ARMA Models: 1

e autoregressive moving-average (ARMA) processes play a key
role in time series analysis

e for any positive integer p & any purely nondeterministic process
{X:} with ACVF {~yx(h)}, there is an AR(p) process {Y:}
with ACVF {~vy(h)} such that vy-(h) = yx(h) for |h| < p

e corresponding statement does mot hold for MA(q) processes
(cf. AR(1) and MA(1) processes), but adding MA component
to form ARMA processes increases flexibility by defining po-
tentially usetul models with small number of parameters

e will now extend notions introduced for ARMA(1,1) model to
higher order ARMA models
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ARMA Models: 11

e { X;} is said to be an ARMA(p, q) process if it is stationary
and if, for t € Z,

Xt =1 Xp 1 — = pXpp=Zt + N Zp 1+ -+ 021,
where {Z;} ~ WN(0, ¢%), and the polynomials
l— 12— —¢pzf and 14+ 0124+ 60,21

have no common roots (factors)

— in above z is a complex-valued variable
— above assumes that ¢, # 0if p > 0and 0, #0if g > 0

e note: ARMA model sometimes written in 3 other ways:
Xt =1 Xp 14— —opXy—p = Z4 — 01241 — -+ — 0421
X+ 01 Xp g+ o+ 0p Xy = Zt + 0124+ -+ 021
X+ X1+ o+ opXp—p = Ly — W2y — - — 021
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ARMA Models: 111

e polynomial condition is sometimes stated in terms of
1— gz b—ri = ¢pz P and 1+ Bzt 4+ 4 gz 1

having no common roots (as will be noted later, this equivalent
formulation has one distinct advantage)

e to see why no common root is stipulated, recall ARMA(1,1)
process Xt = ¢ Xy_1 + Z + 0241, for which ¢ + 6 # 0 was
stipulated

e reason for this stipulation became clear when we considered
causal (and hence) stationary solution

0
Xi=Zi+(0+0)> &' Z_;
j=1

note that { X;} degenerates into WN model when ¢ + 6 = 0
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ARMA Models: 1V

e ARMA(1,1) polynomial condition says 1 — ¢z & 1+ 6z should
not have a common root

o1l —¢pz=0& 1460z =0yield rootsof 1/¢ & —1/6, and 1/¢ #
—1/6 is equivalent to ¢ # —6 and to stipulation ¢ + 0 # 0
e can write ARMA(p, ¢) model more compactly as
¢(B)Xt = 0(B)Z,
with p(2) =1—¢12—- - —p & 0(2) = 1+ 012+ -+ 0429
(as before, B is the backward shift operator)

e needed conditions |¢| < 1& || < 1 on ARMA(1,1) parameters
for process to be causal (and hence stationary) & invertible

e similarly, need conditions on ¢;’s and 0}’s for ARMA(p,q) pro-
cess to be stationary, causal and invertible — these can be stated
as conditions on polynomials ¢(z) and 6(z2)

BD: 74, CC: 78, 80, SS: 85-86 VIII-+4



ARMA Models: V

1. there is a (unique) stationary solution to ¢(B)Xy = 0(B)Zy if
and only if ¢(z) # 0 for all |z| =1

2. ARMA(p, q) process is causal, meaning that, for t € 7Z,

Xt =Y 1jZi_j=0(B)Z with ¢(B) =Y ;B! & Y || < oo,
j=0 j=0 J=0

if ¢(2) # 0 for all |z] <1
3. ARMA(p, q) process is invertible, meaning that, for ¢t € 7Z,

o o O
Ty = Z?Tth_j = 7(B)X; with 7(B) = ZT&']‘Bj & Z 7| < oo,
j=0 j=0 J=0

if 0(z) # 0 for all |z| <1
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ARMA Models: VI

: : . det L
e for complex variable z = x + 1y, where ¢ =V —1, unat circle
defined to be set of all 2’s such that |[2|> = 2° +y* = 1

L. : . ., def .
o unit circle handily described by € = cos (w) + i sin (w) as w

varies from 0 to 27 (note that |e’|? = cos?(w) + sin(w) = 1)
e conditions can be restated in terms of roots of ¢(z) and 6(z),
i.e., values z; and zy, such that ¢(z;) = 0 and 6(z,) = 0

1. stationarity: requires all roots z; of ¢(z) be off the unit
circle; i.e., must have |z;| # 1

2. causality: requires all roots z; of ¢(2) to be outside the unit
circle; i.e., must have |z;| > 1

3. invertibility: requires all roots zy, of 8(z) to be outside the
unit circle; i.e., must have |zy,| > 1

BD: 74-76, CC: 78, 80, SS: 85-86 VIII-6



Unit Circle, Root 2z and Its Reciprocal 1/2
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Unit Circle, Root 2z and Its Reciprocal 1/2

VIII-8



Unit Circle, 2 Conjugate Roots z and Reciprocals 1/z

AN —
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Unit Circle, 7 Roots 2z and Reciprocals 1/z
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7 Reciprocal Roots
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ARMA Models: VII

e causality condition on ¢(z) implies filter ¢(B) has an inverse

¢~ 1(B) such that
6~ (B)¢(B) = ¢(B)¢~'(B) = 1,

where the coefficients for ¢~ !(B) are absolutely summable

e likewise, invertibility condition on #(z) implies filter #(B) has
an inverse 8~ 1(B) such that

9~ Y(B)9(B) = 0(B)d~ (B) =1,

where the coefficients for ~1(B) are absolutely summable

o since ¢(B)X; = 0(B)Z; says that X; = ¢~ 1(B)8(B)Z; and
since Xy = 9(B)Z; also indicates that ¢(B) = ¢~ 1{(B)8(B),
might seem we would need to know coefficients for ¢~ B) to
figure out those for ¢(B); however, this is not the case, as the
following overheads indicate
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ARMA Models: VIII

1. definition of ARMA process says o(B)Xt = 0(B)Z;
2. causality of ARMA process says Xt = Y(B)Z;
3. multiplication of above by ¢(B) says ¢(B)Xy = ¢(B)y(B)Zy
e comparison of 3 & 1 says ¢(B)y(B) = 6(B) and hence
(1=¢1B—-—¢pBP) o+ 1B+ ) =1+60B+---+0,B7 (%)

e expanding out left-hand side (LHS) of (x) yields

Yo+ YB+ B+ YsB + .-

— $100B — 191 B° — g1 B — -

— ¢othgB* — pop B® — -+
— dgB® — -
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ARMA Models: IX

e now take
Yo+ 1B+ B+ Y3B’ + .-
— $1900B — ¢111 B* — ¢y B° — - -
— ¢ B* — ¢ B® — - -

— o BY — -+
collect together coefficients for B, B2, B3, ... to get

Yo+ (P1—3190) B + (Yo—d191—dothy) B* + (13— d1tha— b1 —dgig) B + - -

and equate with 1+ ;B + 098% + 6383 4 - - (RHS of (x)):

1 =1y
01 = 1 — o1y
0o = 19 — P11 — P2y
03 = 3 — 1109 — Pab1 — P31
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® rewrite

asS

BD: 75, CC: 79, SS: 93

ARMA Models: X

1 =1y
01 = 1 — o1
0o = 19 — @191 — P2y
03 = 3 — 1109 — P2ab1 — P31

vy =1

Y1 = Q190 + 04

Yo = 191 + Pathy + O

V3 = P19 + Pab1 + o3tby + 03
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ARMA Models: XI

e stare at

vy =1

V1 = Q190 + 04

Yo = P11 + P2atbg + 02

Y3 = Q199 + P11 + P3¢ + 03

to see recursive scheme for computing v;’s:

p
¢]:Z¢k¢]—k‘+9]7 j2071727°°°7
k=1

for which we need to define 0y = 1, 0; = 0 for j > ¢ and
;=0 for j <0 (also take 112:1 P i—f to be 0if p = 0)
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ARMA Models: XII

e now start with

1. definition of ARMA process: 0(B ) = ¢(B)X¢
2. invertibility of ARMA process: = w(B)Xy
3. multiplication of above by 6(B): G(B)Z = 0(B)n(B)X;

e comparison of 3 & 1 says 8(B)nw(B) = ¢(B) and hence
(1-|-(913—|—"°+9qu)(W0—I—7TlB-|—°°°) :1—(/513—---—@9319

e same argument as before (with ¢;. replaced by —#;. and with
0; replaced by —¢;) leads to scheme for computing 7;’s:

q
——Zekﬂj_k—gbj, j=0,1,2,...,
k=

Wheregbodgf—l O dﬁf()forj > p and 7, dﬁf()for]<0
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Example — ARMA(1,1) Process: 1

e note: already considered in overheads VII-21 to VII-29
e process takes the form Xy — o Xy 1 = 24 + 024

e here p(z) =1 —¢pzand 0(z) =1+ 0z

e roots of ¢(z) =0 and #(z) =0 are 1/¢ and —1/6

e causal (and hence stationary) and invertible if |1/¢| > 1 and
| —1/0] > 1,ie., |¢p| <1 and |0 < 1 (easily checked!)

e have already noted vy = 1 and ¢; = (¢ + 9)¢j—1 for 3 > 1
e also have mp = 1 and 7; = —(¢ + 0)(—0) L for j > 1

e next overheads show (1) plot of reciprocal roots and (2) one
realization for specific ARMA(1,1) model

Xt — 05Xy 1 =24 4+047;1, {Z+} ~ Gaussian WN(0, 1)
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Reciprocal Roots Plot (o for AR and x for MA)
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Realization of ARMA(1,1) Process
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Example — B&D’s AR(2) Process: 1

e AR(2) process takes form Xy — 1 X1 — 9o Xy_9 = Z4
e invertibility trivially true: 2y = Xy — 01 X341 — $2X4_9
o here ¢(2) = 1 — @12 — Po2? (note: m = —¢p and Ty = —¢9)
e need to find roots z1 and 29 to see if { X3} is causal
e B&D consider Xy = 0.7X;_1 — 0.1X}_o + Z4, for which
d(z) =1—0.7240.12° = (1 — 0.52)(1 — 0.22)
e roots are thus z;1 =2 and 29 =5
e both |z1| and |z9| are outside the unit circle
e process is thus causal (and hence stationary)
e next overheads show plots of reciprocal roots and one realiza-

tion, for which {Z;} ~ Gaussian WN(0, 1)
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Reciprocal Roots Plot
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Realization of B&D’s AR(2) Process
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Example — B&D’s AR(2) Process: 11

o for AR(2) processes recursive scheme for computing ¢;’s, namely,

Zaw] g0, j=0,12,.
leads to ¥ = 1, ¢1 ¢1 & (x) vy = p1vj_1 + Povpj_9, j > 2

e theory of homogeneous linear difference equations says that, if
roots z1 and 2o are distinct, have
P; :Oélzl_]+()é222_], g > 2
e since () says iy = qb% + 9 and Y3 = qb? + 2¢1 09, can solve
for a;’s using
Yo = 12y —|— Q2o 2 and ¢3 — ()412’1 -I— 92y .

e for B&D AR(2) process, get 1; = 3 L27) — 3 571, 5>
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Example — Second AR(2) Process: 1

e now consider Xy = 0.75X3_1 — 0.5Xy_9 + Z¢, for which

< Y
— 1—0.75240.522 = | 1 — 1 —
o(2) 24-0.52 5, B
4

e [ON)
W= Q0

e roots are % + @z (complex conjugates) — denote as 21 & 2}
o here |z1| = |2]] = /2, so roots are outside the unit circle
e process is thus causal (and hence stationary)

e next overheads show plots of reciprocal roots and one realiza-
tion, for which {Z;} ~ Gaussian WN(0, 1)
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Reciprocal Roots Plot
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Realization of Second AR(2) Process
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Example — Second AR(2) Process: 11
e as before, ¥y =1 & 1)1 = ¢1, but now ¢;’s for j > 2 satisty

v

azy J 4+ a*(2F)™7  for some yet-to-be-determined o

= alz)| e T+ a¥|z ™ taking 21 = |z]e™
= alz| e + (oz|21]_je_zwj)
= 2R {Oz\zl\_je_wj} , where {2z} is real part of z

o writing a = x+14y and recalling e =% = cos (u) —isin (u), have
;= 2?)?{(x+iy)|21]_je_iwj} = 2|z cos (w7 )+y sin (wj)]\zl\_j, yielding
Wy = 2[x cos (2w)+y sin (2w)]] 21|72 & 13 = 2[x cos (3w)+y sin (3w)]| 2|~

e as before, can use Yy = qﬁ% + @9 and )5 = ¢:f + 201 ¢9, yielding
two equations to solve to get © = 0.5 & y = 0.313
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Example — AR(4) Process

e now consider AR(4) process
Xt = 2.7607X;_1—3.8106 X _9+2.6535X;_3—0.9238 X _4+Z¢,
where {Z;} ~ Gaussian WN(0, 1)
o thus ¢(z) = 1 — 2.7607z + 3.81062% — 2.65352° 4 0.92382*
e polyroot function in R calculates roots as
0.650 £ 0.786% and 0.786 &£ 0.650¢,
with corresponding magnitudes 1.0199 and 1.0201
e thus { X;} is causal (and hence stationary)

e getting closed form expression for ¢;’s is tedious, so opt to just
compute them using recursive scheme
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Reciprocal Roots Plot
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Aside — Harmonic Processes: 1

e reconsider stationary process of Problem 2(b):
Xt = Zycos (wt) + Z1sin (wt),
where Z9 and Z7 are independent A(0, 1) RVs

e above is an example of a harmonic process

e realizations of harmonic processes are qualitatively very differ-
ent from those for ARMA processes (see next overhead)

e exercise: given X1 and Xo, can write
Xt =2cos(w) X1 —Xp_o, teZ
e above resembles AR(2) process
Yi=¢1Ye 1+ oY o0+ Zy
if we set @1 = 2cos (w), 9 = —1 and Z; = 0 (can achieve by
stipulating {Z+} ~ WN(0, 0))
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Three Realizations of Harmonic Process (w = 7/12)
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Aside — Harmonic Processes: 11

e since Xy = 2 cos(w)Xy_1 — Xy_9, can perfectly predict Xy
given Xt—l & Xt—Q
— note: { X3} is example of a deterministic stationary process

o regarding { X;} as an AR(2) process with {Z;} ~ WN(0, 0),
have
O(z) =1— 12 — B0z’ =1 — 2 cos (w)z + 22
which has roots e since
H(e™) = 1 — 2cos (w)eY + '
_1_ (eiw 4 6—7)w>€z’w 4 €i2w =0,
where we have made use of 2 cos (w) = e 4+ ¢~

o since |eT|? = cos?(w) + sin’(w) = 1, roots are on unit circle

e reconsider example w = /12, which has period %T = 24
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Roots Plot for Harmonic Process
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Second AR(2) Process Reconsidered

e reconsider Xy = 0.75.Xy_1 — 0.5X;_9 + Z¢, for which roots ot

$(z) =1 — 0.75z + 0.52°
are complex conjugates % + @z
e denoting these roots as z1 & 27, have |21 = |2]] = /2
e can reexpress roots as v/2e, where w = 1.01 radians (58.0°)

e realizations will tend to fluctuate roughly with period %T = 0.2

e next overheads revisit plots of reciprocal roots and realization
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Reciprocal Roots Plot
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Realization of Second AR(2) Process
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AR(4) Process Reconsidered: I

e reconsider AR(4) process
X} = 2.7607X;_1—3.8106 X;_9+2.6535X;_3—0.9238X;_4+ 7,
for which roots of
d(z) =1 — 2.7607z + 3.81062° — 2.65352° + 0.92382*

are z1 = 0.650 + 0.7862, z9 = 0.786 4+ 0.6502 and their complex
conjugates 2y and 25

o can reexpress 21 and zy as |z1[e"! and |zo]e'“2, where
w1 = 0.88 radians (50.4°) and w9y = 0.69 radians (39.6°)

e realizations will tend to fluctuate roughly as a linear combina-
tion of sinusoids with periods of a—q = 7.1 and Z)—Z = 9.1
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AR(4) Process Reconsidered: II

e next five overheads show
— reciprocal roots plot with wy and wy indicated by arcs
— 30 cos(wqt) versus t = 1,2,...,100
— 30 cos(wat) versus t = 1,2, ...,100
— 30 cos(wqt) + 30 cos(wat) versus t = 1,2, ...,100

— realization of AR(4) process
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Reciprocal Roots Plot
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30 cos(w,t)
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30 cos(wqt) + 30 cos(wot) versus t
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