An Intro duction to Wavelet Analysis

Don Percival

Applied PhysicsLaboratory Box 355640 University of Washington Seattle, WA 98195–5640 206–543–1368

     dbp@apl.washington.edu
http://faculty.washington.edu/dbp

Overview: I

• as a subject, wavelets are − relatively new (1983to present) − a synthesis of old/new ideas − keyword in 29,826+ articles and books since1989 (4032more since2005: an inundation of material!!!)

• wavelets can help us understand − time series(i.e., observations collectedover time) − images

Overview: II

• wavelets capable of describinghow − time seriesevolve over time on a given scale − imageschange from one place to the next on a given scale, where here ‘scale’is either − an interval (span) of time (hour, year, ...) or − a spatial area (square kilometer, acre, ...)

Overview: III

• example: time seriesofvegetation areas over land (50∘–90∘ N) (based on monthly SAT data fromClimate Research Unit, UK)

boreal

temp erate tundra

permafrost

Overview: IV

• somequestions that wavelets can help up address:

1. Are variations homogeneousacrosstime? 2. Are variations from one year to the next more prominent than variations from one decade to the next?

3. Permafrost is less variable than boreal, but do they have other statistical properties that are significantly different?

4. What are the pairwiserelationships between these serieson a scaleby scalebasis (e.g., year to year, decade to decade)?

4

Outline of Remainder of Talk: I

• discusswhat exactly a wavelet is • discusswavelet analysis (emphasis on physicalinterpretation) • point out twofundamental properties ofthe continuouswavelet transform (CWT): 1. CWT is fullyequivalent to the transformed time series 2. CWT tells how ‘energy’in time series is distributed across different scalesand different times • describe the discrete wavelet transform (DWT) • point out two analogousfundamental properties of DWT

5

Outline of Remainder of Talk: II

• look at DWT ofone ofthe vegetation area time series(boreal) − addressesquestions1(homogeneityacrosstime) and 2(prominence of yearly/decadal variations) • describe wavelet variance

− addresses questions 2 and 3 (how statistical properties of permafrost & boreal compare) • look at wavelet covariance between boreal & temperate series − addressesquestion4(scaleby scalerelationshipoftwoseries) • concludingremarks

6

What is a Wavelet?

• sines& cosinesare ‘bigwaves’

0

− 9 − 6 − 3 0 3 6 9 u • wavelets are ‘smallwaves’(left-hand is Haar wavelet ψ^{(H)}(·))

0

− 3 0 3− 3 0 3− 3 0 3

u u u 7

Technical Definition of a Wavelet

• real-valued function ψ(·) defined over real axis is a wavelet if 1. integral of ψ 2(·) is unity: �∞ − ∞ ψ 2(u)du = 1 (called ‘unit energy’property, with apologiesto physicists) 2. integral of ψ(·) is zero: �∞ − ∞ ψ(u)du = 0 (technically, need an ‘admissibility condition,’but this is almost equivalent to integration to zero)

0

− 3 0 3− 3 0 3− 3 0 3

u u u

8

What is Wavelet Analysis?

• wavelets tell us about variations in local averages • to quantify this description, let x(·) be a time series − real-valued function of t defined over real axis − willrefer to t as time (but it need not be such) • consider‘average value’of x(·) over [a, b]: 1 b− a � b a x(t)dt

(above notion discussedin elementary calculusbooks)

9

Example of Average Value of a Time Series

• let x(·) be step function taking on values x0,x1,...,x15 over 16 equal subintervals of [a, b]:

x_0

x_1 x_{15} 0

a b t • here we have 1 b− a � b a x(t)dt = 1 16 15� j=0 xj = height of dashed line

10

Average Values at Differen t Scales and Times

• define the followingfunction of λ and t

A(λ, t) ≡ 1 λ � t+ λ_2

t− λ2

x(u)du

− λ is width of interval – referedto as ‘scale’ − t is midpoint of interval • A(λ, t) is average value of x(·) over scaleλ centered at t • average values of time serieshave wide-spreadinterest − one secondaverage temperatures over forest − ten minute rainfall rate during severe storm − yearly average temperatures over central England 11

Defining a Wavelet Co efficien t W

• multiply Haar wavelet & time seriesx(·) together:

ψ^{(H)}(t)

x(t) ψ^{(H)}(t)x(t) 0

− 3 0 3− 3 0 3− 3 0 3 t t t

• integrate resulting function to get ‘wavelet coefficient’ W(1,0): � ∞ − ∞ ψ^{(H)}(t)x(t)dt = W(1,0)

• to seewhat W(1,0) is telling us about x(·), note that

W(1,0) ∝ 1 1 � 1 0 x(t)dt − 1 1 � 0 − 1 x(t)dt = A(1, 12) − A(1,− 12) 12

Defining Wavelet Co efficien ts for Other Scales

• W(1,0) proportional to differencebetweenaveragesofx(·) over [− 1,0]& [0,1], i.e., two unit scaleaveragesbefore/after t = 0 − ‘1’in W(1,0) denotes scale1 (width of each interval) − ‘0’in W(1,0) denotes time 0 (center of combined intervals) • stretch or shrink wavelet to define W(τ,0) for other scalesτ:

yields W(2,0) 0

− 3 0 3− 3 0 3− 3 0 3 t t t

13

Defining Wavelet Co efficien ts for Other Locations

• relocate to define W(τ,t) for other times t:

yields W(1,1) 0

− 3 0 3− 3 0 3− 3 0 3 t t t

yields W(2,−^1_2) 0

− 3 0 3− 3 0 3− 3 0 3 t t t

14

Haar Con tin uous Wavelet Transform (CWT)

• for all τ > 0 and all − ∞ < t < ∞ , can write

W(τ,t) = 1 √ τ � ∞ − ∞ x(u)ψ^{(H)} � u − t τ � du − u− tτ does the stretching/shrinking and relocating − 1√ τ needed so ψ^{(H)}τ,t(u) ≡ 1√ τψ^{(H)}

�u− t τ � has unit energy − sinceit also integrates to zero, ψ^{(H)}τ,t(·) is a wavelet • W(τ,t) over all τ > 0 and all t is Haar CWT for x(·) • analyzes/breaks up/decomposesx(·) into components − associated with a scaleand a time − physicallyrelated to a difference of averages 15

Other Con tin uous Wavelet Transforms: I

• can do the same for wavelets other than the Haar • start with basic wavelet ψ(·) • use ψτ,t(u) = 1√ τψ

�u− t τ � to stretch/shrink & relocate • define CWT via

W(τ,t) = � ∞ − ∞ x(u)ψτ,t(u)du = 1 √ τ � ∞ − ∞ x(u)ψ � u − t τ � du • analyzes/breaks up/decomposesx(·) into components − associated with a scaleand a time − physicallyrelated to a difference of weighted averages

16

Other Con tin uous Wavelet Transforms: II

• considertwo buddies of Haar wavelet

ψ^{(H)}(u) ψ^{(fdG)} (u) ψ^{(Mh)} (u) 0

− 3 0 3− 3 0 3− 3 0 3

u u u

• ψ^{(fdG)} (·) proportional to 1st derivative of Gaussian PDF • ‘Mexicanhat’ wavelet ψ^{(Mh)} (·) proportional to 2nd derivative • ψ^{(fdG)} (·) looks at difference of adjacent weighted averages • ψ^{(Mh)} (·) looks at difference between weighted average and sum of weighted averagesoccurring before& after 17

First Hairy-Lo oking Equation

• CWT equivalent to x(·) becausewe can write

x(t) = � ∞ 0 � 1 Cτ2 � ∞ − ∞ W(τ,u) 1 √ τ ψ � t − u τ � du � dτ, where C is a constant depending on specific wavelet ψ(·) • can synthesize (put back together) x(·) given its CWT;

i.e., nothing is lost in reexpressingtime seriesx(·) via its CWT • regard stuff in brackets as defining ‘scaleτ’ time seriesat t • says we can reexpressx(·) as integral (sum) ofnewtime series, each associated with a particular scale • similar additive decompositionsare a central theme of wavelet analysis 18

Second Hairy-Lo oking Equation

• energy in x(·) is reexpressedin CWT because

energy= � ∞ − ∞ x2(t)dt = � ∞ 0 � 1 Cτ2 � ∞ − ∞ W2(τ,t)dt � dτ • can regard x2(t) versust as breakingup the energyacrosstime (i.e., an ‘energydensity’ function) • regard stuff in brackets as breaking up the energyacrossscales • says we can reexpressenergy as integral (sum) of components, each associated with a particular scale • function defined by W2(τ,t)/Cτ2 is an energy density across both time and scale • similar energy decompositionsare a secondcentral theme 19

Example: Atomic Clo ck Data

• example: average daily frequencyvariations in clock 571

X_t

− 12

− 22 0 256 512 768 1024 t (days)

• t is measured in days (one measurment per day) • plot shows Xt versus integer t • Xt = 0 would mean that clock 571could keep time perfectly • Xt < 0 impliesthat clock is losingtime systematically • can easilyadjust clock if Xt were constant • inherent quality of clock related to changes in averagesof Xt 20

Mexican Hat CWT of Clo ck Data: I 60 50 40 30 20 10 0 τ

X_t

− 12

− 22 0 256 512 768 1024 t (days) 21

Mexican Hat CWT of Clo ck Data: II + 60 50 40 30 20 10 0 τ

X_t

− 12

− 22 0 256 512 768 1024 t (days) 22

Mexican Hat CWT of Clo ck Data: III + 60 50 40 30 20 10 0 τ

X_t

− 12

− 22 0 256 512 768 1024 t (days) 23

Mexican Hat CWT of Clo ck Data: IV

+

60 50 40 30 20 10 0 τ

X_t

− 12

− 22 0 256 512 768 1024 t (days) 24

Bey ond the CWT: the DWT

• can often get by with subsamplesof W(τ,t) • leads to notion of discrete wavelet transform (DWT) 60 50 40 30 20 10 0 τ

25

The Discrete Wavelet Transform: I

• when dealing with samplesx0, x1, ...xN− 1 from x(·), more convenient to deal with DWT than CWT • can regard DWT as ‘slices’through CWT

− restrict λ to ‘dyadic’scalesτj ≡ 2j− 1, j = 1,2,...,J0 − restrict times to integers t = 0, 1, ..., N − 1 − note: considering‘maximaloverlap’DWT (MODWT) (can restrict times further to get orthonormal DWT) • yieldswavelet coefficients ~Wj,t ∝ W(τj ,t) • also get scalingcoefficients ~VJ_0,t

− related to averagesover a scaleof λ = 2τJ_0 − summary of information in W(λ, t) at λ ≥ 2τJ_0 = 2J^0 26

The Discrete Wavelet Transform: II

• collect~Wj,t into vector ~W j for levels j = 1,2,...,J0 • also collect ~VJ_0,t into vector ~VJ_0 • ~W 1, ..., ~W J_0 and ~VJ_0 formthe DWT ofX ≡ [x0,...,xN− 1]T • two fundamental properties of DWT

1. can recover X perfectly from its DWT; i.e., ~W 1, ..., ~W J_0 & ~VJ_0 are equivalent to X 2. ‘energy’in X preserved in its DWT:

‖X‖2 ≡

N− 1� t=0 x2t = J0� j=1 ‖~W j ‖2 + ‖~VJ_0‖2

27

Example: DWT of Boreal Time Series: I

~V_4

~W_4 (scale 8)

~W_3 (scale 4)

~W_2 (scale 2)

~W_1 (scale 1)

X

28

Example: DWT of Boreal Time Series: I

• large value for a wavelet coefficient indicates large variation at a particular scale& time • variations fairly homogeneousacross scales (i.e., stationarity might be a reasonableassumption here) • smaller scalesseemto be dominant

29

Wavelet Variance: I

• energy preservation leads to analysis of sample variance:

σ̂2x ≡ 1 N N− 1� t=0 (xt − x̄)2 = 1 N � � J0� j=1 ‖~W j ‖2 + ‖~VJ_0‖2 � � − x2,

where x̄ ≡ � t xt/N • 1N ‖~W j ‖2 portion of σ̂2X due to changes in averages over scale τj ; i.e., ‘scaleby scale’analysis of variance

30

Wavelet Variance: II

• wavelet variances for time seriesX and Y of length N = 16, each with zero sample mean and same sample variance

X

Y

1 N ‖~W_j ‖^2

1 N ‖~W_j ‖^2

2 0 − 2 2 0 − 2

0.3

0.0 0.3

0.0 0 5 10 15 1 2 4 8 t τ_j

31

Wavelet Variances for Vegetation Time Series: I

boreal temp erate

tundra permafrost

32

Wavelet Variances for Vegetation Time Series: II

• sum of wavelet variances is equal to sample variance • 95% confidence intervals based on statistical theory • confirms that unit scaleis dominant • exceptfortundra, roll-offs similar&consistent with whitenoise • tundra possiblypossesses‘longmemory’(rollsoff more slowly)

33

Wavelet Covariance: I

• reconsiderboreal and temperate time series:

boreal

temp erate

• sample cross-correlationis − 0.79; i.e., seriesare anticorrelated

34

Wavelet Covariance: II

• can decomposecross-correlationacrossdifferent scales:

• twoseriesanticorrelated at allscales,but samplecross-correlation mainly due to two smallest scales(75%)

35

Concluding Remarks: I

• wavelets decomposetime serieswith respect to two variables:

− time (location) − scale(extent) • CWT & DWT have two fundamental properties:

1. fullyequivalent to originaltime series 2. energy in time seriesis preserved • wavelet variance gives scale-basedanalysis of variance (natural match for many geophysicalprocesses) • techniques extends naturally to images

36

Concluding Remarks: II

• many other uses for wavelets (barely scratched the surface!)

− approximatelydecorrelatecertain time series(DWT needed) − assessingsampling properties of statistics (DWT best) − signalextraction (‘wavelet shrinkage’;DWT best) − edgeidentification in images(CWT best) − compressionof time series/images (DWT needed) − fast simulation of time series/images (DWT needed)

37

Up coming Courses

• Stat 530/EE 524(Spring Quarter) • short courseat APL, Sept. 12, 13 & 15, 2006

− details willbe posted within a month at

http://www.apl.w ashington.edu/

38