Levinson—Durbin Recursions: 1

e note: B&D and S&S say ‘Durbin—Levinson’ but ‘Levinson—
Durbin’ is more commonly used (Levinson, 1947, and Durbin,
1960, are source articles — sometimes just ‘Levinson’ is used)

e recursions solve I'pa,, = p(1) efficiently, giving us the coef-

ficients ay, for best linear predictor X,,.1 = a), X, of X411
given X, = [ Xy, ..., X;])" under assumption that E{X;} =0

e in doing so, L-D recursions also give us

— coefficients a,, for )A(mﬂ =a, , Xm,m=1,...,n—1, the
best linear predictor of X, 41 given X, = [ X, ..., Xq]

— partial autocorrelation function (PACF), also known as par-
tial autocorrelation sequence or reflection coefficient sequence

e will state LD recursions without proof (B&D have one; S&S
leave it as exercise; Papoulis (1985) has an interesting one)

BD: 60, CC: 113, SS: 103-104, 156-157 XI-1



Levinson—Durbin Recursions: 11

e to keep track of best linear predictors as sample size n increases
(and to emphasize certain connections with AR processes), will
switch notation from a; to ¢, ;

e henceforth we now write

AN

Xn—l—l — Cbn,lX’n + an,QXn—l S ¢n,nX1 — ¢;7,Xn

def
Where ¢n — [Cbn,l; ¢n,17 ce ey ¢n,n]/

o simplify v, (1) to just 4 so that v, = [v(1),7(2),...,v(n)]
e in new notation, L-D recursions solve for ¢, in I'y,¢by, = vn

— recall that I'y, is covariance matrix for Xy, so its (¢, )th
element is cov {X;, X} = v(i — j)

XI[-2



Levinson—Durbin Recursions: II1

o referring back to overheads X—11 to X-13, will denote mean
square error (MSE) associated with predictor X,, 1 as

def -~
= E{(Xu11 — Xni1)*}

AN

var { Xy 11 — Xpv1}

7(0) — ¢;17n
var { Xy, 11} — @), cov { X1, X}

Un

1“2

BD: 60 XI-3



Levinson—Durbin Recursions: 1V

=~ def
o forn =1, have X5 = ¢11X]

e equation 'y, = v, becomes y(0)g1 1 = (1) (%)
e solution is ¢1 1 = ~y(1)/7(0) = p(1)
e associated MSE is
vp = 7(0) — 11
= 7(0) = ¢1,17(1)

= 7(0) — ¢1,1/¢1,17(0)] (making use of (x))
— (0)(1 = ¢ 1) = v(1 — ¢2,) with vy = 7(0)

e (): why is v(0) a natural definition for vg?

e note connection to AR(1) model Xy = ¢11X;_1 + Z; with
{Zs} ~ WN(O, 0%((1 — ¢% 1)), for which v(0) = 0%(

BD: 61, SS: 103-104 XI-4



Levinson—Durbin Recursions: V

e given ¢,,_1 & v,_1, L-D recursion gets ¢,, & vy, in 3 steps

1. get nth order partial autocorrelation (more on this later!):

1 :
. v(n) = 2255 dn—1,57(n = J)
n,n — ’Un_l

note: sum is inner product of ¢,,_1 & order reversal of v,,_{

2. get remaining ¢y, ;’s:

On.1  Pn—11

¢n—1,n—1
— ¢n,n

_Cbn,n—l_ _§bn—1,n—1_ i an—l,l
3. get nth order MSE:

vp = vp—1(1 — ¢721,n>

BD: 61-62, SS: 103-104 XI-5



Levinson—Durbin Recursions: VI

e as a first example, reconsider AR(1) process Xy = ¢ X1+ Zy,
where |¢| < 1 and {Z;} ~ WN(0, 0?)

e have already argued (X—14) that )A(nﬂ = o Xp,
o ¢dp = 0,0,...,0]" and v, = o2 for all n > 1 since MSE is ¢?

e assuming n > 2, let’s apply L-D recursions to ¢,,_1 = [¢,0,...,0]
& v,,_1 = o2 and see if required forms for ¢,, and v, pop out

o step 1: recalling that v(h) = 02¢" /(1 — ¢?) for h > 0, we have
¥(n) = 30 du1,v(n —j)

Un—1
_ 29" - p-119""" _ o ="
Up—1(1 — ¢?) Up—1(1 — ¢?)

¢nm,::

XI-6



Levinson—Durbin Recursions: VII

e step 2:
) ¢nﬂ
¢n2
¢nmr2
_¢nmrl_
yields
| ¢nﬂ
¢n2
¢nm~2
¢nn 1 ]
S0 Cbn T [¢7

Pn—1,1
Pp—1.2
‘ _‘¢nm
¢n—1mr2
_¢n—Ln—1_
s 0
0 0
= — 0 X
0 0
0 2

,0]" as required

XI-7

_¢n—Ln—1_

¢n—Ln—2

Pp—1.2

| On—11




Levinson—Durbin Recursions: VIII

2

e step 3: vy, = vp_1(1 — ¢%7n) = v,,_1 = 0, as required

e note: partial autocorrelation ¢y, for AR(1) process is ¢ for
n =1 and is zero for n = 2, 3, . ..

e exercise: run L—D recursions on MA(1) process
e as 2nd example, reconsider stationary process of Problem 2(b):

Xt = Zgycos (wt) + Z1 sin (wt),

where Z1 and Zs are independent A(0, 1) RVs

e ACVF for {X;} is v(h) = cos (wh) (same as is its ACF p(h))

: . = def
e starting with X = $1,1X71 (n =1 case), we have

11 = p(1) = cos (w) and vy = 7(0)(1—¢7 ;) = 1—cos*(w) = sin(w)

XI-8



Levinson—Durbin Recursions: IX

: = def
e now let us get coefficients for X3 = P21 X9 + P29X1 (n =2

case) using L—D recursions

e first step

1 :
b v(n) = 2255 ¢n—1,57(n — j)
n,n — )

Un—1

yields, for n = 2 (recalling y(h) = cos (wh) & ¢11 = cos (w)),

Y(2) — ¢1,17(1) _ cos (2w) — cos (w) cos (w)
U1 sin?(w)

P29 = = —1

because of trig identity cos (2w) — cos?(w) = — sin?(w)

XI-9



Levinson—Durbin Recursions: X

e second step of L—D recursions, namely,

Pn,.1 Pn—1.1

¢n—1,n—1
- ¢n,n 5
_an,n—l_ _¢n—1,n—1_ i Cbn—l,l
yields, for n = 2,

$21 = @11 — P22¢1,1 = cos (w)[l — (—1)] = 2 cos (w)
e third step of L—D recursions, namely,
U = Up_1(1 —gb%’n) vields, for n =2, v9 = vy[1—(=1)7] =0
e thus X3 is perfectly predicable given Xo & X7:
X5 =2cos (w) Xy — X] = X3
e thus, for all ¢, X+ is perfectly predicable given X;_1 & X3_o:
X =2 cos (W) Xp—1 — Xj—o =Xt (Q: why?)

BD: 67 XI-10



Aside — Step-Down Levinson—Durbin Recursions: I

e application of L-D recursions to AR(p) process
= i GpYiop + 7
yields for n > p,
n+1 Cbn 1Y+ + §bn,nY1 — CblYn Tt Cbpyn—erla

AN

l.e., Y11 only depends on p most recent values and, when

n > p, not on remote values Yy, ..., Y]
e associated prediction error is
Yii1 = Y1 = Yol — 01Yn — - — &Yoo pi1 = Znt1,
so MSE is v, = var {Y,,41 — ;11 } = var {Zn+1} =:
® given ¢y 1 = @1, Pp2 = P2,...,Ppp = Pp and o2, can ‘invert’

L—D recursions to get coeflicients for best linear predictors of
orders p — 1,p — 2,...,1 and associated MSEs

XI-11



Aside — Step-Down Levinson—Durbin Recursions: 11

o given ¢y, 1, ..., ¢p p, & vy, compute
PhjTPhhPhh—j :
Lgp_1j=— o L 1<j<h-1
h,h

2.1 = vp/(1 =, )
o ‘step-down’ LD recursion yields ¢y, _1 1, ..., &p—1 p—1 & vp_4
o start with ¢ 1 = @1, ..., dpp = dp & vp = 0~
e apply step-down recursions to get
Pp—1,8 & vp_1, Pp—9is & vy_9,...,011 & v]

e as opposed to usual L-D recursions, step-down L—D recursions
do not make use of ACVF ~(h) for {Y;}

o in fact, given @1, @9, ..., 0p & o2, can use results of step-down
LD recursions to compute y(h) (yet another method!)

XI-12



Aside — Step-Down Levinson—Durbin Recursions: III

e to do so, return to overhead XI-4 and note that

(0) = vg =v1/(1 - ¢7 )
(1) = 7(0)¢11

e next go to overhead XI-5, grab
1 :
v(n) = 22521 dn—1,57(n — j)

Un—1

¢nmf:

and manipulate it to get

n—1
V(n) = nnvn-1+ Z On—1,j7(n — J)
=1

and thus 7(2) = ¢o9v1 + ¢1,17(1)
V(3) = ¢3,3v2 + #2.17(2) + ¢2,27(1) ete., ending with
V(P) = GppUp—1+ Pp—117(P— 1)+ + dp—1p—17(1)

XI-13



Aside — Step-Down Levinson—Durbin Recursions: 1V

e to get v(p+1),v(p + 2),..., make use of an equation stated
on overhead IX-50:

v(k) = ory(k = 1)+ -+ opy(k —p),
which holds for all K > p+1

e note: can now argue that AR coefficients

¢17¢27---7¢p
and sequence of partial autocorrelations
P1.15,92,25 -+, Pp,p

are equivalent to one another (in particular, Op.p = ¢p)

e we now return to our regularly scheduled program ...

XI-14



One-Step-Ahead Prediction Errors (Innovations): 1

e given time series X1, Xo, ..., can use L-D recursions to find
coefficients ¢,,,_1 for Xy, i.e.. best linear predictor of X,,, given

Xm—17 T 7X1
e define )?1 = (0 and X\n = [Xn,, 5572—17 e »551]/

e letting m = 1,2, ..., n, can generate a series of one-step-ahead
prediction errors (or innovations):

e collect these into Uy, = [Un, U,,—1 . . ., Uj] so that we can write

Un:Xn_X\n

BD: 62, SS: 105-106 XI-15



One-Step-Ahead Prediction Errors (Innovations): II

e can write U,, = A%Xn, where A, is lower triangular:

1 0 o --- 0 0
—On—1,1 1 o - 0 0
: : : x 0 O
An _¢n—1,n—3 _¢n—2,n—4 1 0 0
—Op—1n—2 —Pn—2p-3 - —P21 1 0
= On—1n—-1 —Pn—2np-2 " —P292 —P11 1]
e inverse of A, is also lower triangular, so let’s write it as
I 1 0 0 --- 0 0]
On—1.1 1 0 --- 0 0
c def : : : .. 0 0
On—1n—-3 Op—2n—a -+ 1 0 0
Hn—l,n—Z ‘971—2,77,—3 T 92,1 10
| On—1n—10pn—opn—2 -+ a9 011 1]

BD: 62, SS: 106 XI-16



One-Step-Ahead Prediction Errors (Innovations): III

® since C” is inverse of A;l, U, = A nXn leads to X, = C! 2"Uni

i.e., time series can be reexpressed in terms of its innovations

e recall that LD recursions give
vm—1 = E{(Xm — Xm)?} =var{Un}, m=12,...,n

e can use innovations algorithm (IA) to get vy, and elements of
Cin (note: take sum with upper limit ‘—1" to be 0):

Y(m — k) = Y570 O 1V
O ie = . Jmm“, 0<k<m
m—1
vm = Y(0) — (97277,,m—jvj

7=0

BD: 63, SS: 106 XI-17



One-Step-Ahead Prediction Errors (Innovations): IV

e starting with vy = ~(0), here are m = 1 and 2 steps of TA:

1
011 = )
v
o1 = 7(0) — 67 g

2
020 = 12
v

5 Y(1) — 01,102 20

21 =

U1
vy = v(0) — 9%72?)0 — 9%,1?}1

BD: 63, SS: 106 XI-18



One-Step-Ahead Prediction Errors (Innovations): V

: : : def
e since X,, = C! Un, can write (with 6y, ¢ = 1 for m > 0),

Xt = Ze miUn—jr1, m=0,1,...,n—1,

i.e., linear comblnatlon of innovations yields time series

e since 5(\” - X, U, = C'{%Un — U, = (C’{% — I,)Uy, where
Iy, is the n x n identity matrix, have Xy = 0 (its definition)
and

m+1 ZQ ,j m ]—|—17 m:1727'°'7n_17

i.e., linear combmatlon of innovations also yields predictions

e exercise: innovations Uy, Us, ..., U, are uncorrelated

BD: 63, SS: 106 XI-19



Aside — Simulation of ARMA Processes: 1

e suppose we want to generate realizations of an ARMA process
e look first at causal (& thus stationary) Gaussian AR(p) process:
Vi — 1Yy 1 — - —dpYi_p =2y, {Zi} ~ Gaussian WN(0,0?)

e recall that, for any ¢ > p + 1, best linear predictor ?t of Y}
oiven Y;_1,..., Y] takes the form

Yi=01Yi 1+ +opYryp

e innovations are Uy = Yy — ?t = /3 and have MSE

def
v_q = var {U;} = o?

e can use step-down L—D recursions to get coefficients for

AN

Yi=¢r11Yr 1+ -+ 1411, t=2,3,...,p
and associated MSEs vy_1 (recall that f/l = 0 by definition)

XI-20



Aside — Simulation of ARMA Processes: 11

e innovations Uy = Y} — }Aft, t=1,...,p, are such that
1. E{Us} = 0 and var {U;} = v
2. Uy, Us, ..., Up are uncorrelated RVs (exercise) — implies

independence under Gaussian assumption
e casy to simulate U's: generate p independent realizations of
N(0,1) RVs, say, Z1. .. Zp, and set Ur = v,’ | Z¢
e can ‘unroll’ U's to get simulations of Y;'s, t =1,...,p:

UL =Y — Yi =Y vields Y = Uj
Uy =Yy —Yo=Yo - ¢1.1Y7 yields Yo = @1 1Y1 + Us
Us=Y3—Y3=Y3—21Yy — ¢99Y] yields Y3 = @9 1Yo + ¢ 9Y] + U3

XI-21



Aside — Simulation of ARMA Processes: 111

e finally
Up=Yp—=Yp=1Y)— Cbp—l,lyp—l T ¢p—1,p—1Y1
yields

Yp=0p-11Yp1+- -+ p_1p-1Y1+Up
e can now generate remainder of desired simulated series using
i =Y+ Yyt 0y, t=p+1,p+2,. ..

where Z;’s are independent realizations of A/(0,1) RVs (these
are independent of Zl, . Zp also)

XI-22



Aside — Simulation of ARMA Processes: 1V

e knowing how to simulate AR process ¢(B)Y; = Z¢, can in turn
simulate ARMA process

¢(B) Xy = 0(B)Z;

since we can create ARMA process {X¢} by applying filter
0(B) to AR process {Y;}:

X =0(B)Y; = 0(B)¢~'(B)Zy, ie.
(see overhead IX-47)

e hence can generate simulated ARMA series of length n via

¢(B) Xy = 0(B)Z;

)

Xt:Y;f+(91Y;f_1+"'+(9q}/7§_q, t=q+1,....,q+mn;

i.e., need to make simulated AR series of length n + ¢

XI-23



Example — Simulation of ARMA(2,2) Process: 1

e consider ARMA(2,2) process given by
Xy =3Xi1 = 5Xe—0+ Zp + 15%-1 — 15412, {Z} ~ WN(0,1)
e to simulate AR(2) process
Y; =3, — %Y;g_g + Z; for which vy =1,

need to run reverse L—D recursions once to obtain

3 103
5 P21+ P29021 T—5XT
I =93, I —7
(Y (Y
V] = 22 :% and hence vy = ! :%
1 —¢ — @7
2.9 1,1

XI-24



Example — Simulation of ARMA (2,2) Process: 11

e thus would generate AR(2) process using
Y| = 32
Yo = %Yl + lZQ
Yg — %YQ — %Yl -+ Zg

Yni2 = 3¥nt1 — %Yn + Znp42,
where Zy's are 11D AM(0,1) RVs
e desired ARMA(2,2) process is given by
Xt =Y+ 1Y — 0¥ t=1,...,n

e overhead VIII-28 shows AR(2) series (n = 100), which we can
use to form a ARMA(2,2) simulation (n = 98)

XI-25



Realization of Second AR(2) Process (n = 100)

VIII-28




Realization of ARMA (2,2) Process (n = 98)

XI-26




Aside — Simulation of ARMA Processes: V

e method described here deemed ‘exact’ because of use of so-
called stationary initial conditions (method used in R function
arima.sim is not exact — makes use of a ‘burn-in’ period)

e source article is Kay (1981), which is just over a page in length,
making it one of the shortest useful articles relevant to time
series analysis (shortest is undoubtedly David, 1985!)

XI-27



Aside — Simulation of ARMA Processes: VI

e in AR(p) case, can regard simulation procedure as based di-
rectly on Uy, = A X

— use LD to get elements of A, & variances of innovations

— simulate innovations Uy, (easy to do!)

— starting at bottom, unravel to get desired simulation ot X,

e as example, consider AR(1) process Xy = ¢ X;_ 1+ 2t & n = 6:

Us1 [1-6 0 0 0 07 [Xg
Us 01 - 0 0 0 ||X;
Uyl |00 1 —¢ 0 0] |Xy
U; 1 100 0 1 —¢ 0 || X3
Us 00 0 0 1 —¢||Xy
Ul oo o0 0 0 1| |X

XI-28



Aside — Simulation of ARMA Processes: VII

e leads to
X1 =U
Xo = ¢ X1+ Us
X3 = 0Xo+ Us
X4 = 0X3+ Uy
Xy = 0 X4+ Us
Xg = 0 X5+ Ug

e if we were to increase sample size to 1000, would have

X1000 = ®X999 + U1000;

which requires a single multiplication

XI-29



Aside — Simulation of ARMA Processes: VIII

e Q: why not use X, = C] U, instead, where C, = A, 17
— use IA to get elements of CJ, & variances of innovations

— simulate innovations U, (again, easy to do!)

— no unraveling needed

e consider AR(1) example again:

Xe| |1od" ¢’ ot o | [Us
X 01 ¢ ¢* ¢ ¢*| | Us
Xy |00 1 ¢ ¢? 3| | Uy
X5 1000 1 ¢ ¢?| |Us
X9 000 0 1 ¢ Us
| X1 ] 000 0 0 1] |U

XI-30



Aside — Simulation of ARMA Processes: IX

e leads to
X1 = U
X9 = Us + ol

X3 = U+ ¢Us + ¢°U)

Xy = Uy + ¢Us + ¢°Us + ¢°Uy

X5 = Us + ¢Uy + ¢°Us + ¢°Us + ¢*Uy

Xg = Ug+ ¢Us + ¢°Uy + ¢°Us + ¢*Us + ¢°U;

e if we were to increase sample size to 1000, would have
998 999
X1000 = U000 + @Uggg + - - - + ¢" Uz + ™" Un,

which requires 999 multiplications as opposed to 1 using L-D
approach — hence IA approach is computationally unattractive

XI-31



Multi-Step-Ahead Prediction: 1

e reconsider one-step-ahead predictor )?n_|_1 of X,,11 given Xy,
Xn—L tt Xl

e in preparation for considering multi-step-ahead prediction, will
now denote X,, 11 by Xn+1|n

AN

® X, 41} can be written as cither a linear combination of previ-
ous time series values or previous innovations:

o for a given h > 2, want to formulate best linear predictor
X +hin of X,,1p given Xy, X1, ..., Xq

n

XI-32



Multi-Step-Ahead Prediction: 1I

e first approach: replacing n in

n
X’n,+1\n — Z §bn,an—j+1
1=1

with n + h — 1 gives

n+h—1
Xothlnsh-1= D Onih—1,;Xnihj
1=1
e above involves unobserved Xn “h—1,---,Xn+1, but replacing
these with Xn Fh—1lns - - Xn +1in gives desired predictor:
h—1 n+h—1

AN AN

-X%ﬁhhz::}E:¢n+h—LjX%+h—jMf% 2{: ¢n+h—LjX%+h—j
J=1 j=h

XI-33



Multi-Step-Ahead Prediction: III

e leads to recursive scheme for computing )A(,n +hln starting with

one-step-ahead predictor )/(\'n +|n (we know how to get this!)

e two-step-ahead predictor: replace X,,11 in

n+1
Xn+2|n+1 — Z ¢n+1,an+2—j
1=1

with )A(n+1|n to get

n+1

Xn+2|n — ¢n+1,1Xn+1‘n + Z ¢n+1,an+2—j
J=2

XI-34



Multi-Step-Ahead Prediction: IV

e three-step-ahead predictor: replace X, 19 & X, 11 in
n-+2

Xn+3|n+2 — Z ¢n+2,an+3—j
J=1

with )?n—|—2|n & )?n—kl\n to get
n—+2

Xpi3ln = ¢n+2,1Xn+2|n+¢n+2,2Xn+1|n+Z Pn+2,j Xn+3—j
J=3

e yadda, yadda, yadda, coming eventually to the desired
h—1 n+h—1

Xothin = Z Prth—1,jXn+h—jln T Z Prt-h—1,5Xn+h—j
=1 j=h
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Multi-Step-Ahead Prediction: V

AN

e since Xn+1|n, e Xn+h—1|n are all linear combinations of X,

., X1, it follows that X n+hn is also such:

n+h—1
annth\n Z Prth— L,j n+h jln + Z Prth— 1,j Xpth— —7
det n
= Z ajXp—j+1
7=1
e can show that a, = [aq, ..., an) so defined is a solution to

[nan = yn(h),
where n x n matrix I'y, has (7, 7)th entry of v(i — 7), while

Yo(h) = [y(h),...,v(h+n—1)]
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Multi-Step-Ahead Prediction: VI

e sccond approach: replacing n in

n
Xn+1\n - Z On,jUn—j+1

j=1
with n + h — 1 gives
n+h—1
Xoihnth-1= 2 Onth—1;Untn—j
j=1
e above involves unobserved Uy, .p_1,...,Uy+1, but replacing
these with their expected values (zero!) gives desired predictor:

n+h—1

n
Xn+h|n — Z 9n—|—h—1,jUn—|—h—j — Z 9n+h—1,n+h—jUj
j=h g=1

XI-37



Multi-Step-Ahead Prediction: VII

e MSE of h-step-ahead forecast is

E{(Xp4n — Xn+h|n)2} = B{X +h} — 2E{Xn+th+h|n} + E{X2+h’n}
= 9(0) = B{K2 ) =2(0) = or (K

since E{X%Jrh} = v(0) and E{Xn+th+h\n} E{

(exercise!)

n+h|n}

e since var {U;} = v;_1 and U;’s are uncorrelated,

vat {Xn+h\n} — val {Z Onsh—1,n+h—j } Z 9n+h Lnth—jY5—1

7=1
e MSE is thus given by

S def 9
E{(Xn+h_Xn+h|n } 7 Z‘gn—l—h l,n+h—;Yi—1 — On(h>

BD: 65 XI-38



Multi-Step-Ahead Prediction: VIII

e under a Gaussian assumption, can use above to form 95% pre-
diction bounds for unknown X, ;:

Xy hln & 1.960,(h)

n

e as example, consider 1st part of wind speed series :13/1, L :1:’100

e after centering xé by subtracting off its sample mean Z’, we
model x; = :1:7’5 — 7’ as an AR(1) process X; = ¢ X1 + Z;
with ¢ estimated by ¢ = p(1) = 0.856 (cf. overhead X-16)

e based on x1,...,x100, forecast last 28 values :1:’101 —z
37/128 — 7' of time series and see how well we do

e following overheads show results from
— homegrown R code based on theory presented above
— built-in R functions ar and predict

BD: 65 XI-39



Multi-Step-Ahead Prediction

of Wind Speed

" ’
o o\
o
° % \
o
o, 00 ©
o
o % o
o o %o
0o o OO (]
00 o0 © ‘%o, 0 4
.................. °°°°'\l\°oo
\ ° o \
(<)
o o oc® \o
o
% % | oo ©9°©
oo o,
I. o °
\ °I
o ©
o

(o]
...
...................... ..?'.’.'.‘.‘Qllu--oc e

X140




Multi-Step-Ahead Prediction of Wind Speed using R
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Predictions Based on Infinite Past: 1

e rather than using X,,..., X1 to predict X, .}, suppose we
use, for some m > 0,

Xna Tt 7X17X07X—17' e 7X—m
and form best linear predictor to be denoted by X

n—+h|n,m
e by letting m — oo and assuming limit exists (in MS sense),
can write

AN

O
Xn+h|n,oo = Z Xy —jt1;
j=1
where a;'s are set by a version of the orthogonality principle:

O
COV {Xn—l—h o Z ann—j—l—lv Xn—z} — 07 1= 07 17 R
7=1

BD: 6566, SS: 107 X142



Predictions Based on Infinite Past: 11

e refer to )A(n+h|n 5o

Xn, Xp—1, -+

as predictor of X,, 1, based on infinite past

AN

e associated prediction error X, 5 — X, h|n,00 has MSE

~ 5 ~
E{(Xpn — XnJrh]n,oo) p=var{ X, — Xn+h|n,oo}a

which can be compared to

var { Xp, 1, — Xn+h\n}
to see how much can be gained from having lots more data
(recall that Xoghjn 18 based on just X, X,,_1, ..., X1)

BD: 6566, SS: 107 X143



Predictions Based on Infinite Past: 111

e applying representation

00
X = Z%’Zt—j at t =n + hylelds X, ,p = Z%th_j

j=0 J=0
e consider Z;'s that make up X,, 5 but not Xp; ie., Z,.p,
Zpth—1s - Ln+l

e replacing these h RVs by their expected values (zero) suggests

00
X?H—h\n,oo — Z ijn—i—h—j

j=h

e prediction error is thus

h—1
Xn+h n+h\noo ij n+h—j ij n+h—j ijZTH‘h—j
7=0

7=0

X144



Predictions Based on Infinite Past: IV

e note that, in keeping with version of the orthogonality principle
appropriate here, for 2 = 0,1, .. .,
cov { Xy — Xn+h|n,oov Xp—i} = cov Z ijn+h—ja Z Vi Zn—i—j

=0

because the first and second sums on the right-hand side do not
have any RVs in common: first sum involves Z,, 11, Zn192, .. .,
Zn+ 1, While the second involves a subset of Zy, Z,_1, ...
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Predictions Based on Infinite Past: V

o since {Z;} ~ WN(0, 0%), variance of

Xn—l—h n+h|n 00 ij n+h—j

i.e., MSE of )Z,Hh‘n’oo? 1S given by
h—1
v 2 2
var { Xy p — XnJrh\n,oo} =0 Z wj
7=0

e in particular, for A = 1, MSE is

var { Xy, 41 — )?TH—HTL,OO} = 0° rather than vy = var {X41 — )?HHW}

e exercise: compare variances of X and X, 1 for specific

n+1|n,00

MA(1) and AR(1) processes and selected values for n

CC: 196, SS: 108 XI-46
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