=0 1=0

Ak l = [ng cos (Wi [t + 7']) + Zogy1 sin (O [t + T])] [ZQH_l cos (Wit) — Zogy sin (@lt)] .
Since E{Z,,Z,} = 0 for all m # n, it follows that E{Ay;} = 0 when [ # k, and hence

2N-—1
1
cov {Y%,tJr'raY%,t} = ﬁ Z SkE{Ak‘,k}v

Now
B{ Ay} = E{ [Zags 08 (@it + 7]) + Zogy1 sin (@t + 7])]
X [Z2k+1 COS ((Z}kt) — ng sin (&)kt)] }
= sin (@[t + 7]) cos (@xt) — cos (Wk[t + 7]) sin (Dkt).

Use of sin (z + y) = sin (z) cos (y) + cos (x)sin (y) and cos (z + y) = cos (x) cos (y) —
sin (2) sin (y) along with sin?(x) + cos?(x) = 1 yields E{Ay 4} = sin (&x7), and hence

2N—-1
1
cov {Yri4r, Yau} = 53 > Sisin (@), (A-26D)
k=0

which depends on 7, but not ¢. Next note that, since {S;} is the DFT of the sequence
displayed in Equation (601b), the associated inverse DFT says that

2Nzls l(JJk'T_ T’ T:071)"'7N;
IN ¢ T sany_ry, T=N+1,N+2...2N—-1



Answers to Ezercises [602], [605], [632a] and [632b] A-27

(see Equation (92a)). Since Sje'®*™ = Si[cos (@0,T) + isin (0x7)] and since the inverse
DFT above is real-valued, we can conclude from Equations (A-26a) and (A-26b) that
. s 7=0,1,...,N;
TR TIST T\ vy, T=N+1L,N+2,...,2N —1,
and
cov {Yéﬁ,t+77 Y%',t} =0,

as required (the above also shows that the complex-valued periodic process {Y:} of
Equation (602) is stationary — see the discussion surrounding Equation (29b)). Note
that sp n11 = Sg,n+1 = Sn—1, and hence the ACVSs for {Ys,} and {Y5:} need
not be in agreement with the ACVS for {X;} at lag N + 1 (the same holds at lags
T>N+1).

Answer to Exercise [605] Under the assumptions that s, = 0 for 7| > N and that
Ay =1, the claim that S, = S(fx) follows from Equations (A-25) and (111e). Equa-
tion (605a) follows from an argument analogous to the one leading to Equation (181).

Answer to Exercise [632a] Since
oo 2 00 0o oo
(X4) -Lut=22 3wt
J=0 J=0 §=0 i>j
it follows from Equation (632b) that

PO (320 93) = 3wt
52(Xy) = —=1=2 7 _6y(ey) + 3= 5=0 7
: (Tx02) (T u2)’

which leads to the first required result, namely,

X0 ¥

)

02(Xy) = 3= == [by(er) — 3.
(2520 ¥5)
We have
Xy)  E{X}}-30* E{X]
“4(4t) _H t}4 S0 _ {4t}_3:52(xt)—3 and, likewise, “4(f) = 03(et) 3,
g g g T¢

from which the second required result follows.

Answer to Exercise [632b] With 9,1 and ¢; 1 taken to be 9 and ¢, use of Equa-
tion (600d) for an ARMA(1,1) process gives 1o = 1 and ¢; = ¢/ "¢ + 1), j > 1.
Assume ¢ # 0 (the proofs of all three equations are trivial for the special case ¢ = 0).
First note that

St Sk o1 O Sy O 10
Jj=0 j=1 j=1

PF (1 — ¢F) 1— gk
(A-27)
Use of the above with k = 2 in combination with var{X;} = o2 Z;io 1/)? proves
Equation (632d). Similarly use of the above with £ = 2 and k¥ = 3 in combination
with Equation (632a) gives Equation (632e). Finally use of Equation (A-27) with
k =2 and k = 4 in combination with Equation (632c) yields
[1—¢"+ (¢ +9))(1 — ¢°)2
So(X,) — 3 = Saler) — 3],
) oy ) P
which leads to Equation (632f) once we note that (1—¢?)%/(1—¢*) = (1—¢?)/(1+¢?).




