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Abstract
Not-too-tight (NTT) debt limits are endogenous restrictions on debt that
prevent agents from defaulting and opting for a specified continuation utility,
while allowing for maximal credit expansion. For an agent facing some fixed
prices for the Arrow securities, we prove that discounted NTT debt limits
must differ by a martingale. Discounted debt limits are submartingales (mar-
tingales) under an interdiction to trade (borrow). The martingale components

in debt limits can be converted into asset price bubbles.
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1 Introduction

Alvarez and Jermann (2000) construct a theory of endogenous debt constraints in
complete markets economies with limited enforcement of financial contracts. Follow-

ing Kehoe and Levine (1993), they assume that agents can default on debt at the
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cost of being excluded permanently from financial markets. At each date and state,
an agent is allowed to borrow the maximum amount which is self-enforcing (making
repayment individually rational). These endogenous bounds on debt are referred to
as debt limits that are not-too-tight (NTT) for the respective agent.

One can envision the NTT debt limits as being set by competitive financial inter-
mediaries, with agents unable to trade directly with each other. The intermediaries
set debt limits such that default is prevented, but credit is not restricted unnecessar-
ily, since competing intermediaries could relax them and increase their profits (see
Abraham and Cérceles-Poveda (2010) for such a formalization).

Kocherlakota (2008) uncovered a defining characteristic of the set of NTT debt
limits for an agent facing a fixed pricing kernel (or, equivalently, fixed prices of the
one-period Arrow securities at each date and state) and penalty for default: adding
a martingale to some discounted N'T'T debt limits results in bounds that are also
NTT. The proof is immediate, and it is a consequence of agent’s budget constraint
being unchanged under the martingale-inflated bounds, if the initial value of the
martingale is added to his initial wealth.

We prove the converse, which is considerably more involved. A pair of discounted
debt limits that are NTT (for a given agent, pricing kernel and penalties for default)
must differ by a martingale This theorem does not depend on equilibrium con-
siderations and stems only from the optimizing behavior of the agent. We allow
for general penalties for default specified by a continuation utility that can be date
and state contingent, and can depend on endogenous variables such as asset prices.
When the punishment for default is the interdiction to borrow, Hellwig and Lorenzoni
(2009) proved that discounted NTT debt limits are martingales. With this outside
option, zero bounds on debt are NTT. Thus their result is a particular case of our
theorem. Our proof is also simpler, due to the use of martingale techniques (Snell
envelopes). The use of Snell envelopes, while familiar in the theory of pricing Amer-

ican options, is novel to macroeconomics applications. The theorem does not imply

Let p and ¢, ¢ be stochastic processes representing the pricing kernel and two (sequences of)
NTT debt limits. Then p- (¢ — @) is a martingale.

2Set ¢ identically equal to zero at all dates and states. Hence ¢ is NTT, and the debt limits ¢
are NTT if and only if p- ¢ (= p(¢ — ¢)) is a martingale. In Appendix [B] we also show that the
result in Hellwig and Lorenzoni (2009) can be leveraged (with the benefit of hindsight), via simple
arguments, to apply to general penalties for default. One can prove that p(¢ — ¢) is a martingale,
for NTT debt limits satisfying the additional assumption ¢ < ¢. This extension is of limited use as
it applies only to situations where one of the debt bounds is uniformly tighter than other.



however that NTT debt limits themselves are martingales (except for an interdiction
to borrow as penalty for default). In fact, when the punishment for default is the
interdiction to trade, we prove that the discounted NTT debt limits of each agent
are only submartingales.

As known from Bloise, Reichlin, and Tirelli (2013) and the examples in Hellwig
and Lorenzoni (2009) and Bidian and Bejan (2012), there is typically a multiplicity of
equilibria (in terms of real allocations and pricing kernels) in economies with enforce-
ment limitations. Our theorem does not compare NTT debt limits across equilibria
with different pricing kernels, but rather focuses on a given equilibrium and it charac-
terizes completely the set of debt limits offered to an agent by a competitive financial
intermediary that takes as given the market rates and the contractual (enforcement)
limitations. It establishes that such an intermediary can only alter the debt limits of
the agent by a discounted martingale. The theorem does not depend on equilibrium
considerations (that is, market clearing conditions).

The property of NTT debt limits uncovered by Kocherlakota (2008) seems to sug-
gest that associated to any equilibrium, there is a continuum of possible NTT debt
limits for the agents, differing from each other by (arbitrary) discounted martingales
with zero expected value. Our full characterization of the NTT debt limits (for an
agent facing a given pricing kernel and penalties for default) can be used to establish
their uniqueness, when the present value of agent’s endowments is finite, that is with
high interest rates. In this case, borrowing should be limited by the agent’s ability
to repay his debt out of his future endowments (Santos and Woodford 1997), or
equivalently, by the present value of future endowments. The difference of two such
nonpositive discounted NTT debt limits is therefore a uniformly integrable martin-
gale converging to zero, and hence identically equal to zero. When the punishment
for default is the interdiction to trade, Alvarez and Jermann (2000, Proposition 4.11)
prove that nonpositive NTT debt limits bounded by the present value of debt must
exist. Our result establishes that such debt limits are in fact unique. With an inter-
diction to borrow as punishment for default, debt limits identically equal to zero are
NTT, hence uniqueness implies that debt is unsustainable in the presence of high
interest rates. This confirms the conclusion reached earlier by Bulow and Rogoff
(1989) and Hellwig and Lorenzoni (2009).

The assumption of high interest rates, however, is extremely restrictive in models

with limited enforcement. In these environments, low interest rates (making the



present value of aggregate endowment infinite) arise in equilibrium as a way to induce
agents not to renege on their debt (Hellwig and Lorenzoni 2009). As shown by Santos
and Woodford (1997), low interest rates are necessary for the existence of asset price
bubbles. The martingale property of NTT debt limits suggests a strong connection
to bubbles. Bubbles grow on average at the same rate as the interest rates and
therefore they are positive martingales when discounted by the pricing kernel. By
not discarding low interest rates equilibria for ad hoc reasons, we are able to pursue
this connection.

Kocherlakota (2008) shows that an arbitrary bubble can be injected in the price
of an infinitely-lived asset, without altering agents’ consumption. This can be ac-
complished by an upward adjustment of agents’ debt limits proportional to the size
of the bubble and their initial endowment of the asset, which leaves them NTT.
The introduction of a bubble gives consumers a windfall proportional to their initial
holding of the asset, which can be sterilized, leaving their budgets unaffected, by
an appropriate tightening of the debt limits. He refers to this result as the “bubble
equivalence theorem”.

While an intriguing way to generate bubbles, it raises the question whether the
tighter debt bounds needed to sustain the bubble can remain nonpositive, due to the
bubble component they now contain. Positive debt limits force agents to save and
it implies that financial intermediaries have access to coercive tools that seems un-
reasonable with enforcement limitations. Clearly arbitrarily large bubble injections
can only be sustained by forcing agents to save arbitrarily large amounts. Moreover,
with high interest rates, even initially infinitesimal bubbles explode quickly and make
agents’s debt limits positive and large.

It is therefore unclear whether bubble injections can occur at all with nonpositive
debt limits. As an immediate consequence of our characterization of NTT debt limits,
we show that bubble injections leading to nonpositive debt limits are possible when
agents are still allowed to borrow some predetermined (possibly zero or arbitrarily
small) amounts after default. Therefore our theorem, which as explained above is
a converse to Kocherlakota’s (2008) characterization of NTT debt limits, it also
provides the missing link needed to show the existence of bubble injections with
nonpositive debt limits. Bubbles enable agents to circumvent a reduction in the
availability of credit, and to achieve identical allocations to those possible under

more relaxed, but still self-enforcing debt limits. A tightening of the debt limits
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would result in a drop in interest rates due to precautionary saving and a reduction
in output (Guerrieri and Lorenzoni 2011). A bubble satisfies the need for additional
liquidity, preventing the drop in interest rates and output. In this sense, bubble
injections are expansionary.

The paper is organized as follows. Section 2lintroduces the model, and defines the
notion of an Alvarez-Jermann equilibrium, which is a sequential equilibrium where
agents are subject to NTT debt limits. In Section [3] we prove that discounted NTT
bounds (for a given agent, pricing kernel and penalties for default) are determined
only up to a martingale and show that an interdiction to trade/borrow results in
discounted NTT debt limits that are submartingales/martingales. Section [ contains
applications, and shows that the characterization result of Section [3] can be used
to establish the uniqueness of NTT bounds under additional assumption, and the
existence of rational bubbles. Appendix [Al contains proofs to some ancillary results
used in Section Appendix [Bl compares in detail the proof of Theorem with
the proof of the particular instance of this theorem in Hellwig and Lorenzoni (2009)
(for an interdiction to borrow). Appendix [(] establishes the necessary and sufficient

transversality conditions for an agent’s optimization problem.

2 The model

We consider a stochastic, discrete-time, infinite horizon economy. The time periods
are indexed by the set of natural numbers N := {0,1,...}. The uncertainty is
described by a probability space (€2, F, P) and by the filtration (F;);en, which is an
increasing sequence of g-algebras on the set of states of the world €2 generating F,
that is such that F = o(U.F;). Each o-algebra F; is interpreted as the information
available at period ¢ and it is finite. There is no initial information, therefore Fy =
{0,Q}. For any t € N and A € F, with A # (), we assume that P(A) # 0.

A sequence z = (z)sen of random variables (F-measurable real-valued functions)
is an adapted stochastic process (“process” henceforth) if for each t € N, x; is F;-
measurableH We let X be the set of all stochastic processes, and denote by X, (X, )
the set of nonnegative (strictly positive) processes in X. Thus z € X, (z € X,)
if ; > 0 (zy > 0) P-almost surely (“a.s.” henceforth) for all t € N. We write

3Notice that the process z is integrable, since for any ¢ € N, z; belongs to the space of integrable
random variables L' := L'(Q, F, P), as F; is finite.



x > 0 if x is a nonnegative process, and x = 0 if ; = 0 P-a.s. for all t € N. All
statements, equalities, and inequalities involving random variables are assumed to
hold only P-a.s., and we omit this qualifier in what follows.

There is a single consumption good and a finite number, I, of consumers. An
agent i € {1,2,..., I} has endowments e’ € X, and his preferences are represented
by a utility U : Xy — R given by U'(c) = E Y 2 ui(c), where uj(-) = Siu'(-)
and F(-) is the expectation operator with respect to the probability P. We assume
that /° € X, and satisfies EY .. 8 < oo, and that v’ : Ry — R is strictly
increasing, strictly concave, differe}ltiable, satisfies standard Inada conditions and
is bounded from above by %' € R and from below by u’ € R. The conditional
expectation given the information available at ¢, F;, is denoted by Ey(-). Given the
absence of information at period 0, Ey(-) = E(-). Let U}(c) :== E; > -, u'(cs) be the
continuation utility of agent 7 after ¢ provided by a consumption stre_am ce X,.

Each consumer can trade at each date and state a complete set of one-period
Arrow securities. Their prices determine uniquely the pricing kernel p € X, and
conversely, the pricing kernel p determines unambiguously the prices of the Arrow se-
curities. Additionally, there is a finite number J of infinitely-lived, disposable securi-
ties. Asset j € {1,2,...,J} pays dividends &’ € X, and has an ex-dividend price per
share ¢/ € X . The dividend and price vector processes are d := (d',...,d”) € X/
and ¢ := (¢',...,¢”) € X]. Consumer ¢ has an initial endowment 6, € R] of the
infinitely-lived securities, and a} € R additional wealth, and his trading strategy in
the J securities is represented by a vector process 6! = (6%1,...,0%7) € X’ while
his trading strategy in the Arrow securities is given by a € X.

Consumer ¢ faces debt constraints requiring his beginning of period financial
wealth to exceed some bounds ¢* € X, meant to prevent Ponzi schemes. Thus if con-
sumer ¢ starts period T with wealth v (Fr-measurable) and faces constraints ¢' and
prices p, ¢, he solves the problem max ..o g)ep: (176 p.q) Uk(c), denoted Pi(vr, ¢', p,q),
where BY(vr, @, p, q) is his budget constraint following 7', defined as

Bi(vp,d',p,q) == {(c,a,0) € ©TX, x 0T X x 0T X7 |

cr + ETp;—HaT—H +qrlr < er+vr,  ag+ (g +ds)bs 1 > ¢,
T
o+ B a4 g0, < €+ ay+ (g + o)1, Vs > T} (2.1)
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In the above notation, © represents the shift operator, that is, given a process x =
(1,)%, € X, ©Tz := (27.,)%%,. Similarly, if A C X, then ©TA := {07z |z € A}.
The indirect utility of the agent is given by

Vi(vr, ¢',p,q) = max  Uz(c). (2:2)
(c,a,0)€ B (vr,¢*,p,q)

Consumer ¢ can elect to default on his debt and receive a continuation utility
described by a process V4. Thus by defaulting at period ¢, agent i can guarantee
for himself a continuation utility V; (which is F;-measurable) and can depend on
exogenous variables such as agents’ endowments, but also on prices p, q, and even
future debt limits ¢}, ¢} ,,.... When we need to emphasize the functional depen-
dence of penalties on prices and debt limits we use the full notation V%4(p, q, ¢?),
but in most instances we drop the arguments and do not make the dependence ex-
plicit. The debt constraints ¢ are determined endogenously to reflect the maximal
amount of debt agents can hold without defaulting. We say that the debt limits ¢
are self-enforcing for agent i at prices p, ¢ given penalties V4 if By(¢, &, p,q) # 0
for all ¢+ € N and the agent prefers not to default, V' (¢s, ¢, p, q) > V" vt € N. The
debt limits ¢! are not-too-tight (NTT) for agent i (at prices p, q) given penalties V%4
if and only if

Vi(ér, é,p,q) = V"Vt € N. (2.3)

Thus NTT debt limits are self-enforcing bounds that do not restrict credit unnec-
essarily. Alvarez and Jermann (2000), building on the work of Kehoe and Levine

(1993), assume that the agents are banned from trading following default, that is
V= Ul(eh), vt € N. (2.4)

Hellwig and Lorenzoni (2009), following Bulow and Rogoff (1989), allow agents to
continue to lend, but not to borrow, upon default. Hence agents can renege on
their debt and be required to hold nonnegative wealth thereafter, resulting in a

continuation utility that depends on prices,
V= V/(0,0,p,q),Vt €N, (2.5)

where the second argument in V;(0,0, p, ¢) denotes the process equal to zero at any



date and state.

A vector (p,q, (¢))_y, (a")_y, (0", ("), (V)L ) consisting of a pricing ker-
nel p, prices ¢ for the infinitely-lived securities, consumption (c), trading strategies
(a') (in Arrow securities) and (6%) (in the infinitely-lived securities), debt constraints
(¢%) and penalties for default (V) is an AJ-equilibrium with initial securities hold-

ings (6" ,)L_, and initial additional wealth (a})_; if

i. Consumption and portfolios of each agent 7 are feasible and optimal: (c¢’,a’, 6") €
B6<a6 + (qO + d0>8117 ¢i7p7 Q) and U(CZ) = W(a(l) + (QO + do)eil, ¢i7p7 Q)

ii. Markets clear: S0 ci =S et ST i =S 07 SN @l =0,V >0.
iii. For each i, ¢' is NTT given V4: V(¢! ¢, p,q) = Vti’d, for all ¢t > 0.

A pricing kernel p and security prices ¢ under which the problem of an agent
admits a solution have to exclude arbitrage opportunities, which implies that (see
for example Bidian 2011, Chapter 2)

qr = Et}%(%ﬂ + diy1),Vt > 0. (2.6)
¢

3 Characterization of not-too-tight debt limits

There is an intimate connection between N'TT debt limits and martingales,@ which
will be explored here. Throughout this section we fix an agent 7 facing a given
pricing kernel p, prices ¢ for the infinitely-lived securities, and penalties for default
Vid We assume that prices p, ¢ exclude arbitrage opportunities, that is they satisfy
Z6). If (¢, a’, 0") € Bi(vr, d',p,q), then (¢!, a’) € Bi(vr, ¢',p), where for all s > T,
a, = a’ + (qs + d,)0’_, (that is, @’ is the beginning of period s wealth of the agent),

and

Bi(vp, ¢',p) :={(c,a) € 67X, x 0T X |ay = v, (3.1)
Pr+t+1
P+t

7 7
crye + Eryy aryer1 < €pyy + arys, v > Gy, VE > 0.

4A process m € X is a martingale if m; = Eymy,q, for all t > 0, while m is a submartingale
(respectively supermartingale) if my < Eymyyq (respectively my > Eymyyq) for all ¢ > 0.



Therefore we can focus on the simpler budgets of the form (B8], in which we can
imagine that the agent is choosing directly the (beginning of period) wealth holdings.
We denote the problem max . )i (vr.4i ) Ur(c) by Pr(vr, ¢, p). Its optimal solution
is Ct(vr,¢',p), and the maximum continuation utility attainable by the agent is
V%(”Ta ¢l7p)

Ch(vp, @', p) = argmax(w)eBiT(l,Tw’p)U%(c), (3.2)
Vir,#'p) = max  Ub(c). (33)

 (00)EB(vr ¢ p)

As a consequence of the equivalence of the budgets B (vr, ¢',p, q) and Bi(vr, ¢, p)
(from the point of view of consumption), the consumption component in C%(v7, ¢, p, q)

and C(vr, ¢', p) coincide, and

V’;(”Tu(biup? Q) = V’]Z"(VTv(Zﬁap)- (34)

We henceforth drop the last argument (¢) in the indirect utility of the agent, as
arbitrage opportunities are absent in an equilibrium.

For the rest of the section we drop the agent-specific superscript ¢ as we focus
on a single agent, and we fix a pair of debt limits ¢, ¢ such that ¢ is NTT (for the
chosen agent, at prices p and penalties V¢). The characterization results of NTT

bounds that follow require:

Assumption 3.1. Debt limits ¢, ¢ satisfy

Vp,q,0) = VUp,q, 0).

Assumption (3.I) makes the continuation utilities after default under the two
debt limits ¢, ¢ equal. It is clearly satisfied for penalties such as (2.4]) and (23] since

continuation utilities do not depend on agent’s debt limitSH Set

M = p(d — ¢). (3.5)

We show next that discounted NTT constraints satisfying Assumption Bl are de-

Bidian and Bejan (2012) analyze an example where the agents are subject to a temporary inter-
diction to trade after default and the continuation utilities depend on debt limits, but Assumption
B holds nevertheless.



termined only up to a martingale, that is we prove that ¢ are NTT (for the given
agent at prices p and penalties V¢) if and only if M is a martingale. The “if” part
(sufficiency) is immediate, and was shown by Kocherlakota (2008) (for less general

penalties for default).

Proposition 3.1. If ¢ are NTT and M is a martingale, then Vy(¢y, ¢,p) = Vi(¢r, &, p)
for all t € N and therefore ¢ are NTT if Assumption [31 holds.

Proof. Tt is immediate to check that (c,a) € By(¢y, ¢,p) if and only if (c,a+¢ — @) €

Bt(¢t> ¢ap) Thus for all ¢ € Na W(ggta é?p) = %(¢ta ¢7p) = V;fd(pa q, ¢)7 and equal also
to Vi4(p, ¢, ») under Assumption B.I} thus ¢ are NTT. ]

The next result is related.

Proposition 3.2. If M is a supermartingale, then for any t > 0, Vi(¢y, ¢,p) >
Vi(¢y, ¢, p) with strict inequality on the set {M; > EM;,1}.

Proof. It is immediate to check that if (¢,a) € B(¢s, ¢, p), then (¢,a + ¢ — ¢) €
Byi(¢y, ¢, p), where ¢ := ¢y + Eg (Mg — Mgyq) [ps > ¢, for all s > t. Since ¢ > ¢; on
{M; > E;M,,1}, the conclusion follows. O

The rest of this section is dedicated to proving the converse to Proposition B.1}
the difference of discounted NTT debt limits is a martingale. In the proof we will
use intensively truncations of an agent’s problem between “periods” where the debt
limits bind, and analyze and perturb the agent’s optimal asset and consumption
paths between two such “periods”. In stochastic economies, the first time when debt
limits bind represents a “cut” in the event tree, and therefore we need to introduce
the notion of a stopping time, which is a function 7' : Q@ — N U {oo} such that
{T =n} € F,, for all n € N. A stopping time T is said to be finite if ' < oo, and
bounded if there exists n € N such that T' < n.

A stopping time T" induces the o-algebra Fr of events known at T,
Fr={Ae F|An{T =n} € F, for all n € N} .

The operator Er(-) denotes the conditional expectation with respect to Fr. Let
x = (z,) € X and T be a finite stopping time. The random variable x7 is defined

as op(w) = Tpw)(w), for all w € Q. The process & starting at T is defined as
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the sequence of random variables (z71,)%,, which we denote also by ©7x (where
© is the shift operator introduced before). By extension, if A C X, then ©TA :=
{07z |z € A}. Let S be another stopping time, not necessarily finite, such that
T < S. The process x stopped at S and starting at T is defined as the sequence
of random variables (z(r4n)rs)pey, Where (T4 n) A S is an abbreviated notation
for min{T + n,S}. We use also the alternative notation (x,)5_p for the process z
stopped at S and starting at T. The notations for an agent’s budget, indirect utility
and solution to his optimization problem introduced in (2I)) and B.1))-(B.3]) apply
also when T is a finite stopping time rather than a deterministic time (period). We
denote the indicator function of a set A € F by 14. Thus 14 : Q — R, 14(w) =1 if
we A, while 14(w) =0ifw & A.

Let T be an arbitrary stopping time. Define a(7") to be the first time the bounds
¢ bind after T', when the agent starts with wealth ¢ at T and faces bounds ¢.
Concretely, for each w € {T' < oo},

a(T)(w) :=inf{t |t e Nt > T(w),a;(w) = ¢(w), (¢,a) € Cp(pr, d,p)},  (3.6)

and for w € {T' = oo}, a(T)(w) := oo. Notice that a(T") is well-defined, as the
set Cr(¢r, ¢, p) contains a unique element. Indeed, strict concavity of the period
utilities (u;) imply that if if (¢, a), (¢, a") € Cr(ér, ¢, p), then ¢ = ¢, otherwise ((c+
d)/2,(a+a")/2) € Br(ér, ¢, p) would be strictly preferred by the agent to both (¢, a)
and (¢/,a’). But then for any s > T, Vi(as, ¢s,p) = Us(c) = Us(d) = Vi(dl, ¢, p),
hence a, = a’, (V is strictly increasing in initial wealth), and therefore (¢, a) = (¢, d’).
With multiple optimal paths (without strict concavity), our arguments would go
through, but we would have to be explicit about which optimal path is selected in
the definition of a(T). We also set o®(T) := T and for k > 1, we define o*(T')
recursively as o (T) := a(a*1(T)).

We impose the following consistency condition between ¢ and ¢:

t)

Assumption 3.2. For each t € N, the process (p . gg)jit is uniformly z'ntegmble.H

a(t)
s=t

This assumption is used in Proposition to show that the process (M)
converges a.s. and in L'. It is a consistency condition between ¢ and ¢, requiring

that ¢ does not grow unboundedly large (in discounted terms) between two periods in

6A process & = (), is uniformly integrable if and only if limg o sup,, E(|2n| - 1), |5q) = 0.
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which the debt limits ¢ bind. It is an extremely mild assumption, since it is imposed
piecewise on time intervals [t, ()], rather than on the whole horizon. Therefore,
if debt limits ¢ bind in bounded time, Assumption is automatically satisfied.
Moreover, Proposition [A.2shows that (p - ¢)?g is uniformly integrable, and therefore
Assumption is satisfied if on each time interval [t,a(t)], ¢ are bounded from
below by an arbitrarily large multiple of ¢ (that is, if there exists K(t) > 0 such
that ¢, > K(t)¢s, for all s € [t,a(t) + 1). Clearly Assumption B.2]is also trivially
satisfied when the penalties are the interdiction to borrow (2.5]) analyzed in Hellwig
and Lorenzoni (2009), since ¢ = 0 are NTT in this case.

We can prove now the converse to Proposition 3.1, which completes the charac-
terization of NTT debt limits. The proof uses the property that the optimal asset

holdings of the agent are nondecreasing in initial wealth (see Lemma [A.T)):
(c,a) € Ci(v, ¢,p), (¢, d') € (V' 0,p) = al >a,Vs >t (3.7)

Theorem 3.3. If ¢,¢ < 0 are NTT (given p,q,V?) and Assumptions [31 and [32
hold, then the process M := p(¢ — @) is a martingale.

Proof. Fix a natural number .
STEP 1. We show that
My > E:Myqy, (3.8)

where My = limy, 00 Ma@an. By Proposition [A.2] the limit is well-defined (a.s.
and in L), and (M,)*") has a (lower) Snell envelope (M)""), which is the largest
submartingale dominated from above by M (that is M<M ), and it satisfies M, =
M, N ESMS+1 and

Moty = Mao- (3.9)

We prove that (]\7[5)?2) is in fact a martingale, rather than just a submartingale.
Assume, by contradiction, that there exists n € N such that {t < n < a(t)} N {M, <
EnMn+1} has positive probability. Until we reach a contradiction, all statements
below are restricted to the set {t < n < a(t)} N {M, < E,M,,1} (which is F,-

measurable). Notice that Mn = M, since Mn =M, N EnMnH and Mn < EnMn+1.
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Let (¢,a) € Cp(én, ¢, p). Define (a,)2), | by

~

- M M, _ _
Qs 1= Qs — > ¢s — :¢s_(¢s_¢s):¢s>
Ps Ps
and let @, = ¢,. Let (¢ ) " be the consumption supported by asset holdings a,

thus ps(¢s — ¢s) = ps(as — as) — Espsi1(asy1 — asy1). Hence

pn(én - Cn) = _M +E Mn+1 = _Mn + EnMn—l-l > 07
ps(Gs —cs) = =My + E;M, 1 >0, n+1<s<a(t).

We reached a contradiction, since

a(t)—1
= Vn(¢n7 ¢>p) > En Z us(cs) +V, (t)]-a(t )<oo

a(t)—1

> En Z us(cs) + V at ) t)<oo = Vn(gbny qb,p) = Vnd

S=n

Having established that M is a martingale, (3.8) follows now from (3:9).

STEP 2. We show that

For each k € N, repeat the construction in STEP 1 for o(¢) instead of ¢, on the

set where {a*(t) < oo}, and obtain the martingale (Ms)akﬂ(t) (the lower Snell

s=ak(t)+1

envelope of (Ms)ji;((tt)) 41); dominated from above by M and such that Mak+l(t) =

Myrs1y Ll We let also M; := E;Myy. By (B.8), the resulting process (M;)2, is a
supermartingale, M < M, and for all k > 1, Mak(t) = Mk ).-

Construct the process (QB);; defined by (/55 = s+ M, /ps. It follows that ¢, > g%s

for all s > ¢, and &ak(t) = Qary for all k > 1. Let (¢,a) € Cy(¢r, ¢,p). We claim that

(¢,a) is also an optimal solution for the problem P;(¢,, o, p) with relaxed debt limits,

that is we show that (¢,a) € Cy(¢y, ¢, p)H Let (¢,a) € Bi(¢y, ¢, p) and n, := o (t) An,

"Equivalently, for o*(t) +1 < s < o t1(t) 4+ 1 define M, := E Mu+1(4) and use repeatedly the
property (B7) and () to show that M < M.
8Since a binds at the same dates and states under the ¢ and ¢ bounds, (¢, a) satisfies the Kuhn-
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for k > 1 and n > t. By (CIl) and (C.6),

Mm—1

Ey Z (us(cs) — us(@s)) < Etu;;n (€y.) (@, — énn) <

s=t

ul(e
< Bad, (9@, — b9) + 10

; Etpnn(¢77n - ann) =
uy(cr)

Dbr

= Et“%(@z)(an - ¢n>1n§ak(t) + Et(Mnn - Mnn)7 (3-11)

as (@, — énn)lmak(t) = 0. Using the necessary transversality condition (C.3)),

nlggo Etu;(én)(an - ¢n)1n§ak(t) < nlglolo Etu;@n)(an — ¢n) =0,
and lim,, o, Ey(M,, — M, ) = 0 since M,, — Moy, M, — Mak(t) (a.s. and in L)
and Mak(t) = Muk). Making n — oo in B.II), E; Z?igt)_l (us(cs) — us(cs)) < 0.
By letting k — oo, it follows that that U,(¢) > U,(c). Since (c,a) was an arbitrary
feasible path in By (¢, (ﬁ,p), we conclude that (¢,a) € Cy(¢y, q@,p).

Therefore Vi(¢y, (ﬁ,p) = Vi(¢¢, ¢,p) = V¢, and

V= Vi(br, 6, p) = Vildy, b, p) > V2

The first inequality above is strict if ¢, > ngﬁt and the second one is strict if M is not
a martingale, but rather only a supermartingale, by Proposition B2l Thus M is a
martingale and ¢; = ¢;. Thus M, = M, = EiM, ), and (3.10) obtains.

STEP 3. We show that
Mt — EtMt+1° (312)

It is enough to prove that
My = B i Mo, (3.13)

since then M; = ExMyq) = EiEi 1Moy = EyM;11, as desired. Let n’:=t+1 and
for m > 0, n™* = a(n™) A a(t). Thus n™ 7 a(t). Fix [ € N. We show first that
M, = E My+. On the set {' < a(t)}, the monotonicity property (B.7) implies

Tucker conditions for the problem P;(¢y, (Z),p). However it is unclear whether it satisfies also the
sufficient transversality condition.
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that a(if) < a(t), thus 5! = a(n!). By (BI0),

].nl<a(t) : EnzanH = lnl<a(t) : Enz a(ml) = 1nl<a(t) : Mnl.

On the set {n' = a(t)}, n'tt = n' = a(t). Therefore
Enl Mnl+1 = 1nl<a(t) -Enz an+1 + 1nl:a(t) -Enz Mnl = 1n1<a(t) 'Mnl + lnl:a(t) . an = Mnl.
Using the law of iterated expectations,

My, = Mno = EWOMnl =...= Enoan = Et+1an,Vl e N.

By the uniform integrability of (M,:), which is a consequence of Proposition B.I], part
2,
M = lliglo Eip 1t My = Evpy llgglo M, = Ey 1My

Therefore (3.I3]) holds and hence ([B.I2)) is true, thus M is a martingale. O

The idea of the proof is depicted in Figure [, for the deterministic case, which
is more transparent. Without uncertainty, submartingales, respectively martingales,
respectively supermartingales are increasing, respectively constant, respectively de-
creasing sequences. The solid line represents the process M := p(¢ — ¢), while the
dotted line represents M , whose construction is explained below.

In Step 1 we fix an arbitrary period of time ¢, and denote by «(t) the first period
when agent’s debt limits bind after ¢, if he starts with wealth ¢, at ¢t and faces
debt limits ¢. We construct the Snell envelope M of M on the interval [t, a(t)]
(the largest submartingale smaller than M, or in this context, the largest increasing
function lying below M on the respective interval), and show that it has to be in
fact a martingale (otherwise the agent will default when faced with debt limits ¢).
It follows that the process M sampled at t and «(t) is a supermartingale.

In Step 2, we construct in a similar fashion the Snell Envelope M for the process
M on the intervals [t, a(t)], (a(t), @(t)], (a2(t), a®(t)], . .., where o*(t) represents the
k-th time debt limits ¢ bind after ¢, in the problem P,(¢;, ¢,p). By Step 1, M is
a supermartingale. Using M , we construct the relaxed bounds é = ¢+ M /p <
¢, which coincide with ¢ at a(t),a?(t),..., that is whenever ¢ are binding in the
problem Py(¢y, ¢, p). Therefore the optimal solution for Pi(¢y, ¢, p) is also a solution
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of the relaxed problem (with larger feasible set) Pt(@,ng,p). By Proposition [3.2]
we conclude that ¢, = ggt, and therefore the process M sampled at ¢ and «(t) is a
martingale (rather than just a supermartingale, as shown in Step 1).

Finally, in Step 3 we show that M must be a martingale. Fix an arbitrary period
t. It is enough to show that M; = M,;, (we are in a deterministic world here). By the
previous two steps, we know that M, = M), for all s. If a(t) = t+1, we are done. If
this is not the case, the monotonicity property (B.17) guarantees that a(t+1) < «a(t).
Indeed, the debt limits of the agent do not bind at ¢ 4+ 1 in the problem P;(¢y, ¢, p),
as they bind for the first time only at «(t) > t + 1. Therefore the wealth of the
agent at t + 1, along the optimal path for problem P,(¢y, ¢, p) strictly exceeds ¢4,
and therefore the debt limits in the problem Py ;(¢:41, ¢, p) must bind before or at
the latest at a(t), by B.1). If a(t + 1) = a(t), then My = Myu) = Moy = Mit,
as desired. Otherwise, by an identical reasoning we have o?(t + 1) < «a(t). We
can continue this iterative process, which stops as soon as of(t + 1) = af(t), as
M; = Muwy = Makgq1y = Miy1. A finite number of iterations is needed if «a(t) is
finite, otherwise one takes the limit as k — oo to get limy oo Myk(41) = Moy and

reach the conclusion.

t a(t) a?(t) a3(t)

Figure 1: Illustration of the proof of Theorem
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When the penalty for default is the interdiction to borrow (2.5]), Theorem
implies that any N'TT debt limits ¢ are discounted martingales and therefore the
result of Hellwig and Lorenzoni (2009) obtains as a particular case of our theorem -
a detailed comparison is offered in Appendix [Bl

Theorem allows for almost arbitrary debt limits (satisfying only the mild As-
sumption [.2]), in which one of them does not have to dominate the other. Therefore
Theorem delivers a general characterization of NTT debt limits, with a simpler
proof. Appendix [Bl contains a detailed comparison between the proof of Theorem
and the proof of Hellwig and Lorenzoni (2009).

The result in Theorem B.3] should not be interpreted as saying that NTT debt
limits are discounted martingales. This is true when the penalty for default is the
interdiction to borrow (2.X) (as seen before), but not in general. For the other
canonical case when the penalty for default is the interdiction to trade (2.4]), we can

in fact show that the NTT debt limits are discounted submartingales.

Proposition 3.4. Assume that ¢ are NTT debt limits when the agent faces penalties
@A) (no trading after default). Then p- ¢ is a submartingale converging a.s.

Proof. The agent will default at period ¢, when starting with wealth ¢, at period ¢,
on the set {pip: > Eipri1dei1}. Indeed, let (c,a) € Ci(¢y, ¢, p). Construct (¢, a’) €
Bi(¢1, 6,p) (see [BI)) given by ¢, = e; + (pidr — Erpriadesr) /pe, @ = ¢, and

(c,a') € Cii(prg1,0,p) (hence ajy = ¢y1). On the set {p;dy > Eipry1¢e1},
¢, > e, and

Ui(d) = w(c}) + Et‘/fil > uy(ey) + EtVt‘il =uy(ey) + EUpq(e) = th.

It follows that U;(¢') > Ui(c) = V¢ on the set {p;¢; > Eipii1¢::1}, contradicting
the optimality of the path c¢. Hence pi¢; < Eipii1¢:41 for all ¢ and therefore p - ¢
is a submartingale. Since ¢ < 0, the martingale convergence theorem (Kopp 1984,

Theorem 2.6.1) applies, and (p;¢;) converges a.s. to an integrable variable. O

4 Applications

The property of NTT debt limits uncovered by Kocherlakota (2008) and stated in

Proposition B.1] suggests that associated to any equilibrium allocations and prices,
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there is a continuum of possible NTT debt limits for the agents, differing from each
other by (arbitrary) discounted martingales with zero expected value, and preserv-
ing the total amount of credit in the economy. Indeed, consider an AJ-equilibrium
(p,q, ()y, @)y, (0, (¢) ), (VL)) Foreachi € {1,...,] -1}, let e’ € X
such that p - € is a martingale and such that &) = 0 (thus p - &’ is a zero mean mar-
tingale). Set &’ := —37,/¢’. Then (P, g, () fps (@) rs (09) s (), (VI L)
is also an AJ-equilibrium, where a’ := @ + &' and ¢’ := ¢' + ¢’. This is an im-
mediate consequence of the equivalence of agents’ budget constraints established in
Proposition 311

We show that Theorem can remove the multiplicity of NTT debt limits out-
lined above, under some additional assumptions on debt limits. In this sense, the
theorem can be viewed as a uniqueness result. Concretely, nonpositive NT'T debt
limits that are bounded by the present value of agent’s future endowments (assumed

finite) are unique.

Proposition 4.1. For eacht € N, let Y, := pitEt Zszt ps€s and assume Yy < 0o. Let
¢, ¢ be NTT given V¢ and satisfying Assumption[31. If0 > ¢,¢ > =Y, then ¢ = ¢.

Proof. Notice that the process p-Y is a uniformly integrable positive supermartingale
converging to zero a.s. and in L'. Thus Assumption is satisfied (with «(t)
replaced by oo), and the conclusion follows by Theorem B3] ]

Therefore with high interest rates (that is, with a finite discounted present value
of endowment) and borrowing limited by the agent’s ability to repay his debt out of
his future endowments (Santos and Woodford 1997), nonpositive NTT debt limits
are unique (for a given agent, pricing kernel and penalties for default). Proposition
[L.Tlfills some gaps and gives a unified view of results obtained for various penalties for
default. When the punishment for default is the interdiction to trade, Alvarez and
Jermann (2000, Proposition 4.11) prove that given any sequential equilibrium with
NTT debt limits and high interest rates, one can construct an equivalent equilibrium
with identical pricing kernel and consumption, but with nonpositive NTT debt limits
bounded by the present value of aggregate endowment. Proposition .1 shows that
such debt limits are in fact unique. Moreover, when the punishment for default
is the loss of borrowing privileges, nonpositive NTT debt limits restricted by the

present value of future endowments must be identically equal to zero, and therefore
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no borrowing can be sustained in an equilibrium, as pointed out before by Bulow
and Rogoff (1989) and Hellwig and Lorenzoni (2009).

The assumption of high interest rates is ad-hoc and extremely restrictive in models
with limited enforcement. In these environments, low interest rates arise in equilib-
rium as a way to induce agents not to default. As shown in Santos and Woodford
(1997), rational bubbles are discounted martingales and they require low interest
rates. The martingale characterization of NTT debts in Proposition B.1] and Theo-
rem [3.3] can be used to show that robust bubbles can arise in limited enforcement
economies. Such bubbles enable agents to circumvent credit crunches (tight debt
limits), and therefore are expansionary.

We introduce first the definition of a bubble and then pursue the connection

between bubbles and self-enforcing debt. By (2.0)), asset prices satisfy

1 1
¢ = —F psds + lim — Eip,q,.
! Dt tz n—00 Py '

s>t
Let fi(p,d) := pitEt Y s>t Psds denote the discounted present value at ¢ of future
dividends d, that is the fundamental value of d at period t. It follows that
b(p.q) = — lim E (4.1)
t\D,q) ‘= EnLH;O tPndn .

is well-defined and nonnegative, and ¢, = f;(p,d) + b:(p,q). The process b(p,q)
represents the part of asset prices in excess of fundamental values, and it is called
the bubble component in the asset prices q. Notice that for all ¢ € N, pbi(p, q) =
Eipii1biii(p, q). Hence p - b(p,q) is a nonnegative martingale and b(p, ¢) = 0 if and
only if 0 = bo(p,q) (= pio limy 00 Ep1g).

We compare pairs of AJ-equilibria, therefore to avoid lengthy notation, we set
E = (p,q, (), (@), (0N, (o), (VIL), while &, &, € denote similar vec-
tors, with all variables barred, tilded, respectively hatted. We say that the AJ-
equilibria £ ,(‘:’ are equivalent if pricing kernels, consumptions and penalties for de-
fault coincide: p = p, & = ¢, Vid = Vid_ for all agents i. Notice that this equivalence
notion allows for a redistribution of initial asset holdings among agents.

We analyze in what follows a class of default penalties described by some exoge-

nous nonpositive “penalty” debt restrictions ¢* < 0 for each agent 7. If an agent i
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subject to some debt limits ¢’ less tight than ¢ (¢° < ¢') defaults at ¢, the agent has
his debt discharged, in exchange for a “fee” |¢!| at t and tighter future debt limits
¢' (and repayment of debt is strictly enforced after a default). The debt limits after
default ¢ < 0 can be arbitrarily small in absolute value, or even zero, in which case
we have an interdiction to borrow upon default, (2.5]). For example, we can take
¢ = —k'e’, where k' > 0 are some predetermined loan-to-income ratios. The set of

nonnegative discounted martingales associated to the pricing kernel p is denoted by

M(p) :={m € X, | p- m is a martingale}.

Proposition 4.2. Let (¢',...,¢") € —XI. Consider an AJ-equilibrium & with debt
limits ¢ with ¢ < ¢', and penalties for default given by Vi == Vi(¢i, &', p, q), for
all i,t. Assume Y, ¢ # >, @Y. Fiz an arbitrary asset j in unit supply (without loss
of generality). Then ¢' — ¢ € M(p) for all i and the following hold:

a. Lete € M(p) such that 93i'€ < @' —¢', for alli. There exists an equivalent AJ-
equiltbrium that has a bubble € in asset j, identical initial endowments of the
assets for the agents, and tighter debt limit (¢*)L_,, with ¢' := ¢ +0".c (< ¢').

b. Let ¢ := Zfil(gz_ﬁl — ¢%). There exists an equivalent AJ-equilibrium that has a
bubble ¢ in asset j and tighter debt limits (¢')L_,.

Proof. ¢',¢" satisfy Assumption B.1] by construction. They also satisfy Assumption
B2 since ¢ is bounded from below by ¢'. Indeed, Proposition [A.2] shows that for
any t, (p- gzﬁ)‘;ft) is uniformly integrable, which coupled with ¢ < ¢ < 0 guaran-
tees that (p . (5) jitt) is uniformly integrable (see also the discussion after Assumption
B.2). Theorem ensures that for each agent i, ¢' — ¢' are nonnegative discounted
martingales.

For any € € M (p), the “bubble equivalence theorem” (Kocherlakota 2008, The-
orem 4) implies that £ is equivalent to an equilibrium £ having a bubble ¢ in asset
j, where for cach period t > 0, ¢ = ¢/ +¢, G5 = ¢F for k # j, 0i_, = 6i_,,
i = ay+e,(0% — 07 ) and ¢i := ¢ +¢,- 6™ The proof is immediate and relies on
the equality of agents’ budgets constraints in £ and £. Market clearing conditions

are clearly satisfied. Bounds ggl remain NTT by Proposition Bl as

V(¢4 &' p, §) = VL, &' p) = VoL, o p) = Vi, &', pyq) = Vi(6h, 6, p, q).
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The first part of the Proposition now follows, as the perturbed debt limits ¢* are less
than ¢' whenever ™ - ¢ < ¢' — ¢, for all 1.

For the second part, we construct first an equilibrium £ equivalent to £, which
differs only in terms of the debt limits and Arrow security holdings. Every agent i
except the first has ¢’ debt limits, agent 1 has debt limits ¢' — ¢, and the Arrow
securities holdings are a' := a' — ¢ and @' := a’ + ¢' — ¢ for i # 1. Market clearing
conditions hold, debt constraints are satisfied, while agents’ budgets coincide, as
shown in (the proof of) Proposition Bl

In turn, € is equivalent to an equilibrium € with identical debt limits for the
agents, in which agent 1 is the sole owner of asset j: étl_jl =1, ézﬁl := 0, for each
t > 0 and agent i # 1. This can be accomplished by setting, for each period ¢, agent
i and asset k # j, 0%, .= 0;%,, ai == al + (¢ + dy)(0i_, — 0i_,). Showing that & is
an AJ-equilibrium equivalent to € is immediate, since agents have identical wealth
levels at all times, and only the allocation of their wealth between Arrow securities
and infinitely-lived assets is changed. Applying the bubble equivalence theorem to &

(instead of £) produces an equivalent equilibrium & with the desired properties. [

Proposition is an instance of the “bubble equivalence theorem” of Kocher-
lakota (2008), who showed that an arbitrary bubble can be injected in an infinitely-
lived asset, while leaving agents’ budget constraints (hence consumption) unchanged,
as long as the debt constraints of the agents are allowed to be adjusted upwards by
their initial endowment of the asset multiplied by the bubble term. The introduction
of a bubble gives consumers a windfall proportional to their initial holding of the
asset, which can be sterilized, leaving their budgets unaffected, by an appropriate
tightening of the debt limits.

Another interpretation of Proposition 2] in the light of our Theorem B.3 is as
follows. Assume that the competitive financial intermediaries that set the NTT debt
limits for the agents (see the discussion in the introduction and the model in Abraham
and Carceles-Poveda (2010)) decide to tighten them. Being competitive, they take
the interest rates (pricing kernel) as given, and therefore, by Theorem B3, they
will choose new debt limits that are tighter by a (positive) discounted martingale.
Without a bubble, this reduction in available credit would lead to lower interest rates
(due to precautionary saving) and to a recession, for realistic calibrations (Guerrieri

and Lorenzoni 2011). The total reduction in credit is a discounted martingale, and a
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bubble in an asset in unit supply equal to this reduction in credit would completely
compensate for the reduced liquidity in the economy.

The bubble equivalence theorem did not receive the attention it deserves, since
it was usually assumed that the new (tighter) debt bounds required to sustain the
bubble injection in a positive supply asset must eventually become positive, due to
the bubble component they now containH Forced saving, however, seems implausible
(especially with enforcement limitations). Proposition showcases the power of
Theorem [3.3] and points out that debt limits can remain nonpositive (and NTT) after
a bubble injection, if the penalties for default are sufficiently mild - agents are still
allowed to borrow some predetermined (possibly zero or arbitrarily small) amounts
after default. Keeping the agents’ initial endowments of assets fixed guarantees
the existence of an equivalent bubbly equilibrium only if the initial endowments of
long-lived securities and agents’ excess debt limits over the penalty levels satisfy an
additional consistency condition (always satisfied for example if only one agent owns
the asset j initially, and his debt limits are not identically equal to the penalty levels).
If we allow initial transfers (of stocks and Arrow securities) among agents, then a
bubble of size up to the (absolute value of) total debt limits in excess of penalty

levels can be injected in an asset in unit supply.

5 Conclusion

We consider an infinite horizon, complete markets economy, in which agents have
the option to default on debt at any period in exchange for a continuation utility
that can be date and state contingent, and can depend on the pricing kernel. For an
agent facing a given pricing kernel and penalty for default, we characterize the set
of debt limits that allow for maximum credit expansion while preventing default, a
la Alvarez and Jermann (2000), known as “not-too-tight” (NTT) debt limits. We
show that two discounted NTT debt limits for an agent facing a given pricing kernel

must differ by a martingale.

9Hellwig and Lorenzoni (2009) is an exception, as they show that with low interest rates aris-
ing under the penalty 2] debt limits can contain bubble (martingale) components that remain
bounded. However they do not connect this observation with the possibility of bubbles in asset
prices using Kocherlakota’s (2008) mechanism of transferring bubbles from debt limits into asset
prices. Moreover, the interdiction to borrow penalty (see BH) analyzed by Hellwig and Lorenzoni
(2009) is just a member the family of penalties allowed in Proposition
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Our characterization is crucial for establishing the uniqueness of NTT debt limits
bounded (in absolute value) by the present value of future endowments. Moreover, it
can be used to show that the tighter bounds resulting from the injection of a bubble
using Kocherlakota’s (2008) mechanism can remain nonpositive, despite the bubble
component they contain. If agents are still allowed to borrow predetermined fixed
fractions (arbitrarily small and possibly zero) of their endowments upon default, an
equilibrium can sustain bubbles (on assets in unit supply) equal to the total debt
limits in excess of the penalty levels.

Thus economies with endogenous (NTT) debt limits provide robust examples of
bubbles, in the presence of rational, forward looking agents. These bubbles satisfy a

need for liquidity triggered by credit crunches.

A Omitted proofs in Section

Lemma A.1. Given any t € N and F;-measurable random variables V' > v,
(67 a) E Ct(y7 ¢7p)7 (C/7 a/) G Ot(”’? ¢7p) :> a’; Z a’57vs Z t'

Proof. It is enough to prove that aj,; > a;y1 and the conclusion follows by iteration.
If ¢, < ¢, then on {a;,; > ¢y1} it must be that aj ; < a44q, as Viqq is strictly
concave by standard arguments and the first order conditions are (we drop the fixed

arguments p, ¢ in the indirect utility function)

we) _ p e
Vig(ai)  per — Vi(ag)

Moreover, on {a;,; = ¢ri1}, ¢rp1 = ajyy < agqa, thus af < agyq. This contradicts

a; < ay, as

Pt+1 / Diy1 /
Qi1 — € > ¢+ Etp—atJrl — ey = Q.

t t

CLt:Ct+Et

We proved that ¢, > ¢;. Clearly a;,,; > a1 on the set {a;41 = @1} On {aq >

¢1=1}, agent’s first order conditions are

wy(cr) _ P _ u;(ct)
Vtﬁrl(atﬂ) Piy1 Vt’+1(a;+1)7
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implying that a; , > a4, as required. [

Proposition A.2. Lett € N and ¢,¢ < 0 debt limits such that Bs(¢s, ¢,p) # 0,
By(¢s,6,p) # 0, for all s > t. For each n >t natural, let 1, := a(t) An. Then
1. (ps(bs)?itt) converges a.s. and in L', and it is greater than the uniformly in-
ot)
tegrable submartingale (gs)g@ = <E8pa(t)gba(t) — E ng*l pTeT> , where

) Pa(r) = im0 Py, O, -

2. If Assumption [32 holds, then (M) (t) converges a.s. and in L', and it is
bounded fmm below by Z and from above by the uniformly integrable submartin-

gale (Z) o) ( ps¢s+z =t Pr€ T)sitt)'

3. If Assumption[3.2 holds, then (M)."; ) admits a (lower) Snell envelope (M)?itt),

which s the largest submartingale dommated from above by M (that is M <
M ). The Snell envelope M satisfies:

(i) Et(MS) = inf,<rca@y+1 EeMrp, for allt < s < af(t).
(ii) My, = M, A E;M,,y, for allt < s < aft).
(iii) Ma(t) = Ma(t); where Ma(t) = limn_mo Mﬂm M a(t) - = hmn_ﬂX) M,

Mn *

Proof. Let (c,a) € Cy(¢y, ¢, p). Aggregation of agent’s budget constraints gives

Mm—1 Nn—1

B> pce = Er Y pas+ it — Eipy, b, — Eipy, (an, — 5.) - (A1)

s=t s=t

The inequality «'(z)r < u(x) — u(0) < @ — u and the first order conditions for the
problem P;(¢, 6,p) give

NMn—1 NMn—1
p —
0< FEy E PsCs = —@tu’t(ct) - E, E Bsu'(c5)es < U < o0, (A.2)
s=t s=t

where U = pe(Br (cr)) ! (a0 — u) By Zszt Bs. Since (c,a) € Ci(¢y, ¢,p), by the
transversality condition (Lemma 1.1 in the supplement to Bidian and Bejan 2012),

nh_{go Eipy, (ay, — ¢n,) = nh_g)lo Eipn (an — ¢n) Locat) (A.3)

Eyuy,(cn)(an — on)lpcany < lim Ew (en)(an — ¢n) = 0.

p— ]_.
Do - u;<c )

n—o0 Ut(c )
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From (A.I)-(A.3),

s=t s=t

Tin 1 Mn 1
lim (Et > paea— Etpnnd)nn) = —pude+ lim By Y pecs SU —piy. (Ad)

As ¢ < 0, —Eip,, ¢y, > 0. Let Zg‘ Loses = limy, oo Yo ' pses. Using the

monotone convergence theorem in (A4,

Oé(t)—]. 77n_1 7777,_1
Et Z bs€s = nh%rgo Et Z DsCs < rLILH;o (Et Z PsCs — Etpnn¢nn> < U-— pt¢t < O0.

s=t s=t s=t

Therefore ngt) ~! paes is integrable and (p,, ¢y, )n is L'-bounded,
SUp —Ey [Py, &, | = SUp Bt [py, &, | < 00 (A.5)

At any period s € N, since B,(¢s, ¢, p) # ), the agent can consume at least 0 if his
beginning of period s wealth is ¢, and he faces the bounds ¢. Thus

ps¢s +pses Z Esps+1¢s+1- (AG)
It follows that (ps@s — S pTeT)jg is a supermartingale, which converges by (A

(Kopp 1984, Corollary 2.6.2). We infer that (p,,¢,,), converges a.s., and hence
converges also in L', since (—Eypy,, ¢, = Ei|py, dn,|)n converges by (A4) (Kallenberg
2002, Lemma 1.32). As the supermartingale (p,¢p, — Zi;i pTeT)itt) converges a.s.
and in L', p,os — Zi;i pre; > Eglim, oo py, ¢, — Eslimy, o "’Lt prer, thu

ps¢s > Espa(t)¢a(t) - Es Z Pbrér. (A7)

We conclude that (psqbs) t) is bounded from below by the uniformly integrable sub-
a(t)
martlngale ( spa(t)¢a( Z t) 1p767> .
s=t

2. Similarly, (AX6) with ¢ replaced by ¢ shows that (psps — Zjﬁ pTeT)a(t) is a

s=t
supermartingale. Thus (Zs)a( ( —pshs + ZT_t TeT)S(tt) is a positive submartin-

10 Alternatively, we can use (A written at an arbitrary period s € [t,«(t)) rather than ¢ and
take the limit n — oo.
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gale dominating M, as Z > —p- ¢ > p(¢ — ¢) = M. Using Assumption 3.2 we infer
that Z is a uniformly integrable submartingale, and therefore (pnngz_ﬁnn)n converges
a.s. and in L'. Hence (M,)"Y) is uniformly integrable, converges a.s. and in L,
and it is bounded from below, respectively from above, by the uniformly integrable
submartingale Z, respectively Z.

3. The (lower) Snell envelope (Ms)?g is constructed as M, = infs<rca1 EsMr,
for t < s < a(t) +1 (Kopp 1984, Theorem 2.11.3). The inf in the definition of M,
refers to the essential infimum over all finite stopping times T greater than s and
smaller or equal to a(t), which can be an uncountable family (Kopp 1984, Proposition
2.11.1). Kopp (1984, Theorem 2.11.3) assumes the integrability of sup,, |M,, |, but
the boundedness conditions on M established in part 2 are enough for the existence
of infycrca()+1 EsMrp. Indeed, as the family (M7) with 7" running over the finite
stopping times s < T < a(s) is downward ﬁltering there exists a sequence of stop-
ping times (7},) with s < T,, < «a(t) + 1 such that inf,cpca@)r1 Mr = limy, o0 M.
Since Z;, < My, < Zz, and (Zy, ), (Zr,)n are uniformly integrable by the optional
sampling theorem (Kopp 1984, Theorem 2.10.4), it follows that (Mg, ), is uniformly
integrable. Therefore MS = lim,, oo EsMrp, and is well defined.

Parts (i) and (ii) are shown in Kopp (1984, Theorem 2.11.3). By (i), there exists
an increasing sequence of stopping times (7},),>1 such that Ty = ¢, T,, * «(t), and
forn > 1, Ty1 > (T,,+1) Aa(t) and EtM(TnH),\a(t) > EMy, ., — % Taking the limit
with n — oo, EtMa(t) > B My, As M < M, we conclude that Ma(t) = M,y O

B Comparison with Hellwig and Lorenzoni (2009)

Our Theorem B3] is stronger than the main result in Hellwig and Lorenzoni (2009),
with a simpler proof which also fixes some oversights in their proof. Hellwig and
Lorenzoni’s (2009) result is a particular case of our Theorem B.3l They focus on the
case when the penalty for default is the interdiction to borrow and therefore the
sequence of debt limits identical equal to zero (¢ = 0) is NTT.

In this section, we show first that Hellwig and Lorenzoni’s (2009) result can be

extended to general penalties for default, and used to obtain a weaker form of our

"1 This means that for any two such stopping times T}, 75, there is another stopping time T" such
that My < My, AMy,. The property is immediate and established in Kopp (1984, Theorem 2.11.3).
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Theorem restricted to pairs of debt limits in which one is uniformly tighter
(greater everywhere) than the other, ¢ < ¢. However their result does not imply
ours, even after this generalization. Then we compare their proof with ours. The
main departure and simplification is that we bypass the complicated construction in
their Lemma 2 by using Snell envelopes. The other steps in the proof are similar, once
technical shortcomings (related mainly to transversality conditions and switching the
order expectations and limits) are taken care of.

Let ¢, ¢ be NTT for an agent given some penalties for default V¢, Assume that
¢, ¢ satisfy Assumption B.I] and that ¢ < ¢. Consider a different (fictitious) agent
with perturbed endowments e} := e, + ¢, — ]%Etptﬂq_ﬁtﬂ. Notice that ¢ > 0 as
Bi(¢y, ¢,p) # 0, for all t. Denote by Bj(v4, ¢',p) and V/ (v, ¢, p) the budget and
indirect utilities at ¢ of the agent with perturbed endowments and faced with some

arbitrary debt limits ¢’ and initial wealth v4. It is immediate to check that

(C> a) € Bt((b;,qb,,p) g (C7a - Qg) € B;(QS; - Qgtaqbl - anp) (Bl)

Taking ¢/ = ¢ in (B.)), we infer that Vi(¢, ¢, p) = V;¢ = V/(0,0,p). Therefore the
continuation utilities after default of the initial agent with endowments e and subject
to general punishments V¢ coincide with the continuation utilities after default of
the agent with endowments ¢’ and subject to the interdiction to borrow after default
[Z3). Choosing ¢/ = ¢ in (B), we get Vi(¢y, ¢, p) = V¥ = V/(¢y — d1, ¢ — ¢, p), and
therefore ¢ — ¢ are NTT for the agent with endowments e’ and subject to penalties
([Z3). Now the crucial ordering assumption ¢ < ¢ imposed here on the pair of debt
limits ¢, ¢ implies that ¢ — ¢ < 0 and therefore we can apply the result in Hellwig
and Lorenzoni (2009) to the agent with endowments ¢/, debt limits ¢ — ¢ and subject
to penalties (Z5) to conclude that p(¢ — ¢) is a martingale.

Note that this reasoning cannot be applied to arbitrary NTT debt limits ¢, ¢,
since Hellwig and Lorenzoni’s (2009) proof crucially requires that an agent’s debt
limits must be nonpositive, hence ¢ — ¢ < 0 is needed. While we impose ¢, ¢ < 0
in our proof, we do not require that ¢ < ¢ (that is, we do not require that one
of the debt limits is always tighter than the other). Therefore in some dates and
states ¢ can be larger than ¢, while in other dates and states, ¢ is larger than

¢. Such non-ordered debt limits are exactly the ones occuring in our discussion of

12We thank an anonymous referee for pointing this out to us.
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the multiplicity of equilibria resulting from perturbations of agents’ debt limits by
zero mean discounted martingales (see the discussion at the beginning of Section @).
Therefore the partial characterization of NTT debt limits afforded by the extension
of Hellwig and Lorenzoni’s (2009) outlined above is of limited use and cannot be
applied, for example, to establish the uniqueness result of Section [l

In the remaining of this section, we compare and contrast Hellwig and Lorenzoni’s
(2009) proof to ours. We first make the parallel between their “event tree” notation
and ours (which uses the standard language of stochastic processes), and then all
the discussion will be transcribed in our notation (for simplicity). For w € Q and
t € N, the date ¢ “node” containing state (“leaf”) w represents the set of states that
are known to be possible at ¢ if the true state is w, Fi(w) := N{A € F; |w € A}.
For arbitrary 7 > 0 and w € Fi(w), Fiyr (@) is a date t + 7 “successor” node of
Fi(w). Hellwig and Lorenzoni (2009) use s' for a period ¢ node F;(w), and st for a
successor Fy, (@) (with @ € Fy(w)). For fixed ¢,7 > 0, node s, and successor s"*7,
they let (see page 1158)

N-(s") = {Forr () [ t+ 7 < a(t)(W), o' € Fy(w)},

B.(s") = {Frar (W) [t + 7 = a(t)(w'), 0 € Fr(w)},

N(s') = {Fs(w') [t + 7 < a(t)(w),w € Fi(w)},

B(s") = {Fs(w') | s = a(t)(v),w" € F(w)}, (B.2)
N8 = {F (W) | t+ 7 <s < at)(W),w € Frr(©)},

B(s"; ") = {F () [t +7 < s = a(t)(W),w € Frpr(@)}.

Thus our use of the stopping time «(t) (as the first time the constraints ¢ bind
after ¢ along an optimal path when agent starts with wealth ¢; at t) makes all the
above (rather complicated) notation introduced by Hellwig and Lorenzoni (2009)
redundant. They also define w(s""7;s") = —Eiyr Zj(tHT pses on Fi(w), and on
Forr(@), they set

b o o POEW) pul)
W= P )

]:S(w/)eB(st+-r;St)

Notice that ¢ is not well defined when a(t) is infinite. Based on our read of their

proof, we believe they intended ¢(s™7; ) 1= lim, 0 p%rTEHTp%gbnn, for t+7 < a(t),
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where 1, := n A a(t). This limit can be shown to be finite by the arguments in
the first part of our Proposition [A.2] or using their Lemma 1, once some minor
typos there are fixed. Specifically, last term in the first formula in Lemma 1 should
be lim, oo ;ﬁEtJernn(a?*yn — ¢y,) instead of lim,, oo ]ﬁEthna;ln@(t), and the

transversality condition should be lim,, Z#Etﬁpnn(af]n — ¢n,) = 0 rather than

lim,, oo IﬁEthna;ln@(t) = 0 (where a* are the optimal asset holdings in the

problem P;(¢, ¢, p)). In Lemma 1 they also establish that w(s"*7; s') < oo and ¢y, +

w(s™T; 1) > $(s7; st) > —o00 (on Fyyr(@)). These conclusions follow also from our
a(t)

s=t

Proposition [A.2] which additionally proves that the process (pos)
and in L.

The crucial step in their proof is Lemma 2, where they show the existence of

converge a.s.

some “auxiliary” debt limits (gz;s)szt such that

. { bs, if s = a¥(t) for k >0,

¢s = . ~ .
i piSES min{ps.10s11, Ps11¢s11} otherwise.

The bounds qg are the limit of a nondecreasing sequence of debt bounds ¢ (thus
oM A &), obtained iteratively. Condition ¢ < 0 is essential to guarantee bound-
edness from above of (¢(™), and the existence of the limit ¢. Lemma 3 shows,
furthermore, that ¢ < ¢.

Our proof also uses some auxiliary debt limits M /p, where M is the “piecewise”
Snell envelope of p- (¢ — ¢) (= p- ¢ for ¢ = 0) on intervals (a®(t), a*+1(¢)]. Therefore
we bypass entirely their Lemma 2 and the need for ¢ — ¢ to be nonpositive. This
is the major simplification in our proof and what enables us to obtain the general
Theorem B.3]

Finally Lemma 4, respectively Lemma 5 of Hellwig and Lorenzoni (2009) are
similar to our Step 2, respectively Step 3 in the proof of Theorem B3l They don’t
check that the transversality condition holds in the relaxed problem in their Lemma
4 (we dealt with this in our Step 2), which is rather delicate. We also had to use

a(t)

repeatedly in these two steps the a.s and L' convergence of the process (psds)oy

(shown in our Proposition [A.2)) in order to exchange the order of limits and expec-
tations. This property is used implicitly by Hellwig and Lorenzoni (2009), disguised
by the notation (B.2).
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C Transversality conditions

We analyze the problem P,(ay, ¢, p) of a consumer that faces debt bounds ¢, pricing
kernel p and starts with wealth a; (Fi-measurable) at period ¢ (see Section 3 in the
main text). Let (¢,a) € Cy(a, ¢,p) be the optimal consumption (assumed strictly
positive) and asset holdings for the agent. Familiar variational arguments show that

(¢, a) satisfies the following Kuhn-Tucker necessary conditions, for all s > ¢:

U(E) = Uy (Eor) 2 > 0, (C.1)
Ps+1
! (= / — pS —
(140 = s (Gus) L ) @ = 6u0) 0. (€2)
ps+1

Let e, := e, + ¢ — E ps“ ¢si1, for all s > t. Adapting the arguments of Forno and

Montrucchio (2003), we obtam the following necessary transversality condltlonl

Lemma C.1 (Necessary transversality condition). The optimal path (¢,a) satisfies

lim Eu(c)(as — ¢s) = 0. (C.3)

S$—00
Proof. Fix an € > 0 a period s > t. Concavity implies that for any 0 < ¢ < £ and

n>t,

Un(Cn) — Un (G + (€ — Cn)) < = (Un(En) — up(Cn + (€, — Cn))) -

M| ™

We construct the alternative asset holdings process (a,(¢)),-, where a,(e) = @, if t <
n < s, and a,(¢) = (1 —¢€)a, +e¢, if n > s+ 1. It sustains the feasible consumption
process (cn(e)),—, defined by ¢, (e) = €, if t <n < s, ¢5(e) = &5+ B2 (A1 — Psv1),
and ¢, (¢) = ¢, + (€, — ¢&,) for n > s. Optimality of ¢ implies that

0= By (us() = us(es(e))) + limsup F, D (walen) = unleale))). (C4)

13 The proof works for general period utilities u;(-), not necessarily of the discounted and bounded
variety assumed in the text, if one uses a weak optimality criterion (Forno and Montrucchio 2003)
and if there exists £ > 0 such that B Y%, (us(Cs) — us(Cs + E(8s — )" < o0.
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Notice that

£ e
n=s+1 n=s+1

and the term S°°° L (u,,(Gy) — un(ca(8)))" is integrable, by hypothesis. Fatou’s

n=s+1 &

lemma gives

T T

1%$mgz:g%@gﬁm%@»ga%ﬂ?§:émmm—%mﬁm
<EY () - ma@) . ()

Dividing both sides of (C.4) by e and using (C.5l),

[e.e]

B () ~ (@) S B Y () — uafen() < oo

n=s+1 €
By the monotone convergence theorem, when € 0, the left hand side of the above
Ps+1

Ps (a5+1 - ¢s+1)7 which equals Etu;“(ésﬂ)(&s“ -
¢sy1), due to the Kuhn-Tucker equations (C.I)),([C.2). The conclusion follows by

letting s — oo. ]

equation converges to Eyu’(cs)

We include for completeness the standard proof of sufficiency of the Kuhn-Tucker

and transversality conditions for the optimality of a path.

Lemma C.2 (Sufficient transversality condition). If a feasible path (¢,a) € Bi(ay, ¢, p)
satisfies the Kuhn-Tucker conditions (CIl) and (C2), then for any other feasible path
(c,a) € By(ay, ¢, p) and any bounded stopping time T > t,

T

E; Z(US<CS) —u,(Cs)) < Etuéf—kl (Cri1)(@ryr — Or41). (C.6)

s=t

Thus a sufficient condition for (¢,a) to be optimal for problem P,(ay, ¢, p) is

lim inf By, (&) (a@s — ¢s) = 0, (C.7)

§—00
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Proof. Let pgp1 = ug(Cs) — tyy1(Cor1)5;. Consider an arbitrary feasible path

(c,a) € B(at, ¢, p). Using concavity of u,(-) and the budget constraints,

T

E, Z(us<68) —u,(c,)) < By Zu;(55)<cs —Cs) =

s=t

S

T
- Et Z u;(és) (as - ¢s - Esp;;rl (as-i-l - ¢S+1)) -
s=t

S

T
5,36 (00— 60— B e~ 6))
s=t

We analyze separately the last two terms. Using the Kuhn-Tucker conditions
(CI)) and (C.2), which show that us.1 > 0 for all s > ¢, it follows that

T
E; Z uls(és> <(as - Qbs) - Esp;;_l (as—i—l - ¢s+l)>

S

=5 Y (s~ 00 = () + 20 ) (0 = 0000

s=t s

< () (ar — é) — By (Cri)(ari — o) < Eyug(e)(ar — ¢).

Similarly, using both (C.I]) and (C.2J),

S

T
B Y 0h(e) (000 = BL 0 = 60
=y (C)(ar — ¢¢) — Eyurpyy (Cry1)(@rs1 — drin).

Moreover a; = a; since they equal the initial period ¢ wealth of the consumer, a;.
Thus

T
hTrgiO%f Ey Z;(US(CS) —us(Cs)) < liTIILiOI.}f Etu/T-H (eri1)(aryr — ¢ria) =0,
and therefore (¢, a) is optimal for P,(ay, ¢¢, p). ]
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