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ü    Dilute atomic Fermi gases                   Tc ≈  10-­‐9	
  eV  
 
ü    Liquid  3He                                             Tc ≈   10-7 eV 
 
ü    Metals, composite materials                Tc ≈ 10-3 – 10-2 eV 
 
ü    Nuclei, neutron stars                            Tc ≈ 105 – 106 eV 
 
•    QCD color superconductivity                Tc ≈ 107 – 108 eV  

Superconductivity (discovered on April 8th, 1911) and 
superfluidity in Fermi systems are manifestations of 
quantum coherence at a macroscopic level 

 units (1 eV ≈ 104 K)  

Why	
  should	
  one	
  study	
  fermionic	
  superfluidity?	
  



Physical systems and processes we are interested in: 
 
ü Dynamics of vortices, Anderson-Higgs Mode 
ü Vortex crossing and reconnection and the onset of quantum 

turbulence 
ü Domain wall solitons and shock waves in collision of 

fermionic superfluid atomic clouds 
 
ü Collective states in nuclei 
ü Nuclear large amplitude collective motion (LACM) 
                 (Induced) nuclear fission  
ü  Excitation of nuclei with gamma rays and neutrons 
ü Coulomb excitation of nuclei with relativistic heavy-ions  
ü Nuclear reactions,  fusion between colliding heavy-ions 
ü Neutron star crust and dynamics of vortices and their  
        pinning mechanism 
 



 
One option is the two-fluid hydrodynamics (here at T=0, only  
one fluid) 
N.B. There is no quantum statistics in two-fluid hydrodynamics 

Troubles:    
Ø  These are classical equations, no Planck’s constant,  thus 
no quantized vortices (unless one imposes by hand quantization) 
Ø  No physically clear physical mechanism to describe superfluid  
to normal transition (no role for the critical velocity) 
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Two-fluid hydrodynamics + vortex quantization  
is equivalent to a ``Bohr model” of a superfluid  



Another option is the phenomenological Ginzburg-Landau model   
or the Gross-Pitaevskii equation:  
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Troubles: 
Ø GLE valid only for temperatures near and below the critical 

temperature  
Ø  Even though is a quantum approach, it describes only the 
superfluid phase. There is no Cooper pair breaking mechanism 
Ø  GPE was the only microscopic equation available until recently, 
valid a superfluid of weakly interacting bosons at T=0 



There are a number of modes, such as the Anderson-Higgs mode, 
which cannot be describes in either of these phenomenological  
approaches. 

Other issues: 



Energy of a Fermi system as a function of the pairing gap: 
                         Anderson-Higgs mode 
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Ginzburg-Landau-like equation Landau’s two-fluid hydrodynamics 

Both	
  fail	
  



Bulgac	
  and	
  Yoon,	
  Phys.	
  Rev.	
  LeC.	
  	
  102,	
  085302	
  (2009)	
  

Response	
  of	
  a	
  unitary	
  Fermi	
  system	
  to	
  changing	
  	
  
the	
  scaCering	
  length	
  with	
  Lme	
  

• 	
  All	
  these	
  modes	
  have	
  a	
  very	
  low	
  frequency	
  below	
  the	
  pairing	
  gap,	
  
a	
  very	
  large	
  amplitude	
  and	
  very	
  large	
  excitaLon	
  energy	
  
	
  
• 	
  None	
  of	
  these	
  modes	
  can	
  be	
  described	
  either	
  within	
  two-­‐fluid	
  hydrodynamics	
  
or	
  Ginzburg-­‐Landau	
  like	
  approaches	
  



Main	
  TheoreLcal	
  Tool	
  

1990	
  
2012	
  

A new local extension of DFT to superfluid systems and time-dependent  
phenomena was developed 
 
Review: A. Bulgac, Time-Dependent Density Functional Theory and Real-Time 
Dynamics of Fermi Superfluids, Ann. Rev. Nucl. Part. Sci. 63, 97 (2013) 

DFT	
  has	
  been	
  developed	
  and	
  used	
  mainly	
  to	
  describe	
  normal	
  (non-­‐superfluid)	
  electron	
  
	
  systems	
  –	
  50	
  years	
  old	
  theory,	
  Kohn	
  and	
  Hohenberg,	
  1964	
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THEOREM:	
  There	
  exist	
  an	
  universal	
  funcLonal	
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  parLcle	
  
density	
  alone	
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  the	
  external	
  potenLal	
  

Kohn-­‐Sham	
  theorem	
  (1965)	
  

InjecLve	
  map	
  
(one-­‐to-­‐one)	
  

Normal	
  Fermi	
  systems	
  only!	
  



	
  	
  	
  However,	
  not	
  everyone	
  is	
  normal!	
  



One reason: (for the nerds, I mean the hard-core theorists,  
                           not  for the phenomenologists)  

Bertsch’s Many-Body X challenge, Seattle, 1999 

I will illustrate the construction of the DFT functional for 
a superfluid unitary Fermi gas 
          What is a unitary Fermi gas and why would one                
want to study it? 

What are the ground state properties of the many-body system 
composed of spin ½ fermions interacting via a zero-range, infinite 
scattering-length contact interaction.  
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Let us consider a very old and simple example:  
 
                        The hydrogen atom. 
 
The ground state energy could only be a function of: 
 
ü    Electron charge 
ü    Electron mass 
ü    Planck’s constant 

and then trivial dimensional arguments lead to 
 
 
 
 
 
Only the factor ½ requires some hard work. 

   
Egs =

e4m
2 × 1

2



Let us turn now to dilute fermion matter 
The ground state energy is given by a function: 

   
Egs = f (N ,V ,,m,a,r0 )

Taking the scattering length to infinity and the range   
of the interaction to zero, we are left with: 
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The	
  SLDA	
  (DFT)	
  energy	
  density	
  funcLonal	
  for	
  unitary	
  Fermi	
  gas	
  

Three	
  dimensionless	
  constants	
  α,	
  β,	
  and	
  γ	
  determining	
  the	
  funcLonal	
  are	
  	
  
extracted	
  from	
  QMC	
  for	
  homogeneous	
  systems	
  by	
  fixing	
  the	
  total	
  energy,	
  	
  
the	
  pairing	
  gap	
  and	
  the	
  effecLve	
  mass	
  

Dimensional arguments, renormalizability, Galilean invariance, and 
 symmetries   determine the functional (energy density) 
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Bulgac,	
  Forbes,	
  and	
  Magierski,	
  Lecture	
  Notes	
  in	
  Physics	
  (2012)	
  



EOS for spin polarized systems 
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Black line:       normal part of the energy density   
Blue points:    DMC calculations for normal state, Lobo et al, PRL  97, 200403 (2006) 
Gray crosses:  experimental EOS due to Shin, Phys. Rev. A 77, 041603(R) (2008) 

Bulgac and Forbes,  
Phys. Rev. Lett.  101, 215301 (2008) 

Red line: Larkin-Ovchinnikov phase (unitary Fermi supersolid) 



Formalism for Time-Dependent Phenomena  
“The time-dependent density functional theory is viewed in general as a 
reformulation of the exact quantum mechanical time evolution of a many-body 
system when only one-body properties are considered.”                

A.K. Rajagopal and J. Callaway, Phys. Rev. B 7, 1912 (1973) 
V. Peuckert, J. Phys. C 11, 4945 (1978)  
E. Runge and E.K.U. Gross, Phys. Rev. Lett. 52, 997 (1984) 
 
http://www.tddft.org	
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For time-dependent phenomena one has to add currents. 
Galilean invariance determines the dependence on currents. 



Below	
  Tc	
  	
  dissipa.on	
  is	
  included	
  in	
  TDSLDA	
  formalism	
  	
  
for	
  the	
  unitary	
  Fermi	
  gas!	
  

•  Bulk	
  viscosity	
  vanishes	
  for	
  the	
  unitary	
  Fermi	
  gas	
  
D.T.	
  Son,	
  Phys.	
  Rev.	
  LeC.	
  98,	
  020604	
  (2007)	
  
Y.	
  Nishida	
  and	
  D.T.	
  Son,	
  Phys.	
  Rev.	
  D	
  76,	
  086004	
  (2007)	
  
E.	
  Taylor	
  and	
  M.	
  Randeria,	
  Phys.	
  Rev.	
  A	
  81,	
  053610	
  (2010)	
  
•  Below	
  Tc	
  shear	
  viscosity	
  is	
  determined	
  by	
  phonons	
  alone	
  	
  
(yellow	
  band	
  	
  in	
  figure)	
  
	
  

Chaffin	
  and	
  Shäfer,	
  Phys.	
  Rev.	
  A	
  87,	
  023629	
  (2013)	
  
Wlazlowski,	
  Magierski,	
  Bulgac,	
  and	
  Roche,	
  Phys.	
  Rev.	
  A	
  88,013639	
  (2013)	
  	
  	
  



TDSLDA equations 
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•  The system is placed on a large 3D spatial lattice (adequate representation of continuum) 
•  Derivatives are computed with FFTW (this insures machine accuracy) and is very fast 
•  Fully self-consistent treatment with fundamental symmetries respected (isospin,  
      gauge, Galilean, rotation, translation) 
•  Adams-Bashforth-Milne fifth order predictor-corrector-modifier integrator 
       Effectively a sixth order method 
•  No symmetry restrictions 
•  Number of PDEs is of the order of the number of spatial lattice points  
   – from 10,000s to 1-2,000,000 
  
•  SLDA/TDSLDA  (DFT) is formally by construction like meanfield HFB/BdG 
•  The code was implemented on Jaguar, Titan,  Franklin, Hopper, Edison, Hyak, Athena 
•  Initially Fortran 90, 95, 2003 …, presently C, CUDA, and obviously MPI, threads, etc. 
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Over	
  1	
  million	
  ,me-­‐dependent	
  3D	
  nonlinear	
  complex	
  coupled	
  PDEs	
  

Sample	
  Nuclear	
  Code	
  Comparisons	
  (4-­‐component	
  qwfs)	
  



A.	
  Bulgac,	
  Y.-­‐L.	
  Luo,	
  P.	
  Magierski,	
  K.J.	
  Roche,	
  Y.	
  Yu	
  
Science,	
  332,	
  1288	
  (2011)	
  

Several	
  hours	
  of	
  videos	
  	
  



Movie	
  



Movie	
  



Movie	
  



Movie	
  



Movie	
  



A.	
  Bulgac,	
  Y.-­‐L.	
  Luo,	
  P.	
  Magierski,	
  K.J.	
  Roche,	
  Y.	
  Yu	
  
Science,	
  332,	
  1288	
  (2011)	
  



Number	
  density	
  of	
  two	
  colliding	
  cold	
  Fermi	
  gases	
  in	
  TDSLDA	
  
Bulgac,	
  Luo,	
  and	
  Roche,	
  Phys.	
  Rev.	
  LeC.	
  108,	
  150401	
  (2012)	
  

Observation of shock waves in a strongly interacting Fermi gas 
J. Joseph, J.E. Thomas, M. Kulkarni, and A.G. Abanov PRL 106, 150401 (2011)  



Collision	
  of	
  clouds	
  with	
  larger	
  aspect	
  raLo	
  



Dark	
  solitons/domain	
  walls	
  and	
  shock	
  waves	
  in	
  the	
  collision	
  of	
  two	
  UFG	
  clouds	
  

Phase	
  of	
  the	
  pairing	
  gap	
  normalized	
  to	
  εF	
   Local	
  velocity	
  normalized	
  to	
  Fermi	
  velocity	
  





TDSLDA	
  

ConstrucLon	
  of	
  ground	
  state	
  (adiabaLc	
  switching	
  with	
  quantum	
  fricLon),	
  generaLon	
  of	
  a	
  	
  
domain	
  wall	
  using	
  an	
  opLcal	
  knife,	
  followed	
  by	
  the	
  spontaneous	
  formaLon	
  of	
  a	
  vortex	
  ring.	
  
Aproximately	
  	
  1270	
  fermions	
  on	
  a	
  48x48x128	
  spaLal	
  larce,	
  ≈	
  260,000	
  complex	
  PDEs,	
  	
  
≈	
  309,000	
  	
  Lme-­‐steps,	
  2048	
  GPUs	
  on	
  Titan,	
  27.25	
  hours	
  of	
  wall	
  Lme	
  (iniLal	
  code)	
  
Wlazłowski	
  et	
  al,	
  Phys.	
  Rev.	
  LeC.	
  112,	
  025301	
  (2014)	
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Imaging	
  the	
  vortex	
  ring	
  in	
  experiment	
  	
  (movie)	
  

Large	
  ring	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   Small	
  ring	
   Too	
  large	
  Bmin	
  



Large	
  ring	
  

Small	
  ring	
  

Insufficient	
  ramping	
  
of	
  magneLc	
  field	
  



Near	
  harmonic	
  moLon	
  close	
  to	
  T=0	
  	
  
(very	
  small	
  number	
  of	
  phonons)	
  

AnL-­‐damping	
  of	
  the	
  moLon	
  in	
  the	
  presence	
  	
  
of	
  a	
  considerable	
  number	
  of	
  phonons	
  

TDSLDA	
  	
  (movie)	
  





What	
  TDSLDA	
  tells	
  us	
  in	
  the	
  case	
  of	
  an	
  axially	
  non-­‐symmetric	
  trap,	
  
similar	
  to	
  the	
  2014	
  MIT	
  experiment?	
  	
  (movie)	
  

In	
  agreement	
  with	
  the	
  new	
  experiment,	
  when	
  axial	
  symmetry	
  is	
  broken	
  a	
  
domain	
  wall,	
  converts	
  to	
  a	
  vortex	
  ring,	
  which	
  shortly	
  becomes	
  a	
  vortex	
  line.	
  



View	
  along	
  the	
  long	
  axis	
  
(y-­‐axis	
  verLcal,	
  movie)	
  

In	
  a	
  slightly	
  different	
  geometry	
  
one	
  can	
  put	
  directly	
  in	
  evidence	
  
in	
  great	
  detail	
  the	
  crossing	
  and	
  	
  
reconnecLon	
  of	
  vortex	
  lines,	
  the	
  	
  
mechanism	
  envisioned	
  	
  by	
  Feynman	
  	
  	
  
in	
  1955	
  as	
  the	
  route	
  to	
  Quantum	
  	
  
Turbulence	
  (movie)	
  



Quantum	
  turbulence	
  with	
  no	
  dissipaLon	
  conjectured	
  by	
  Feynman	
  (1955)	
  
ExciLng	
  quantum	
  turbulence	
  in	
  a	
  unitary	
  Fermi	
  gas	
  in	
  a	
  trap	
  	
  

Wlazłowski	
  et	
  al,	
  arXiv:1404.1038	
  





Let  us summarize some of the ingredients of  the SLDA in nuclei 
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ED contribution due to superfluid correlations 
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