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Dilute atomic Fermi gases                  Dilute atomic Fermi gases                  TTcc > > 1010--1212 eVeV

•• Liquid  Liquid  33He                                         He                                         TTcc >> 1010--77 eVeV

•• Metals, composite materials               Metals, composite materials               TTcc > > 1010--3 3 –– 1010--22 eVeV

Nuclei, neutron stars                          Nuclei, neutron stars                          TTcc > > 101055 –– 101066 eVeV

•• QCD color superconductivity               QCD color superconductivity               TTcc > > 10107 7 –– 10108 8 eVeV

Superconductivity and Superconductivity and superfluiditysuperfluidity in Fermi systemsin Fermi systems

units (1 eV > 104 K)



• 1913    1913    KamerlinghKamerlingh OnnesOnnes

•• 1972    1972    BardeenBardeen, Cooper and , Cooper and SchriefferSchrieffer

•• 1973    1973    EsakiEsaki, , GiaeverGiaever and and JosephsonJosephson

•• 1987    1987    BednorzBednorz and Mullerand Muller

•• 1996    Lee, 1996    Lee, OsheroffOsheroff and Richardsonand Richardson

•• 2003   2003   AbrikosovAbrikosov, , GinzburgGinzburg and Leggettand Leggett

Memorable years in the history of Memorable years in the history of superfluiditysuperfluidity and and 
superconductivity  of Fermi systemssuperconductivity  of Fermi systems



Gap   2D
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Cooper’s argument (1956)

How pairing emerges?
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Density Functional Theory (DFT) 
Hohenberg and Kohn, 1964

Local Density Approximation (LDA) 
Kohn and Sham, 1965 

Normal Fermi systems only!
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The energy density is typically 
determined in ab initio calculations
of infinite homogeneous matter.

The main reason for the A in LDA is 
due to the inaccuracies of the gradient
corrections.  
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Nonsense!

Assume that there are two different many-
body wave functions, corresponding to the 
same number particle density!
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LDA (KohnLDA (Kohn--Sham) for Sham) for superfluidsuperfluid fermifermi systemssystems
((BogoliubovBogoliubov--de de GennesGennes equations)equations)

There is a little problem! The pairing field There is a little problem! The pairing field DD diverges.diverges.

MeanMean--field and pairing field are both local fields!field and pairing field are both local fields!
(for sake of simplicity spin degrees of freedom are not shown)(for sake of simplicity spin degrees of freedom are not shown)
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Why would one consider a local pairing field?Why would one consider a local pairing field?

Because it makes sense physically!Because it makes sense physically!
The treatment is so much simpler!The treatment is so much simpler!
Our intuition is so much better also.Our intuition is so much better also.
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Nature of the problemNature of the problem

It is easier to show how this singularity appears 
in infinite homogeneous matter (BCS model)

||       ,
)(

)sin(
2

)(

2
    ,

2
    ,1vu   ,

)(
1

2
1v

)exp(u)(u     ),exp(v)(v

212222

2

0
22

222

k
2
k

2
k22

k

k2
k

2k2k1k1k

rrr
kk
k

kr
krdkmr

m
U

m
k

rkirrkir

F

rr

h

h
r

h

rrrrrr

−=
+−

∆
=

=∆+==+














∆+−

−
−=

⋅=⋅=

∫
∞

δπ
ν

δε
µε
µε

at small separations



PseudoPseudo--potential approach potential approach 
(appropriate for very slow particles, very transparent(appropriate for very slow particles, very transparent
but somewhat difficult to improve)but somewhat difficult to improve)

Lenz   (1927), Fermi  (1931), Lenz   (1927), Fermi  (1931), BlattBlatt and and WeiskopfWeiskopf (1952)(1952)
Lee, Huang and Yang  (1957)Lee, Huang and Yang  (1957)
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Position and momentum dependent running coupling constant
Observables are (obviously) independent of cut-off energy (when chosen properly).

The SLDA (renormalized) equationsThe SLDA (renormalized) equations
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A (significantly) abridged list of major questions still left unA (significantly) abridged list of major questions still left unanswered answered 
in nuclear physics concerning pairing correlations:in nuclear physics concerning pairing correlations:

Do nuclear pairing correlations have a volume or/and surface character? 

• The density dependence of the pairing gap (partially related to the previous 
topic), the role of higher partial waves (p-wave etc.) especially in neutron  matter.

The role of the isospin symmetry in nuclear pairing. 

• Pairing in T = 0 channel?

Does the presence or absence of neutron superfluidity have any influence 
on the presence and/or character of proton superfluidity and vice versa.
New question raised recently: are neutron stars type I or II superconductors?
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Pairing correlations show prominently in the staggering of the
binding energies. 

Systems with odd particle number are less bound than 
systems with even particle number.
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How can one determine the density dependence How can one determine the density dependence 
of the coupling constant g?  I know two methods.of the coupling constant g?  I know two methods.

In homogeneous low density matter one can compute the pairing gaIn homogeneous low density matter one can compute the pairing gap as a p as a 
function of the density. function of the density. NB this is not a BCS/HFB result!NB this is not a BCS/HFB result!

One compute also the energy of the normal and One compute also the energy of the normal and superfluidsuperfluid phases as a function phases as a function 
of density, as was recently done by Carlson et al, Phys. Rev. Leof density, as was recently done by Carlson et al, Phys. Rev. Lett. 91, 050401 (2003)tt. 91, 050401 (2003)
for a Fermi system interacting with an infinite scattering lengtfor a Fermi system interacting with an infinite scattering length (h (Bertsch’sBertsch’s MBXMBX
1999 challenge) 1999 challenge) 
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In both cases one can extract from these results the In both cases one can extract from these results the superfluidsuperfluid contribution to thecontribution to the
LDA energy density functional in a straight forward manner. LDA energy density functional in a straight forward manner. 
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• A neutron star will cover 
the map at the bottom

• The mass is  about 
1.5 solar masses

• Density 1014  g/cm3

Anderson and Itoh,Nature, 1975
“Pulsar glitches and restlessness as a hard superfluidity phenomenon” 
The crust of neutron stars is the only other place in  the entire Universe where one 
can find solid matter, except planets.

Author: Dany Page



Landau criterion for superflow stability
(flow without dissipation)

Consider a superfluid flowing in a pipe with velocity vs:
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Vortex in neutron matter
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BCS

from Lombardo and Schulze
astro-ph/0012209

““Screening effects” are significant!Screening effects” are significant!

ss--wave pairing gap in infinitewave pairing gap in infinite
neutron matter with realisticneutron matter with realistic
NNNN--interactionsinteractions

These are major effects beyond the naïve HFB when it comes to deThese are major effects beyond the naïve HFB when it comes to describingscribing
pairing correlations.pairing correlations.
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Distances scale with lF

Distances scale with x>>lF
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Dramatic structural changes of the vortex state naturally lead Dramatic structural changes of the vortex state naturally lead 
to significant changes  in the energy balance of a neutron starto significant changes  in the energy balance of a neutron star

Some similar conclusions have been reached recently also by 
Donati and Pizzochero, Phys. Rev. Lett. 90, 211101 (2003).



Vortices in dilute atomic Fermi 
systems in traps

1995 BEC was observed.
2000 vortices in BEC were created, thus BEC 
confirmed un-ambiguously.
In 1999 DeMarco and Jin created a degenerate 
atomic Fermi gas.
2002 O’Hara, Hammer, Gehm, Granada and Thomas observed 
expansion of a Fermi cloud compatible with the existence of a 
superfluid fermionic phase.

Observation of stable/quantized vortices in Fermi systems  would provide the 
ultimate and most spectacular proof for the existence of a Fermionic superfluid
phase. 



Why would one study vortices in neutral 
Fermi superfluids?

They are perhaps just about the only 
phenomenon in which one can have  
a true stable superflow! 



How can one put in evidence a vortex
in a Fermi superfluid?

Hard to see, since density changes are not expected, unlike   
the case of a Bose superfluid.

What we learned from the structure of a vortex in low density
neutron matter can help however.

If the gap is not small one can expect a noticeable density 
depletion along the vortex core, and the bigger the gap the 
bigger the depletion. 

One can change the magnitude of the gap by altering the 
scattering length between two atoms with magnetic fields
by means of a Feshbach resonance.



Regal and Jin 
Phys. Rev. Lett. 90, 230404 (2003)

Feshbach resonance
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Consider Bertsch’s MBX challenge (1999): “Find the ground 
state of infinite homogeneous neutron matter interacting with 
an infinite scattering length.” 

Carlson, Morales, Pandharipande and Ravenhall, 
PRC 68, 025802 (2003),  with Green Function Monte Carlo (GFMC) 
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Carlson, Chang, Pandharipande and Schmidt,
PRL 91, 050401 (2003), with GFMC

normal state

superfluid state

This state is half the way from BCS→BEC crossover, the pairing 
correlations are in the strong coupling limit and HFB invalid again.
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BCS  →BEC crossover

If a<0 at T=0 a Fermi system is a BCS superfluid

Leggett (1980), Nozieres and Schmitt-Rink (1985), Randeria et al. (1993),…
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Now one can construct an LDA functional to describe 
this new state of Fermionic matter 

This form is not unique, as one can have either:
b=0 (set I)  or b≠0 and  m*=m (set II).
Gradient terms not determined yet (expected minor role).
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The depletion along the vortex core
is reminiscent of the corresponding
density depletion in the case of a 
vortex in a Bose superfluid, when the 
density vanishes exactly along the axis
for 100% BEC. Extremely fast quantum vortical motion!



Conclusions:Conclusions:

……

……

……

……

……

An LDAAn LDA--DFT formalism for describing pairing correlations in Fermi systeDFT formalism for describing pairing correlations in Fermi systems ms 
has been developed.  This represents the first genuinely lhas been developed.  This represents the first genuinely local ocal extentionextention
of the Kohnof the Kohn--Sham LDA  from normal to Sham LDA  from normal to superfluidsuperfluid systems systems -- SLDASLDA




