FGN

PPL

FD

100.0

10.0

1.0

0.1 100.0

10.0

1.0

0.1 100.0

10.0

1.0

0.1 0.0 0.5 0.001 0.01 0.1 1.0 f f Figure 1. SDFs for FGN, PPL and FD pro cesses (top to bottom rows, resp ectiv ely) on both linear/log and log/log axes (left- and righ t-hand columns, resp ectiv ely). Eac h SDF SX (·) is normalized suc h that SX (0.1) = 1. The table below gives the parameter values for the various plotted curv es. (Adapted from Figure 282, Perciv al and Walden, 2000, cop yrigh t Cam bridge Univ ersit y Press.)

pro cess thic k solid dotted dashed thin solid

FGN H = 0.55 H = 0.75 H = 0.90 H = 0.95 PPL α = − 0.1 α = − 0.5 α = − 0.8 α = − 0.9 FD δ = 0.05 δ = 0.25 δ = 0.40 δ = 0.45

FGN

PPL

FD

FGN

PPL

FD

H = 0.55

α = − 0.1

δ = 0.05

H = 0.95

α = − 0.9

δ = 0.45

0 256 512 t Figure 2. Sim ulated realizations of FGN, PPL and FD pro cesses. The thic k (thin) solid curv es in Figure 1 sho w the SDFs for the top (b ottom) three series – these SDFs differ mark edly only at high frequencies. We formed eac h sim ulated X 0, . . . , X 511 using the circulan t embedding metho d, whic h do es so by transforming a realization of a portion ε0, . . . , ε1023 of a white noise pro cess. To illustrate the similarit y of FGN, PPL and FD pro cesses with comparable H , α and δ, we used the same εt to create all six series. Although the top (b ottom) three series app ear to be iden tical, estimates of their SDFs sho w high frequency differences consisten t with their theoretical SDFs. (Adapted from Figure 283, Perciv al and Walden, 2000, cop yrigh t Cam bridge Univ ersit y Press.)

Figure 3. Four examples of time series sim ulated from TVFD pro cesses. The upp er panel of eac h plot sho ws the sequence δt , t = 0, . . . , 1023 , used to generate the sim ulated time series in the lower panel. All four sim ulated series were created using the circulan t embedding metho d on the same set of 2048 indep enden t deviates from a standard Gaussian distribution. (Figure 1, Perciv al and Constan tine, 2002.)

Figure 4. Perio dogram (a) and direct sp ectral estimates (b,c,d) of noise sim ulated from comp osite FD pro cess with four comp onen ts, namely , δ = 2, 1.5, 1 and 0.5 (corresp onding to α = − 4, − 3, − 2 and − 1). The true SDF is the solid curv e in eac h plot, while the dots are the sp ectral estimates. The data tap ers used in the direct sp ectral estimates are Slepian tap ers (i.e., discrete prolate spheroidal sequences) with the resolution bandwidth W set via (b) N W = 1, (c) N W = 2 and (d) N W = 4. The sim ulated series has length N = 1000 .

Figure 5. Sin usoidal tap ers (left-hand column) as applied to a sim ulated FD time series with δ = 0.45 (top plot, righ t-hand column), resulting in tap ered series (righ t-hand column, second to bottom rows). Figure 6. Direct sp ectral estimates formed using the kth sin usoidal tap er, k = 0, . . . , 3 (left-hand column, top to bottom row), along with multitap er estimates formed by averaging K = 1, . . . , 4 of these direct sp ectral estimates (righ t-hand column, top to bottom row).

0 1 2 3 4 5 6 7

8 9 10 11 12 13 14 15

0 5 10 15 0 5 10 15 t t Figure 7. Ro w vectors W Tn • of the discrete wavelet transform matrix W based on the Haar wavelet for N = 16 and n = 0 to 7 (top to bottom on left plot) and n = 8 to 15 (righ t plot).

scale 64

scale 32

scale 16

scale 8

scale 4

scale 2

scale 1

− 170 − 210 7 0 − 7 5 0 − 5 5 0 − 5 5 0 − 5 5 0 − 5 5 0 − 5 5 0 − 5 − 12

− 22

1 0 − 1 1 0 − 1 1 0 − 1 1 0 − 1 1 0 − 1 1 0 − 1 1 0 − 1 1 0 − 1 0 256 512 768 1024 t (days)

0 32 τ (lag)

Figure 8. Haar DWT coefficien ts for clo ck 571 and sample auto correlation sequences (A CSs).

Figure 9. Haar wavelet filters for scales τj = 2j − 1, j = 1, 2, . . . , 7.

Figure 10. D(4), C(6) and LA(8) wavelet filters for scales τj = 2j − 1, j = 1, 2, . . . , 7.

Figure 11. Haar scaling filters for scales λ J_0 = 2J^0 , J 0 = 1, 2, . . . , 7.

Figure 12. D(4), C(6) and LA(8) scaling filters for scales λ J_0 = 2J^0 , J 0 = 1, 2, . . . , 7.

scale 64

scale 32

scale 16

scale 8

scale 4

scale 2

scale 1

− 12

− 22 5 0 − 5 5 0 − 5 5 0 − 5 5 0 − 5 5 0 − 5 5 0 − 5 5 0 − 5 − 12

− 22

0 256 512 768 1024 t (days)

Figure 13. Haar MOD WT coefficien ts for clo ck 571.

X_t

X^{(1)}_t Yt (τ1)

X^{(2)}_t

0

− 75

− 150 − 100

− 150

− 200

− 11.6

− 17.4

− 23.1 25

0

− 25

0 513 1026 t Δ t (days)

Figure 14. Plot of differences in time { X t } as kept by clo ck 571 (a cesium beam atomic clo ck) and as kept by the time scale UTC(USNO) main tained by the US Na val Observ atory , Washington, DC (top plot); its first bac kward difference { X (1)t } (middle); and its second bac kward difference { X (2)t } (b ottom). In the middle plot, Y t (τ1) denotes the τ1 average fractional frequency deviates (giv en in parts in 1013 ) – these are prop ortional to X (1)t .

10^5 10^4

10^3

10^2

10^1

10^0

10^0 10^1 10^2 10^3 10^0 10^1 10^2 10^3 τ_j Δ t (days) τ_j Δ t (days)

Figure 15. Square ro ots of wavelet variance estimates for atomic clo ck time differences { X t } based up on the un biased MOD WT estimator and the follo wing wavelet filters: Haar (x’s in left-hand plot, through whic h a least squares line has been fit), D(4) (circles in left- and righ thand plots) and D(6) (pluses in left-hand plot). The righ t-hand plot also sho ws 95% con fidence interv als for the unkno wn wavelet variances.

10^{− 12} 10^{− 13}

10^{− 14}

10^{− 15} 10^0 10^1 10^2 10^3 10^0 10^1 10^2 10^3 τ_j Δ t (days) τ_j Δ t (days)

Figure 16. Square ro ots of wavelet variance estimates for atomic clo ck one da y average fractional frequency deviates { Y t (τ1)} based up on the un biased MOD WT estimator and the follo wing wavelet filters: Haar (x’s in left-hand plot) and D(4) (circles in left and righ t-hand plots).