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Abstract

A new Riceanparameterestimatoris consideredin thecontext of wirelesscommunications.In comparisonto existing methods,

the proposedestimatoris especiallyuseful in low signal-to-noiseenvironments.It is lessreliant on knowledgeof the transmitted

signal frequency thanexisting methods,andit performswell in communicationsenvironmentswherethe frequency is varying in

time.
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RiceanParameterEstimationUsing Phase

Information in Low SNR Environments

I . INTRODUCTION AND PROBLEM FORMULATION

T HE Riceandistribution occursfrequentlyin the appliedsciences.It hasbeenstudiedin many papers[1]–[4], often in

the context of wirelesscommunications,aswe do here.If we modela communicationsystemasa transmittersending

a singletoneto a receiver, which is alsoexposedto additive uncorrelatedGaussiannoise,the complex versionof the received

signalcan thenbe representedas:

X [n] = sej ( ! 0 n + � 0 ) + Z [n] (1)

Z [n] � Complex Gaussian
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wheres2 is relatedto thetransmitterpower, ! 0 is thetransmittedsignalfrequency, � 0 is some�x edphaseoffset,� 2 is thepower

of theambientnoise,andn is thetime index. We cande�ne two additionalparameters:K = s2=(2� 2) and
 = s2 + 2� 2. Here

K is onede�nition of thesignal-to-noiseratio (SNR),and
 is relatedto the total systempower. Theenvelope,R[n] � jX [n]j,

is thenRiceandistributed[5], andits probability densityfunction canbe parameterizedby any two of the four parameterss2,

� 2, K , and 
 .

I I . EXISTING METHODS

The K parameter, useful in assessinghow well a channelis performingas well as in diversity combiningtechniquesfor

detectionschemes,is generallytheparametertargetedby mostRiceanestimationprocedures.Themethodof momentsestimator

(MOME) baseduponthe2ndand4th momentsof theRiceandatais a reasonableestimatorin that its performanceapproaches

the Craḿer–Raolower bound(CRB) [6].

Estimatorsof K basedsolely on the envelopeof X suchasMOME have fundamentallypoor varianceperformanceat low

valuesof K [4]. This problemcanbe overcomeby alsousingthe phaseinformationin X whenestimatingK . The CRB for

estimatingK from X strictly dominatestheCRB of purely Riceandata,especiallyat low valuesof SNR [1], [4]. A technique

that usesphaseinformationwas also put forward by [4] andestimatesK usingestimatesof 
 ands2. The estimateof 
 is

its maximumlikelihoodestimator(MLE):


̂ M LE =
1
N

NX

k=1

jX [k]j2 (3)

Theestimateof s2 requiresanestimateof ! 0, which is basedon �nding theFourier frequency with themaximumcontribution

to power. De�ning the empiricalspectraldensityfunction (SDF) of X as

X SD F [! ] =
1
N
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N � 1X

n =0

X [n]e� j ! n
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TABLE I
COMPARISON OF !̂ 0 ESTIMATORS (! 0 = 0:7447, N IS SAMPLE SIZE, 100 SIMULATIONS FOR EACH N , s = 4, � 2 = 1).

Method N = 10 N = 100 N = 1; 000
Fourier Grid 0.6283 0.7540 0.7477
Zero Padding 0.6503 0.7540 0.7446
Newton–Raphson 0.7257 0.7446 0.7447

we canestimate! 0 as

!̂ 0 = argmax
! k

X SD F [! k ]; ! k =
2� k
N

: (5)

Thenan estimateof s2 is formedas

ŝ2 =
1
N

X SD F [!̂ 0]: (6)

The estimateof K is then formed:

K̂ I Q =
ŝ2


̂ M LE � ŝ2
(7)

We have found that the performanceof K̂ I Q is heavily dependenton the estimationof ! 0. The techniqueof estimating

! 0 can be improved by zero paddingthe data,creatinga �ner grid in the Fourier domain.Paddingwith N zeroscreatesa

grid twice as �ne as the one associatedwith the Fourier frequencies,but the estimatecan be further re�ned by using the

Newton-Raphsonalgorithm[7]. Table I summarizesa comparisonof the three! 0 estimationtechniques.

I I I . NEW TECHNIQUE

We proposeanothermethodof estimatingK that usesthe phaseinformation from X but is morerobust againstestimation

of ! 0. The key idea is to estimate� 2 directly ratherthan indirectly via 
 � s2. Recognizingthat the SDF is a partitioningof

the processvarianceover frequency [7], its valuesshouldbe equalto 2� 2 in frequency bins that do not containsignalpower

(this ignorespossiblecomplicationsdue to spectralleakage,but leakageis not a real concernin the low SNR scenarioswe

areconsidering).We estimate� 2 as:

�̂ 2 =
1

2N !

X

! 2 A

X SD F (! ) (8)

whereA de�nes the rangeof frequencieswe areusing for estimation,andN ! is the numberof frequenciesused.We choose

A to exclude ! 0 by selectinga certainpercentageof the spectrumcenteredat a frequency � radiansaway from !̂ 0, which

is determinedby Equation5. In the computerexperimentsreportedbelow, a percentageof 80% provides enoughsample

bandwidthto estimate� 2 very well at low valuesof K (low SNR) andstill performcomparablywith otherestimatorsat high

valuesof K (high SNR).We alsoconsider70%and90%to illustratethat,at low SNR,performanceimprovesasthepercentage

increases,whereasthe oppositeis true at high SNR becauseA then includesfrequenciesdamagedby spectralleakagefrom

the tone frequency. Once� 2 hasbeenestimated,K is thenestimatedas:

K̂ SD F =

̂ M LE

2�̂ 2 � 1 (9)
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Figure 1 shows how the performanceof K̂ I Q degradesdrastically as !̂ 0 moves away from the true value of ! 0, which

happensin challengingenvironmentswhenfew datapointsareavailable.Our estimationtechnique,however, doesnot depend
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Fig. 1. K̂ as !̂ 0 varies(! 0 = 0:7447) via Monte Carlo simulation(80% of spectrumbeingused,
 = 6, K = 2, N=1,000,and100 simulations).

asstronglyon !̂ 0, correctlyestimatingK over the full rangeof ! 0 searched.

Figure 2 comparesthe performanceof K̂ SD F with the other estimatorsmentionedby plotting their meansquarederror

(MSE) vs. K . We seethat the SDF techniquedominatesboth IQ andMOME in the challengingenvironmentof few available

samplepoints and low SNR when enoughspectrumis usedin estimating� 2 (80% or 90%). When the SNR is higher, the

SDF techniqueperformscomparablyto the other estimatorspresentedwhen80% of the spectrumis used.Note that the low

SNR performanceof K̂ SD F increasesas the percentageof spectrumusedincreasesfrom 70% to 90% but at the expenseof

decreasingits high SNR performance.We also note that the three techniquesare comparablein computationalcomplexity.

Whenrun in a MATLAB TM Monte Carlo simulationof 10,000trials containing1,000datapointseach,MOME completedin

58 seconds,IQ in 70 seconds,andSDF in 77 seconds.

IV. BROADBAND EXTENSION

We now consideran alternatemodel of the received signal.Supposethat insteadof the single tone model of Equation1,

the datais modeledas:

X [n] = sej ( f [n ]+ � 0 ) + Z [n] (10)

which is to say that the signal can have sometime-varying frequency content.As long as the signal is bandlimitedand

the samplingrate is high enough,then someamountof the estimatedSDF will representfrequencieswith noisedominated

content(assumingthat the spectrumhasfree bandwidthsomewherein the rangeof sampledfrequencies)andcanbe usedfor

K̂ SD F . In practice,theactualpercentageof bandwidthchosenfor usewill dependon several factorsincludingSNR,sampling

bandwidth,signal bandwidth,and any taperingthat may be appliedto improve spectralestimates.Table II shows the results

of the estimationtechniquesapplied to thesebandlimitedsignals.We seethat the IQ estimationbreaksdown for this data

no matterwhich techniquefor estimating! 0 is used.MOME fails in this situationaswell becausewe are dealingwith low

SNRs.K̂ SD F performswell at 80% of the spectrumusedbut appearsto degradewith more spectrumused.This is likely to
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TABLE II
K̂ COMPARISON WHEN THE DATA IS BANDLIMITED AS IN EQUATION 10 (1,000 SIMULATIONS / TECHNIQUE, 
 = 2:1, K = 0:05, AND N = 1; 000).

Estimate Mean Std Dev

̂ M LE 2.1021 0.0669
K̂ M OM E 0.1426 0.1715
K̂ I Q , FG 0.0077 0.0013
K̂ I Q , ZP 0.0084 0.0014
K̂ I Q , NR 0.0086 0.0017
K̂ SD F , 80% 0.0564 0.0345
K̂ SD F , 85% 0.0218 0.0308
K̂ SD F , 90% 0.0176 0.0240

dueto non-emptyspectrumbeingusedto createa larger estimateof �̂ 2 andthus lower estimateof K̂ SD F .
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Fig. 2. MSE of K estimatorsvia Monte Carlo simulation(! 0 = 0:7447, !̂ 0 = 0:7257, N = 10, and3,000simulations)

V. CONCLUSION

We have presenteda new techniquefor estimatingthe RiceanK parameter, utilizing the phaseinformationof the complex

Gaussiandata from which it arises.The techniqueperformscomparablyto or better than (dependingon how much of the

spectrumis used)IQ estimationbut allows for much imprecisionin estimating! 0. It is also easily applied to signalswith

time-varying frequency contentof either a deterministicor stochasticnature.More detailedinformation can be found in [8]

including analysisof estimatorperformanceover varying samplesizesandvarying percentagesof spectrumusedin the SDF

technique.
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