
Constructing Processes from White Noise: I

• given {Zt : t ∈ Z} ∼WN(0, σ2), can form MA(1) process

Xt = Zt + θZt−1,

for which γ(1) = σ2θ but γ(h) = 0 for |h| ≥ 2 (II–32 & II–33)

• obvious extension is moving average process of order q (MA(q)):

Xt = Zt + θ1Zt−1 + · · · + θqZt−q,

where θj’s are arbitrary real-valued constants (we’ll insist, how-
ever, that θq 6= 0)

• will argue later that {Xt} is stationary with ACVF such that
γ(q) = σ2θq but γ(h) = 0 for |h| > q
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Constructing Processes from White Noise: II

• processes with ACVFs that are nonzero at lag h = q ≥ 0 but
zero for h > q are called q-correlated processes

•MA(1) process is 1-correlated, while white noise is 0-correlated

• factoid: every q-correlated process is an MA(q) process

− B&D give a proof from their 1991 book Time Series: The-
ory and Methods (Second Edition)
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Constructing Processes from White Noise: III

• extension of idea of contructing new processes from white noise
leads to concept of a linear process, which takes the form

Xt =

∞∑
j=−∞

ψjZt−j, t ∈ Z, (∗)

where {Zt} ∼ WN(0, σ2), and {ψj} is a real-valued sequence
such that

∑∞
j=−∞ |ψj| <∞ (hence sum in (∗) makes sense)

• can regard {Xt} as result of filtering {Zt} with filter {ψj}
• note: alternative definitions for linear process involve use of

− stronger condition {Zt} ∼ IID(0, σ2) (implies {Zt} is white
noise if σ2 <∞, but converse is not true)

− weaker condition
∑
j ψ

2
j < ∞ (implied by

∑
j |ψj| < ∞,

but converse is not true)
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Constructing Processes from White Noise: IV

• theorem: if {Yt} is a stationary process with mean 0 and ACVF
{γY (h)} and if

∑
j |ψj| < ∞, then filtering it with the filter

{ψj} to obtain

Xt =

∞∑
j=−∞

ψjYt−j

yields a stationary process with mean 0 and ACVF

γX(h) =

∞∑
j=−∞

∞∑
k=−∞

ψjψkγY (h + k − j)

• sketch of proof: first note that

E{Xt} =

∞∑
j=−∞

ψjE{Yt−j} = 0, as required
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Constructing Processes from White Noise: V

• next note that

cov {Xt+h, Xt} = cov


∞∑

j=−∞
ψjYt+h−j,

∞∑
k=−∞

ψkYt−k


=

∞∑
j=−∞

∞∑
k=−∞

ψjψk cov {Yt+h−j, Yt−k}

=

∞∑
j=−∞

∞∑
k=−∞

ψjψkγY (h + k − j)

def
= γX(h),

as required
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Constructing Processes from White Noise: VI

• letting {Yt} be the white noise process {Zt},

Xt =

∞∑
j=−∞

ψjYt−j becomes the linear process Xt =

∞∑
j=−∞

ψjZt−j,

which is thus stationary with an ACVF given by

γX(h) =

∞∑
j=−∞

∞∑
k=−∞

ψjψkγZ(h + k − j)

= σ2
∞∑

j=−∞
ψjψj−h = σ2

∞∑
j=−∞

ψjψj+h = σ2
∞∑

j=−∞
ψjψj+|h|

because γZ(h + k − j) 6= 0 only when h + k − j = 0 (i.e.,
k = j − h), for which γZ(0) = σ2 (last two equalities above
follow because we must have γX(−h) = γX(h))
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MA(q) Process as a Linear Process

• an MA(q) process is obviously an example of a linear process:
with ψj = 0 for j < 0 or j > q, and with ψ0 = 1 and ψj = θj
for j = 1, . . . , q, we have

Xt =

∞∑
j=−∞

ψjZt−j = Zt +

q∑
j=1

θjZt−j

• its ACVF is thus

γX(h) = σ2
∞∑

j=−∞
ψjψj+|h| = σ2

q∑
j=0

θjθj+|h| = σ2
q−|h|∑
j=0

θjθj+|h|

where, for convenience, we define θ0 = 1; θj = 0 for j > q; and

last sum to be 0 when q − |h| < 0 (note: γX(q) = σ2θq and
γX(h) = 0 when |h| > q, as claimed earlier)
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MA(∞) Process as a Linear Process

• leads to notion of MA(∞) process:

Xt = Zt +

∞∑
j=1

θjZt−j,

where θj’s are real-valued constants such that
∑∞
j=1 |θj| <∞

• defining θ0 = 1 as before, its ACVF is

γX(h) = σ2
∞∑
j=0

θjθj+|h|

• Q: why don’t we gain more generality by using

Xt = θ0Zt +

∞∑
j=1

θjZt−j,

with θ0 allowed to be different from unity?
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AR(1) Process as a Linear Process: I

• previously (overhead II–48), assumed AR(1) process to be sta-
tionary process {Xt} satisfying

Xt = µ + φ(Xt−1 − µ) + Zt, t ∈ Z, (∗)
where µ and φ are real-valued constants with |φ| < 1, and
{Zt} ∼WN(0, σ2) with cov {Xs, Zt} = 0 for all s < t

• to show existence of such a process when µ = 0, consider the
linear process

Xt =

∞∑
j=0

φjZt−j,

where condition |φ| < 1 ensures that
∑
j |φj| < ∞ (note:

above is actually an MA(∞) process)
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AR(1) Process as a Linear Process: II

• now, since Xt =
∑∞
j=0 φ

jZt−j says Xt−1 =
∑∞
j=0 φ

jZt−1−j,
consider the following sum:

Zt + φXt−1 = Zt + φ

∞∑
j=0

φjZt−1−j

= Zt +

∞∑
j=0

φj+1Zt−(j+1)

= Zt +

∞∑
j=1

φjZt−j =

∞∑
j=0

φjZt−j = Xt,

so this process satisfies defining equation Xt = φXt−1 + Zt

• in addition, it is clear that cov {Xs, Zt} = 0 for all s < t

• to handle µ 6= 0, just replace Xt by Xt − µ to get (∗)
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AR(1) Process as a Linear Process: III

• focusing on h ≥ 0, ACVF for AR(1) can be gotten from
MA(∞) result by letting θj = φj:

γX(h) = σ2
∞∑
j=0

θjθj+h = σ2
∞∑
j=0

φjφj+h = σ2φh
∞∑
j=0

φ2j =
σ2φh

1− φ2
,

where we have appealed to the basic result (valid for |x| < 1)
∞∑
j=0

xj =
1

1− x

• agrees with what we got previously (overheads II–50 and II–51)
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AR(1) Process as a Linear Process: IV

• focusing on µ = 0 case, could have used ‘telescoping’ argument
on Xt = φXt−1 + Zt to deduce appropriate linear process:

Xt = φXt−1 + Zt
= φ(φXt−2 + Zt−1) + Zt
= φ2Xt−2 + φZt−1 + Zt
= φ2(φXt−3 + Zt−2) + φZt−1 + Zt
= φ3Xt−3 + φ2Zt−2 + φZt−1 + Zt
...

= φJXt−J +

J−1∑
j=0

φjZt−j →
∞∑
j=0

φjZt−j

since |φ| < 1 (can argue that stated MA(∞) process is the
only stationary solution to Xt = φXt−1 + Zt when |φ| < 1)
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AR(1) Process as a Linear Process: V

• are there stationary solutions to Xt = φXt−1 +Zt for |φ| ≥ 1?

• answer is sometimes said to be ‘no,’ but there actually are when
|φ| > 1 (but exercise says there are none for φ = ±1)

• to motivate solutions when |φ| > 1, manipulate

Xt = φXt−1 + Zt

to get

φXt−1 = Xt − Zt
Xt−1 =

1

φ
Xt −

1

φ
Zt

Xt−1 = αXt − αZt (with α
def
= 1/φ)

Xt = αXt+1 − αZt+1

note: |α| < 1 since |φ| > 1
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AR(1) Process as a Linear Process: VI

• consider telescoping as follows:

Xt = αXt+1 − αZt+1

= α(αXt+2 − αZt+2)− αZt+1

= α2Xt+2 − α2Zt+2 − αZt+1

= α2(αXt+3 − αZt+3)− α2Zt+2 − αZt+1

= α3Xt+3 − α3Zt+3 − α2Zt+2 − αZt+1
...

= αJXt+J −
J∑
j=1

αjZt+j → −
∞∑
j=1

αjZt+j = −
∞∑
j=1

1

φj
Zt+j
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AR(1) Process as a Linear Process: VII

• AR(1) stationary processes for which |φ| > 1 do not bring
anything new to the table: exercise says that the linear process

Xt = −
∞∑
j=1

1

φj
Zt+j

is not only the solution to Xt = φXt−1 + Zt, but is also the
solution to Xt = 1

φXt−1+Wt, where {Wt} ∼WN(0, σ2
W ), and

σ2
W depends on φ and σ2 (in fact both solutions are unique)

• customary to dispose of |φ| > 1 case by insisting upon causal-
ity, by which we mean that Xt only depends on Zs’s such that
s ≤ t (amounts to expressing Xt as an MA(∞) process, i.e., a
one-sided linear process)
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AR(p) Process as a Linear Process

• with p being a positive integer, an AR(p) process {Xt} with
zero mean takes the form

Xt =

p∑
j=1

φjXt−j + Zt, where {Zt} ∼WN(0, σ2)

• setting p = 1 in the above yields an AR(1) process

• by placing certain conditions on φ1, . . . , φp (to be discussed
later on), can write {Xt} as an MA(∞) process, which is one
form of a linear process:

Xt = Zt +

∞∑
j=1

ψjZt−j,

where {ψj} depends on φ1, . . . , φp, and
∑∞
j=1 |ψj| <∞
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Invertibility of MA(1) Process: I

• AR(1) process Xt = φXt−1 + Zt has unique representation

Xt =

∞∑
j=0

φjZt−j as long as |φ| < 1

• consider Xt = Zt + θZt−1 = Zt − ϕZt−1, where ϕ
def
= − θ

• rewriting MA(1) equation as Zt = ϕZt−1 + Xt suggests

Zt =

∞∑
j=0

ϕjXt−j as long as |ϕ| < 1

• linear process {Xt} such that Zt can be expressed as a linear
combination of just Xt, Xt−1, Xt−2, . . . is called invertible

• coefficients of linear combination must be absolutely summable,
so invertibility condition for MA(1) process is |θ| < 1
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Invertibility of MA(1) Process: II

• Q: what condition do we need on φ so that the AR(1) process

Xt = φXt−1 + Zt

is invertible?

• reconsider ACF for MA(1) process:

ρ(h) =


1, h = 0,

θ/(1 + θ2), h = ±1,

0, otherwise

• as was done in solution to Problem 3, consider f (θ) = θ/(1+θ2)
for θ ∈ R (see next overhead)

• conclusion: don’t really lose much by imposing invertibility re-
striction |θ| < 1 (main loss is cases θ = ±1, which are actually
of interest; e.g., Xt = ∇Zt = Zt − Zt−1)
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Unit-Lag Value of ACF as a Function of θ
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Successive Applications of Filters: I

• recall that filtering a stationary process {Yt} yields another
such process {Xt}:

Xt =

∞∑
j=−∞

αjYt−j,

where we need
∑
j |αj| <∞ for {Xt} to be well-defined

• can write above compactly as

Xt = α(B)Yt, where α(B)
def
=

∞∑
j=−∞

αjB
j

• now consider subjecting {Xt} to another filter, say β(B) =∑
k βkB

k, where
∑
k |βk| <∞, to obtain

Wt = β(B)Xt = β(B)α(B)Yt
def
= ψ(B)Yt
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Successive Applications of Filters: II

• now

ψ(B) = α(B)β(B) =
(∑

j

αjB
j
)(∑

k

βkB
k
)

=
∑
j

∑
k

αjβkB
j+k

=
∑
j

∑
l

αjβl−jB
l (letting l = j + k)

=
∑
l

(∑
j

αjβl−j
)
Bl

def
=
∑
l

ψlB
l

with ψl =
∑
j αjβl−j, but ψl =

∑
j βjαl−j also (why?)

• conclusion: sequence of filtering operations involving filters α(B),
β(B), . . ., ω(B) yields same output if done in any order or with
a single composite filter ϕ(B) = α(B)β(B) · · ·ω(B)
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ARMA(1,1) Process as a Linear Process: I

• time series is called a zero-mean ARMA(1,1) process if it is
stationary and satisfies

Xt = φXt−1 + Zt + θZt−1, t ∈ Z,
where {Zt} ∼ WN(0, σ2) and φ + θ 6= 0 (to generalize to
non-zero mean case, just replace Xt with Xt − µ everywhere)

• equivalently we can write the above as

Xt − φXt−1 = Zt + θZt−1

and then more compactly as

φ(B)Xt = θ(B)Zt,

where φ(B) and θ(B) are linear filters given by

φ(B) = 1− φB and θ(B) = 1 + θB
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ARMA(1,1) Process as a Linear Process: II

• assuming |φ| < 1, consider filter

χ(B) =

∞∑
j=0

φjBj

• note that
∑
j |φj| <∞ and that

χ(B)φ(B) =

 ∞∑
j=0

φjBj

 (1− φB)

=

∞∑
j=0

φjBj −
∞∑
j=0

φj+1Bj+1

=

∞∑
j=0

φjBj −
∞∑
j=1

φjBj = 1
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ARMA(1,1) Process as a Linear Process: III

• since χ(B)φ(B) = 1, can consider χ(B) as inverse of φ(B)

• form that χ(B) takes is in keeping with power series expansion
of 1/(1− x) with |x| < 1; i.e., using

1

1− x
= 1 + x + x2 + · · ·

with x = φB says that

1

φ(B)
=

1

1− φB
= 1 + φB + φ2B2 + · · · = χ(B)

• note: henceforth, rather than denoting inverse of φ(B) by
χ(B), will denote it as φ−1(B), with the understanding that
this should be interpreted as per the last line above
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ARMA(1,1) Process as a Linear Process: IV

• applying φ−1(B) to both sides of φ(B)Xt = θ(B)Zt yields

Xt = φ−1(B)θ(B)Zt = ψ(B)Zt,

where

ψ(B) =

∞∑
j=0

ψjB
j = (1 + φB + φ2B2 + φ3B3 + · · · )(1 + θB)

= 1 + φB + φ2B2 + φ3B3 + · · ·
+ θB + θφB2 + θφ2B3 + · · ·

so ψ0 = 1, ψ1 = φ + θ, ψ2 = φ2 + θφ, ψ3 = φ3 + θφ2, . . .

• hence ψ0 = 1 and ψj = (φ + θ)φj−1 for j ≥ 1, and we have∑
j |ψj| <∞ (can also see why φ + θ 6= 0 is assumed)
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ARMA(1,1) Process as a Linear Process: V

• exercise: use argument similar to that used in AR(1) case to
show that

Xt = ψ(B)Zt =

∞∑
j=0

ψjZt−j = Zt + (φ + θ)

∞∑
j=1

φj−1Zt−j

is stationary solution toXt = φXt−1+Zt+θZt−1 when |φ| < 1
(in fact, it is a unique solution)

• can also argue that

Xt = −θ
φ
Zt − (φ + θ)

∞∑
j=1

1

φj+1
Zt+j

is unique stationary solution to Xt = φXt−1 + Zt + θZt−1
when |φ| > 1 and that no solutions exist when |φ| = 1
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ARMA(1,1) Process as a Linear Process: V

• now let’s consider the filter

ξ(B) =

∞∑
j=0

(−θ)jBj assuming |θ| < 1 so that

∞∑
j=0

|(−θ)j| <∞

• note that θ(B) = 1 + θB = 1− (−θ)B and that

ξ(B)θ(B) =

 ∞∑
j=0

(−θ)jBj

 (1− (−θ)B)

=

∞∑
j=0

(−θ)jBj −
∞∑
j=0

(−θ)j+1Bj+1

=

∞∑
j=0

(−θ)jBj −
∞∑
j=1

(−θ)jBj = 1
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ARMA(1,1) Process as a Linear Process: VI

• rather than denoting inverse of θ(B) by ξ(B), henceforth will
denote it by θ−1(B):

θ−1(B) =
1

θ(B)
=

1

1 + θB
=

∞∑
j=0

(−θ)jBj,

which is in keeping with power series expansion of 1/(1 + x)
with |x| < 1:

1

1 + x
= 1− x + x2 − x3 + · · ·
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ARMA(1,1) Process as a Linear Process: VII

• applying θ−1(B) to both sides of φ(B)Xt = θ(B)Zt yields

θ−1(B)φ(B)Xt = θ−1(B)θ(B)Zt = Zt,

i.e.,

Zt = θ−1(B)φ(B)Xt
def
= π(B)Xt,

where

π(B) =

∞∑
j=0

πjB
j = (1− θB + θ2B2− θ3B3 + · · · )(1− φB),

with π0 = 1 and πj = −(φ + θ)(−θ)j−1 for j ≥ 1

• thus, when |θ| < 1, the ARMA(1,1) process is invertible since
we can write

Zt = Xt − (φ + θ)

∞∑
j=1

(−θ)j−1Xt−j
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ARMA(1,1) Process as a Linear Process: VIII

• when |θ| > 1, can express Zt in terms of Xt+1, Xt+2, . . . ,
which goes against the notion of invertibility (remaining case
|θ| = 1 raises subtle issues!)

• ignoring subtleties arising when |θ| = 1, if we restrict our at-
tention to ARMA(1,1) models that are causal (|φ| < 1) and
invertible (|θ| < 1), there is

− nothing lost from a second-order point of view

− much to be gained from the point of view of identifiability,
i.e., ACVFs mapping to a single ARMA(1,1) model
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Wold Decomposition: I

• if we insist upon causality, can express stationary zero-mean
AR(1) and ARMA(1,1) processes as infinite moving averages:

Xt =

∞∑
j=0

θjZt−j, t ∈ Z,

where θj’s are real-valued constants such that
∑
j |θj| < ∞,

θ0
def
= 1 and {Zt} ∼WN(0, σ2), 0 ≤ σ2 <∞

− note: MA(q) processes can obviously be expressed as such

• noncausal stationary models ‘uninteresting’: for any such model,
there always exists a causal stationary model with same ACVF

• Q: how general are infinite MA processes?

• answered is provided by Wold Decomposition
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Wold Decomposition: II

• any stationary process {Xt} can be expressed as

Xt =

∞∑
j=0

θjZt−j + Vt,

where

1. θ0 = 1 and
∑∞
j=0 θ

2
j < ∞ (note:

∑
j |θj| < ∞ implies∑

j θ
2
j <∞, but the converse does not hold);

2. {Zt} ∼WN(0, σ2), 0 < σ2 <∞;

3. cov (Zs, Vt) = 0 for all s and t; and

4. {Vt} is deterministic in the sense that, given Vt−1, Vt−2,
. . . , it is possible to predict Vt perfectly
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Wold Decomposition: III

• two examples of perfectly predictable stationary processes {Vt}
− Vt = µ, a trivial stationary process

− Vt = W1 cos (ωt) +W2 sin (ωt), with W1 and W2 being RVs
with zero mean and a common variance σ2

W that are un-
correlated with each other and all RVs in {Zt} (solution
to Problem 2(b) says that {Vt} is stationary with ACVF
γV (h) = σ2

W cos (ωh) – this does not decay to 0 as h→∞)

• processes that can be written as

Xt =

∞∑
j=0

θjZt−j

are said to be purely nondeterministic – these have an ACVF
such that γX(h)→ 0 as h→∞
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