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Nuclear fission is unquestionably one of the most challenging quantum many-body problems. 
 
Important for fundamental nuclear theory, origin of elements, applications. 
 
Several recent developments have changed radically our prospects of attaining a microscopic  
description of fission, almost 80 years after it was experimentally discovered. 
 
(In comparison superconductivity needed less than 50 years to attain this goal, from 1911 to 1957.) 
 
 
•  Formulation of a local extension of the Density Functional Theory (DFT), in the spirit of the  
Local Density Approximation (LDA) formulation of DFT due to Kohn and Sham, to superfluid  
time-dependent phenomena, the Superfluid Local Density Approximation (SLDA). 
 
•  Validation and verification of (TD)SLDA against a large set of theoretical and experimental data. 

•  Emergence of very powerful computational resources. 

•  Non-trivial numerical implementation of SLDA and Time-Dependent SLDA (TDSLDA)  and  
deployment of complex codes using the most advanced capabilities of leadership class computers, 
in particular taking advantage of tens of thousands of GPUs. 

      SLDA and TDSLDA are problems of extreme computational complexity, requiring the solution of  
      10,000 … 1,000,000 coupled complex non-linear time-dependent 3D partial differential equations. 
 



Never be afraid to try something new. Remember that amateurs  
built the Ark and professionals built the Titanic. 

This presentation is a perfect illustration of Dave Barry’s suggestion: 

I definitely could not call myself a fission or high-performance computing expert at the time when 
this project started around 2006. At that time nuclear fission looked to me like a good problem to 
give it a try, being unaware of how complex really is and not having someone around to warn me.  
 
Now I know a bit more. 
 
But then again, as Sydney Brenner (Nobel prize 2002) said: 

I’m a strong believer that ignorance is important in science. If you  
know too much, you start seeing why things won’t work. That is why  
it’s important to change your field to collect more ignorance. 



From Lectures given by Gönnenwein at LANL Fiesta School, 2014 



From Barranco, Bertsch, Broglia, and Vigezzi 
Nucl. Phys. A512, 253 (1990) 

•  While a nucleus elongates, the Fermi surface  
becomes oblate. Its sphericity can be restored  
only by redistributing the nucleons on  
different energy levels. 
 
•  Each single-particle level double is occupied  
with time-reversed quantum numbers  
(in the shaded area) 
•  At each crossing two nucleons change their 
angular momenta (m,-m)  =>  (m’,-m’) 
                   “Cooper pair” =>  “Cooper pair” 
 
•  Pairing interaction/superfluidity is the most  
effective mechanism at performing such 
transitions 

How nuclei change their shape  
at a microscopic level? 
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Bertsch and Bulgac, Phys. Rev. Lett. 79, 3539 (1997) 

Let us consider an axially symmetric nucleus,  
with Oz the axis of symmetry and  
evaluate semiclassically the  angular  
momentum distribution 

However, in TDHF or TDHF with frozen occupation probabilities P(lz) is conserved. 
 
Single-particle states with |lz| ≈ O(kFr0A1/3), which should not be occupied in the fission  
fragments, retain their initial occupation probability. 
 
Thus, the initial spherical Fermi momentum distribution acquires an ellipsoidal prolate 
shape in the final fission fragments. 
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A different mechanism for nuclear shape evolution was advocated by  
 
   J.W. Negele, Nucl. Phys. A 502, 371c-386c (1989) 
      Microscopic theory of fission dynamics 
 
 
    

One more problem! 
Initial	nucleus:	20	posi.ve	+	12	nega.ve	parity	sp	orbitals		
Final	nuclei:							16	posi.ve	+	16	nega.ve	parity	sp	orbitals																																				

Occupied sp orbitals m-quantum  
numbers in initial and final configurations 



From Negele, Koonin, Möller, Nix, and Sierk  
Phys. Rev. C 17, 1098 (1978) 

TDHF + BCS with constant pairing gap  



•  Can the adoption of a TDHF + TDBCS approach to fission help  
restore the sphericity of the Fermi sphere in the fission fragments? 
 
•  A little bit. 
 
o  In TDHF the nucleus is allowed to acquire in principle any shape, but whether  
dynamically that is realized is not a foregone conclusion.  
 
o  Adding TDBCS to TDHF adds one “complex” collective degree of freedom to the many  
shape degrees of freedom, a spatially constant throughout the entire space complex time  
dependent pairing field Δ(t). 

o  The phase of Δ(t) can be eliminated with a trivial gauge transformation, which leads  
to a small renormalization of the chemical potential, leaving effectively only one additional  
collective degree of freedom when compared to TDHF, namely |Δ(t)|.  Thus TDHF+TDBCS 
amounts to adding practically  only one additional collective degree of freedom. 
 
o  Practice shows that nuclei cannot always fission within TDHF + TDBCS. 
This is likely related to the fact that the initial spherical Fermi surface cannot evolve 
into two spherical Fermi surfaces in the fission fragments within TDHF + TDBCS.  
 
o  Continuity equation is violated in a TDHF + TDBCS approach. 
	



From Scamps, Simenel, and Lacroix,  
Phys. Rev. C 92, 011602 (2015) 

From Tanimura, Lacroix, and Scamps, 
Phys. Rev. C 92, 034601 (2015) 

TDHF +TDBCS 

In this region the Fermi surface is already spherical. 



Main	Theore.cal	Tool	

1990	 2012	

But not everyone is normal!  Hence, a new local extension of DFT to superfluid systems 
and time-dependent  phenomena was developed. 
Review: A. Bulgac, Time-Dependent Density Functional Theory and Real-Time Dynamics 
of Fermi Superfluids, Ann. Rev. Nucl. Part. Sci. 63, 97 (2013) 

DFT	has	been	developed	and	used	mainly	to	describe	normal	(non-superfluid)	electron	
	systems	–	more	than	50	years	old	theory:		
							DFT	-	Kohn	and	Hohenberg,	1964		
							LDA	-	Kohn	and	Sham,	1965	

THEOREM:	There	exist	an	universal	density	func9onal	of	par9cle	density.	
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THEOREM: There exist an universal functional of particle 
density	alone	independent	of	the	external	poten.al.	

Kohn-Sham theorem (1965) 

Injective map 
(one-to-one)! 

The wave function of 240Pu depends on 720 coordinates!!!  
It has 1.76x1072 spin components!!!  



SLDA Extension to Superfluids  
and Time-Dependent Phenomena, 
and Verification and Validation  
 
 
•  Since DFT/SLDA is not an approximation, but in principle an exact 
theoretical framework (unlike HF, HFB, etc.), one has to convincingly 
prove that its specific realization is equivalent to the Schrödinger equation! 
(The DFT and the Schrödinger descriptions should be identical.) 
 
•  Also, that it correctly describes Nature!  

•  And also, that the numerical implementation faithfully reproduces the theory. 

 
There exists a real physical system, the Unitary Fermi Gas introduced by G.F. Bertsch,  
The Many-Body X Challenge, 1999 where many of these aspects can be directly verified: 
                         The Unitary Fermi. 



The SLDA energy density functional for unitary Fermi gas 
(infinite scattering length and zero effective range) 

•  Surprisingly, the gradient corrections are negligible! 
•  Three dimensionless constants α, β, and γ determining the functional are  
extracted from Quantum Monte Carlo for homogeneous systems and they determine  
the total energy, the pairing gap and the effective mass. 

Dimensional arguments, renormalizability, Galilean invariance, and symmetries   determine 
fully the functional form of the energy density. 
 
In this respect this system is perhaps unique in Nature. It describes cold atoms and to a large 
extent dilute neutron matter, making it an ideal testing ground for DFT. 
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Bulgac, Forbes, and Magierski, Ch.9 in  Lecture Notes in Physics, vol. 836  (2012) 



Formalism for Time-Dependent Phenomena  
“The time-dependent density functional theory is viewed in general as a 
reformulation of the exact quantum mechanical time evolution of a many-body 
system when only one-body properties are considered.”                

A.K. Rajagopal and J. Callaway, Phys. Rev. B 7, 1912 (1973) 
V. Peuckert, J. Phys. C 11, 4945 (1978)  
E. Runge and E.K.U. Gross, Phys. Rev. Lett. 52, 997 (1984) 
 
http://www.tddft.org	
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Galilean invariance determines the functional dependence on currents. 

Time-Dependent Superfluid Local Density Approximation (TDSLDA) 
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A great example on how TDSLDA help clarify a great puzzle and give a correct  
interpretation to an experimental result. The “heavy soliton” proved to be a vortex ring. 

Nature, 429, 426-430 (2013) 



Dark solitons/domain walls and shock waves in the collision of two UFG clouds 
of about 1,400 fermions, simulating a real experiment. 

Phase of the pairing gap 

Local velocity normalized to Fermi velocity 

Bulgac, Luo, and Roche, Phys. Rev. Lett. 108, 150401 (2012) 

Observation of shock waves in a strongly interacting Fermi gas 
J. Joseph, J.E. Thomas, M. Kulkarni, and A.G. Abanov Phys. Rev. Lett. 106, 150401 (2011)  



Aproximately		1270	fermions	on	a	48x48x128	spa.al	laSce,	≈	260,000	complex	PDEs,		
≈	309,000		.me-steps,	2048	GPUs	on	Titan,	27.25	hours	of	wall	.me	(ini.al	code).	
	
Wlazłowski	et	al,	Phys.	Rev.	Le`.	112,	025301	(2014),	Phys.	Rev.	A	91,	031602(R)	(2015)	

The first ab initio simulation of quantum turbulence in a fermionic superfluid. 
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Osmium	is	triaxial,	
and	both	protons	and		
neutrons	are	superfluid.	

Giant	Dipole	Resonance	
deformed	and	superfluid		
Nuclei.		



Cray XK7, ranked #2, at peak ≈ 27 Petaflops  (Peta – 1015) 
 
On Titan there are 18,688 GPUs , which provide 24.48 Petaflops !!!  
                        and 299,008 CPUs which provide only 2.94 Petaflops  
 
A single GPU on Titan performs the same amount of FLOPs as approximately 134 CPUs. 
 

Main computational tool 



Bright future for GPU computing 



Numerical Implementation and Deployment  
of TDSLDA on leadership class computers 



TDSLDA equations 
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•  The system is placed on a large 3D spatial lattice (adequate representation of continuum) 
•  Derivatives are computed with FFTW (this insures machine accuracy) and is very fast 
•  Fully self-consistent treatment with fundamental symmetries respected (isospin,  
      gauge, Galilean, rotation, translation, parity) 
•  Adams-Bashforth-Milne fifth order predictor-corrector-modifier integrator 
       Effectively a sixth order method 
•  No symmetry restrictions for the solutions 
•  Number of PDEs is of the order of the number of spatial lattice points  
   – from 10,000s to 1-2,000,000 
 

•  SLDA/TDSLDA  (DFT) is formally by construction like meanfield HFB/BdG 
•  The code was implemented on Jaguar, Titan,  Franklin, Hopper, Edison, Hyak, Athena 
•  Initially Fortran 90, 95, 2003 …, presently C, CUDA, and obviously MPI, threads, etc. 
•  Extremely efficient I/O for Check-Point Restart 
•  For more details about the method see INT talk on October 7, 2013: 
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EDF :                             SLy4
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Simulation box:             40 × 22.52  fm3

Momentum cutoff:         pc  =
"π
Δx

= 500 fm/c

Efficient use of FFT to calculate exactly derivatives
Adams-Bashforth-Milne O(Δt6 ) time integration method
  with only two evaluations of the rhs of the equations per time-step
Time-step:                        = 0.119 fm/c
Number of time steps:     ≈120,000
Number of PDEs:            ≈ 56,000
Number of GPUs:            ≈1,750
Wall time:                         ≈  550 minutes
OLCF Titan  - Cray XK7



Induced Fission of 240Pu 



•  No need to introduce and to guess the number and character of collective variables. The  
number of excited shape degrees of freedom is large and it increases during the evolution.  
This makes treatments like GCM, based on a fix number of collective coordinates quite doubtful.   

•  No need to evaluate the rather ill-defined potential energy surface.    Not clear how to choose the 
collective coordinates, how to choose the constraints, how to choose their number, and whether to require  
the nucleus to be cold or not. 

•  No need to determine the rather ill-defined inertia tensor. Several prescriptions are used in literature. 

•  There is no need to invoke (or not) adiabaticity, since as a matter of fact the dynamical evolution  
is not close to equilibrium, at either zero or at a finite temperature. The evolution is truly 
a non-equilibrium one.  
 
•  One-body dissipation, the window and wall dissipation mechanisms are automatically incorporated into  
the theoretical framework. 
 
•  No modeling (except for the energy density functional, which so far is tested in completely 
unrelated conditions). 
 
•  All shapes are allowed and the nucleus chooses dynamically the path in the shape space, the forces  
acting on nucleons are determined by the nucleon distributions and velocities, and the 
nuclear system naturally and smoothly evolves into separated fission fragments. 
 
•  There is no need to introduce such concepts as “rupture,” which is an un-natural concept  
in quantum mechanics, where everything is smooth, and no need to worry about how to define  
the scission configuration. 
 
•  One can extract difficult to gain otherwise information: angular momentum  
distribution and excitation energies of the fission fragments.  



Induced fission of 240Pu 

Neutron/proton densities (left and top/bottom)  
Neutron/proton pairing gaps (right and top/bottom) 

Bulgac, Magierski, Roche, and  Stetcu, Phys. Rev. Lett. 116, 122504 (2016) 
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The most surprising finding was that the saddle-to-scission time was 
significantly longer than expected from any previous treatments. 
 
Why? 
 
The likeliest cause is the presence in TDSLDA of all possible collective 
degrees of freedom and that alone, even in the absence of dissipative 
effects results in longer saddle-to-scission times. 
 
The fluctuating pairing filed, especially for protons, might also cause this 
behavior. 



2D classical analog model of the Drude model for electron conduction in metals. 

Note that kinetic energy is not dissipated and in both cases and  the “electrons”  
arrive at the bottom with the same speed but at different times! 

On the left  side there is no “ion lattice” present, only 
electrons in an “uniform electric field.” 
 
On the right side the electrons, again in the presence 
of an “uniform electric field,”  collide elastically with  
the “ions.”   



Summary  
•  TDSLDA will offer insights into nuclear processes and quantities which are either not easy 

or impossible to obtain in the laboratory:  
fission fragments excitation energies and angular momenta distributions, 
element formation in astrophysical environments. 
other nuclear reactions … 

•  TDSLDA offers an unprecedented opportunity to test the nuclear energy density functional 
for large amplitude collective motion, non-equilibrium phenomena, and in new regions of 
the collective degrees of freedom. 

•  The quality of the agreement with experimental observations is surprisingly good, especially 
taking into account the fact that we made no effort to reproduce any measured data. 

•  TDSLDA predicts long saddle-to-scission time scales and the systems behaves superficially 
as a very viscous one, while at the same time the collective motion is not overdamped. There 
is no thermalization and the “temperatures” of the fission fragments are not equal. 

 
•  It is straightforward to implement the Balian and Vénéroni recipe to compute two-body 

observables: fission fragments mass, charge, angular momenta, excitation energy widths, … 
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