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Abstract

Least median of squares (LMS) regression is a robust method to fit equations to observed data (typically in a linear
model). This paper describes an approximation algorithm for LMS regression. The algorithm generates a regression solution
with median residual no more than twice the optimal median residual. Random sampling is used to provide a simple
O(nlog® n) expected time algorithm in the two-dimensional case that is successful with high probability. This algorithm is
also extended to arbitrary dimension d with O(n ~!logn) worst-case complexity for fixed d > 2. © 1997 Elsevier Science

B.V.
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1. Introduction

A common problem in many fields is to fit an equa-
tion to a set of observed data points. Often a lin-
ear model can be used. Let us say that we have n
data points {pi, ..., p»} in a d-dimensional space, so
pi = [Xi1, ..., %ia]T. In the classical linear model, the
points are fit by a hyperplane as follows:

d—1
Xig = ( E a;x;j) + ay4.

j=1

A robust method of fitting this hyperplane to the set of
points is the least median of squares (LMS) estima-
tor [12], which exhibits the best possible breakdown
point with respect to outliers [ 11]. The LMS estimator

! This work was performed while the author was with the Cornell
University Department of Computer Science, Ithaca, NY.

minimizes the median of the squared residuals, where
the residuals are defined as

d—1
ri = Xid — ( E a,-x;j) — &y.
J=1

A disadvantage to the LMS estimator is that it is ex-
pensive to compute. Currently known exact solutions
to this problem require O(n?*!logn) time for fixed
d >2.[11,8]. For d = 2, Edelsbrunner and Souvaine
[31 supply the best known exact algorithm, which re-
quires O(n?) time and O(n) space.

Due to the complexity of these algorithms, approxi-
mate methods are used for most problems. The method
that is commonly used in practice is given by Leroy
and Rousseeuw [6], who describe the PROGRESS
system to approximate the LMS estimator. They use a
random sampling approach that yields an O(nlogn)
time algorithm for problems with fixed dimension. The
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hidden constant is exponential in the number of di-
mensions. The drawback to this method is that even
if a “good” sample is taken, where all of the points in
the sample have less than the optimal median residual,
the error in the fit may be arbitrarily large.

We describe an approximation algorithm for LMS
regression in two dimensions that has an approxima-
tion factor of 2, that succeeds with high probability,
and that has O(nlog? n) expected complexity. This al-
gorithm is also extended to higher dimensions with the
same approximation factor and O(n?~!logn) worst-
case complexity for fixed d > 2.

2. An approximate LMS problem

For now, we restrict our attention to the problem of
determining the least-median-of-squares (LMS) re-
gression line for  points in the plane. Let p; = (x;, ;)
for 1 < i < n. We define the median to be the mth
largest value, where m = |n/2 | +1, although we could,
in fact, choose any rank or quantile without changing
the algorithm significantly.

Consider the set of lines that have residuals with
respect to some pair of points that are no greater than
some arbitrary e. For points p; and p;, we denote this

set by Lo(pi, p;).-

Le(pi,pj) ={(a,B) | yi —ax; — B < € and
yj —ax; — B< g}

The smallest & for which there exists a line /,,, such
that [,y € Le(pi, pj) for (';) distinct pairs of points
in the set is the optimal median residual. In addition,
lopt is the optimal LMS regression line, since it yields
the line with minimum residual to m of the points.

The LMS regression problem can be decomposed
into n subproblems, each of which considers a dis-
tinct distinguished point py. Each pair of points that
includes the distinguished point, (px,p:i), kK # i, is
called a distinguished pair. The subproblems now de-
termine the smallest & for which there exists a line
155 such that 15, € Lo (pr, p;) for m — 1 distinct dis-
tinguished pairs, and also determine the line, lf,’;,,, that
solves the problem. The m points that are the closest
to the optimal LMS line yield subproblems that pro-
duce the optimal solution. Random sampling of the
distinguished points can now be used to reduce the

number of subproblems that must be examined, while
still achieving a high probability that the correct solu-
tion is found. Call a subproblem examining a partic-
ular distinguished point a constrained LMS problem.
Note that the complexity of solving such subproblems
is not necessarily lower than the original problem.

We consider simpler subproblems that allow ap-
proximate solutions. For a particular distinguished
point, p;, we determine the smallest £ (denoted by
e’r’e“l) for which there exist m — 1 (not necessar-
ily distinct) parallel lines {/;,...,1y—1} such that
li € Le(Prky» Pr(iy)» 1 < i < m— 1, for some per-
mutation of the points 7 where 7(k) = m, and also
determine the line I3}, that passes through py and is
parallel to /;. The median residual with respect to 5,
is denoted by &5},

Such subproblems relax the constraints on the LMS
problem by allowing a series of parallel lines, all of
which lie within € of the distinguished point (rather
than a single line), that optimize the median residual.
We call these constrained approximate LMS problems.

3. Is the solution accurate?

We now consider the quality of the solutions to the
constrained approximate LMS problems. For simplic-
ity, we assume that there are no ties in the solutions to
the problems and that no two points have the same x-
coordinate. However, these restrictions can be easily
removed.

Let [, to be the optimal LMS regression solution,
yielding median residual &,,,. We call any point that
has a residual, with respect to the optimal LMS solu-
tion, that is no greater than the mth largest such resid-
ual, a good point, where m is the rank we are minimiz-
ing. The m closest points to the LMS line are thus the
good points. All other points are bad points. A good
sample is one that contains no bad points.

Proposition 1. If the distinguished point, pi, is a
good point, then e, < 2&0p:.

Proof. The proposition follows from the following
two lemmas. [J

Lemma 2. [f the distinguished point, py, is a good
point, then €y < gpy.






