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9 Dilute atomic Fermi gases                  Dilute atomic Fermi gases                  TTcc > > 1010--1212 eVeV

•• Liquid  Liquid  33He                                         He                                         TTcc >> 1010--77 eVeV

•• Metals, composite materials               Metals, composite materials               TTcc > > 1010--3 3 –– 1010--22 eVeV

99 Nuclei, neutron stars                          Nuclei, neutron stars                          TTcc > > 101055 –– 101066 eVeV

•• QCD color superconductivity               QCD color superconductivity               TTcc > > 10107 7 –– 10108 8 eVeV

Superconductivity and Superconductivity and superfluiditysuperfluidity in Fermi systemsin Fermi systems

units (1 eV > 104 K)



A  rather incomplete list of major questions still left unanswerA  rather incomplete list of major questions still left unanswered ed 
in nuclear physics concerning pairing correlations:in nuclear physics concerning pairing correlations:

9 Do nuclear pairing correlations have a volume or/and surface character? 
Phenomenological approaches give no clear answer as anything fits equally well.

• The density dependence of the pairing gap (partially related to the previous 
topic), the role of higher partial waves (p-wave etc.) especially in neutron  matter.

9 The role of the isospin symmetry in nuclear pairing. 
Routinely the isospin symmetry is broken in phenomenological approaches with 
really very lame excuses.

• Role of collective modes, especially surface modes in  finite nuclei, role of
“screening effects.”

9 Is pairing interaction momentum or/and energy dependent at any noticeable 
level?

• Pairing in T = 0 channel?
9 Does the presence or absence of neutron superfluidity have any influence 

on the presence and/or character of proton superfluidity and vice versa.
New question raised recently: are neutron stars type I or II superconductors?

• We should try to get away from the heavily phenomenological approach which 
dominated nuclear pairing studies most of last 40 years and put more effort in an 
ab initio and many-body theory of pairing and be able to make reliable predictions,
especially for neutron stars. The studies of dilute atomic gases with tunable 
interactions could serve as an extraordinary testing ground of theories.



To tell me how to describe pairing  correlations To tell me how to describe pairing  correlations 
in nuclei and nuclear/neutron matter?in nuclei and nuclear/neutron matter?

Most likely you will come up with one of Most likely you will come up with one of 
the the standard doctrinesstandard doctrines, namely:, namely:

• BCS within a limited singleBCS within a limited single--particleparticle
energy shell (the size of which is chosenenergy shell (the size of which is chosen
essentially arbitrarily) and with a couplingessentially arbitrarily) and with a coupling
strength chosen to fit some data. Theoreticallystrength chosen to fit some data. Theoretically
it makes no sense to limit pairing correlationsit makes no sense to limit pairing correlations
to a single shell only. This is a pragmatic limitation.to a single shell only. This is a pragmatic limitation.

•• HFB theory with some kind of “effective”HFB theory with some kind of “effective”
interaction, e.g. interaction, e.g. GognyGogny interaction.  interaction.  

Many would (or used to) argue that the Many would (or used to) argue that the GognyGogny
interaction in particular is realistic, as, in interaction in particular is realistic, as, in 
particular, its matrix elements are essentially particular, its matrix elements are essentially 
identical to those of the Bonn potential or someidentical to those of the Bonn potential or some
Other realistic bare NNOther realistic bare NN--interactioninteraction

•• In neutron stars often the LandauIn neutron stars often the Landau--GinsburgGinsburg
theory was used (for the lack of a more theory was used (for the lack of a more 
practical theory mostly).practical theory mostly).



How does one decide if one or another theoretical approach is How does one decide if one or another theoretical approach is 
meaningful? meaningful? 

Really, this is a very simple question. One has to check a few tReally, this is a very simple question. One has to check a few things.hings.

.. Is the theoretical approach based on a sound approximation Is the theoretical approach based on a sound approximation 
scheme?  scheme?  

Well,…, maybe!Well,…, maybe!

☺☺ Does the particular approach chosen describe known key Does the particular approach chosen describe known key 
experimental results, and moreover, does this approach prediexperimental results, and moreover, does this approach predict ct 
new qualitative featuresnew qualitative features, which are later on confirmed experimentally?, which are later on confirmed experimentally?

// Are the theoretical corrections to the leading order result undAre the theoretical corrections to the leading order result under er 
control, understood and hopefully not too big?control, understood and hopefully not too big?
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from  Heiselberg et al 
Phys. Rev. Lett. 85, 2418, (2000)

An additional factor ofAn additional factor of 1/1/(4(4ee))1/3 1/3 ≈≈ 0.450.45 is due is due 
to induced interactionsto induced interactions
GorkovGorkov and and MelikMelik--BarkhudarovBarkhudarov in 1961.in 1961.

BCS/HFB in error even when the interaction BCS/HFB in error even when the interaction 
is very weak, is very weak, unlike HFunlike HF!!

Let us check a simple example, homogeneous dilute Fermi gas withLet us check a simple example, homogeneous dilute Fermi gas with a weaka weak
attractive interaction, when pairing correlations occur in the gattractive interaction, when pairing correlations occur in the ground state.round state.

BCS resultBCS result
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BCS

from Lombardo and Schulze
astro-ph/0012209

““Screening effects” are significant!Screening effects” are significant!

ss--wave pairing gap in infinitewave pairing gap in infinite
neutron matter with realisticneutron matter with realistic
NNNN--interactionsinteractions

These are major effects beyond the naïve HFB when it comes to deThese are major effects beyond the naïve HFB when it comes to describingscribing
pairing correlations.pairing correlations.
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LDA (KohnLDA (Kohn--Sham) for Sham) for superfluidsuperfluid fermifermi systemssystems
((BogoliubovBogoliubov--de de GennesGennes equations)equations)

There is a little problem! The pairing field There is a little problem! The pairing field DD diverges.diverges.

MeanMean--field and pairing field are both local fields!field and pairing field are both local fields!
(for sake of simplicity spin degrees of freedom are not shown)(for sake of simplicity spin degrees of freedom are not shown)
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Why would one consider a local pairing field?Why would one consider a local pairing field?

99Because it makes sense physically!Because it makes sense physically!
99The treatment is so much simpler!The treatment is so much simpler!
99Our intuition is so much better also.Our intuition is so much better also.
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It is easier to show how this singularity appears 
in infinite homogeneous matter (BCS model)
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PseudoPseudo--potential approach potential approach 
(appropriate for very slow particles, very transparent(appropriate for very slow particles, very transparent
but somewhat difficult to improve)but somewhat difficult to improve)

Lenz   (1927), Fermi  (1931), Lenz   (1927), Fermi  (1931), BlattBlatt and and WeiskopfWeiskopf (1952)(1952)
Lee, Huang and Yang  (1957)Lee, Huang and Yang  (1957)
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The renormalized equations:The renormalized equations:

Typo: replace m by m(r)
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How well does the new approach work?How well does the new approach work?

Ref. 21, Audi and Wapstra, Nucl. Phys. A595, 409 (1995).
Ref. 11, S. Goriely et al. Phys. Rev. C 66, 024326 (2002) - HFB
Ref. 23, S.Q. Zhang et al. nucl-th/0302032.   - RMF
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• We use the same normal EDF as We use the same normal EDF as FayansFayans et al. et al. 
volume pairing only with one universal constantvolume pairing only with one universal constant

•• FayansFayans et al.et al. NuclNucl. Phys. . Phys. A676A676, 49 (2000), 49 (2000)
5 parameters for pairing (density dependence with 5 parameters for pairing (density dependence with 
gradient terms (neutrons only).gradient terms (neutrons only).

•• GorielyGoriely et al.et al. Phys. Rev. C Phys. Rev. C 6666, 024326 (2002), 024326 (2002)
volume pairing,volume pairing, 5 parameters for pairing, 5 parameters for pairing, 
isospinisospin symmetry brokensymmetry broken

•• Exp. Exp. -- Audi and Audi and WapstraWapstra, , NuclNucl. Phys. . Phys. A595A595, 409 (1995), 409 (1995)
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Let me backtrack a bit and summarize some of the ingredients of Let me backtrack a bit and summarize some of the ingredients of 
the LDA to the LDA to superfluidsuperfluid nuclear correlations.nuclear correlations.
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Let us consider the simplest possible ED compatible with nuclearLet us consider the simplest possible ED compatible with nuclear symmetriessymmetries
and with the fact that nuclear pairing and with the fact that nuclear pairing corrrelationscorrrelations are relatively weak.are relatively weak.
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Let us stare at this part of the ED for a moment, … or two.Let us stare at this part of the ED for a moment, … or two.

??

NB I am dealing here with sNB I am dealing here with s--wave pairing only (S=0 and T=1)!wave pairing only (S=0 and T=1)!

The last term could not arise from a twoThe last term could not arise from a two--body bare interactionbody bare interaction..

SU(2) invariantSU(2) invariant



• ZavischaZavischa, , ReggeRegge and and StapelStapel, Phys. Lett.  B 185, 299 (1987)  , Phys. Lett.  B 185, 299 (1987)  
•• ApostolApostol, , BulboacaBulboaca, , CarstoiuCarstoiu, , DumitrescuDumitrescu and and HoroiHoroi,,

EurophysEurophys. Lett. 4, 197 (1987) and . Lett. 4, 197 (1987) and NuclNucl. Phys. A 470, 64 (1987). Phys. A 470, 64 (1987)
•• DumitrescuDumitrescu and and HoroiHoroi, , NuovoNuovo CimentoCimento A 103, 635 (1990)A 103, 635 (1990)
•• HoroiHoroi, Phys. Rev.  C 50, 2834 (1994), Phys. Rev.  C 50, 2834 (1994)

considered various mechanisms to couple the proton and neutron considered various mechanisms to couple the proton and neutron 
superfluidssuperfluids in nuclei, in particular a zero range fourin nuclei, in particular a zero range four--body interaction body interaction 
which could lead to terms likewhich could lead to terms like 22 |||| pn νν∝

• Buckley, Buckley, MetlitskiMetlitski and and ZhitnitskyZhitnitsky, astro, astro--ph/0308148 considered an ph/0308148 considered an 
SU(2) SU(2) –– invariant Landauinvariant Landau--Ginsburg description of neutron stars in Ginsburg description of neutron stars in 
order to settle the question of whether neutrons and protons order to settle the question of whether neutrons and protons 
superfluidssuperfluids form a type I or type II superconductor. However, I haveform a type I or type II superconductor. However, I have
doubts about the physical correctness of the approach .   doubts about the physical correctness of the approach .   



In the end one finds that a suitable superfluid
nuclear EDF has the following structure:
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Goriely et al, Phys. Rev. C 66, 024326 (2002) in the most extensive and 
by far the most accurate fully self-consistent description of all known 
nuclear masses (2135 nuclei with A≥8) with an rms better than 0.7 MeV
use for pairing couplings:
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While no other part of their nuclear EDF violates isospin symmetry, and moreover,
while they where unable to incorporate any contribution from CSB-like forces, this 
fact remains as one of the major drawbacks of their results and it is an 
embarrassment and needs to be resolved.  Without that the entire approach is in 
the end a mere interpolation, with limited physical significance.



Let us now remember that there are more neutron rich nuclei and let me estimate
the following quantity from all measured nuclear masses: 

1473.0=
−
A

ZN

Conjecturing now that Goriely et al, Phys. Rev. C 66, 024326 (2002) have as a
matter of fact replaced in the “true” pairing EDF the isospin density dependence 
simply by its average over all masses, one can easily extract from their pairing 
parameters the following relation:
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[ ]   ||),(|| ),( , 22
npnpnpnpS gg νρρνρρννε +=

The most general form of the The most general form of the superfluidsuperfluid contribution (scontribution (s--wave only) to wave only) to 
the LDA energy density functional,  compatible with known nucleathe LDA energy density functional,  compatible with known nuclear symmetries.r symmetries.

99 In principle one can consider as well higher powers terms in thIn principle one can consider as well higher powers terms in the anomalous e anomalous 
densities, but so far I am not aware of any need to do so, if ondensities, but so far I am not aware of any need to do so, if one considers e considers 
binding energies alone.binding energies alone.

99 There is so far no clear evidence for gradient corrections termThere is so far no clear evidence for gradient corrections terms in the s in the 
anomalous density or energy dependent effective pairing couplinganomalous density or energy dependent effective pairing couplings.  s.  



How can one determine the density dependence How can one determine the density dependence 
of the coupling constant g?  I know two methods.of the coupling constant g?  I know two methods.

9 In homogeneous low density matter one can compute the pairing gaIn homogeneous low density matter one can compute the pairing gap as a p as a 
function of the density. function of the density. NB this is not a BCS or HFB result!NB this is not a BCS or HFB result!

9 One compute also the energy of the normal and One compute also the energy of the normal and superfluidsuperfluid phases as a function phases as a function 
of density, as was recently done by Carlson et al, Phys. Rev. Leof density, as was recently done by Carlson et al, Phys. Rev. Lett. 91, 050401 (2003)tt. 91, 050401 (2003)
for a Fermi system interacting with an infinite scattering lengtfor a Fermi system interacting with an infinite scattering length (h (Bertsch’sBertsch’s MBXMBX
1999 challenge) 1999 challenge) 
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In both cases one can extract from these results the In both cases one can extract from these results the superfluidsuperfluid contribution to thecontribution to the
LDA energy density functional in a straight forward manner. LDA energy density functional in a straight forward manner. 



Borrowed from http://www.lsw.uni-heidelberg.de/~mcamenzi/NS_Mass.html

“meat balls”

“lasagna”



Landau criterion for superflow stability
(flow without dissipation)

Consider a superfluid flowing in a pipe with velocity vs:
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Vortex in neutron matter
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Fayans’s FaNDF0
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from  Heiselberg et al 
Phys. Rev. Lett. 85, 2418, (2000)

An additional factor of 1/(4e)1/3 

is due to induced interactions
Again, HFB not valid.



Distances scale with lF

Distances scale with x>>lF
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Dramatic structural changes of the vortex state naturally lead 
to significant changes  in the energy balance of a neutron star



Vortices in dilute atomic Fermi 
systems in traps

9 1995 BEC was observed.
9 2000 vortices in BEC were created, thus BEC 

confirmed un-ambiguously.
9 In 1999 DeMarco and Jin created a degenerate 

atomic Fermi gas.
9 2002 O’Hara, Hammer, Gehm, Granada and Thomas observed 

expansion of a Fermi cloud compatible with the existence of a 
superfluid fermionic phase.

Observation of stable/quantized vortices in Fermi systems  would provide the 
ultimate and most spectacular proof for the existence of a Fermionic superfluid
phase. 



How can one put in evidence a vortex
in a Fermi superfluid?

Hard to see, since density changes are not expected, unlike   
the case of a Bose superfluid.

What we learned from the structure of a vortex in low density
neutron matter can help however.

If the gap is not small one can expect a noticeable density 
depletion along the vortex core, and the bigger the gap the 
bigger the depletion. 

One can change the magnitude of the gap by altering the 
scattering length between two atoms with magnetic fields
by means of a Feshbach resonance.



Regal and Jin 
Phys. Rev. Lett. 90, 230404 (2003)

Feshbach resonance

BSSVSS
a

V

VPrVPrVVVpH

n
zn

e
ze

Znehfhf

dZ
i

i

hf
i

r

)(,

)()()(
2

2

1100

2

1

2

γγ

µ

−=⋅=

+++++= ∑
=

rr

h

rr
r

Tiesinga, Verhaar, Stoof
Phys. Rev. A47, 4114 (1993)
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Consider Bertsch’s MBX challenge (1999): “Find the ground 
state of infinite homogeneous neutron matter interacting with 
an infinite scattering length.” 

¾Carlson, Morales, Pandharipande and Ravenhall, 
nucl-th/0302041,  with Green Function Monte Carlo (GFMC) 

54.0
5
3

        , == NFN
N

N
E αεα

¾ Carlson, Chang, Pandharipande and Schmidt,
PRL 91, 050401 (2003), with GFMC

44.0
5
3

        , == SFS
S

N
E αεα

normal state

superfluid state

This state is half the way from BCS→BEC crossover, the pairing 
correlations are in the strong coupling limit and HFB invalid again.



Now one can construct an LDA functional to describe 
this new state of Fermionic matter 

¾ This form is not unique, as one can have either:
b=0 (set I)  or b≠0 and  m*=m (set II).

¾ Gradient terms not determined yet (expected minor role).
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Solid lines are results  for parameter 
set I, dashed lines  for parameter set II
(dots – velocity profile for ideal vortex) 

The depletion along the vortex core
is reminiscent of the corresponding
density depletion in the case of a 
vortex in a Bose superfluid, when the 
density vanishes exactly along the axis
for 100% BEC.



m= 0.14µ10-10eV, ħw=0.568 µ10-12eV, 
a = -12.63nm (when finite)
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40K (Fermi) atoms in a spherical harmonic trap

Effect of interaction, with and without weak and strong pairing correlations 
with fixed chemical potential.



ħw=0.568 µ10-12eV, a = -12.63nm (when finite)

40K (Fermi) atoms in a spherical harmonic trap

Effect of interaction, with and without weak and strong pairing correlations 
with fixed particle number, N = 5200.
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ConclusionsConclusions

9 Nuclear symmetries lead to a relatively simple form of the Nuclear symmetries lead to a relatively simple form of the superfluidsuperfluid
contributions to  the energy density functional.contributions to  the energy density functional.

99 Phenomenological analysis of a relatively large number of nucPhenomenological analysis of a relatively large number of nuclei (more lei (more 
than 200)  indicates that with a single coupling constant than 200)  indicates that with a single coupling constant one can describe one can describe 
very accurately proton and neutron pairing correlations invery accurately proton and neutron pairing correlations in both odd and both odd and 
even nuclei. However, there seem to be a need to introduceeven nuclei. However, there seem to be a need to introduce a consistenta consistent
isospinisospin dependence of the pairing EDF.dependence of the pairing EDF.

99 There is a need to understand the behavior of the pairing as There is a need to understand the behavior of the pairing as a function of a function of 
density,  from very low to densities several times nucleardensity,  from very low to densities several times nuclear density, in particular density, in particular 
pairing in higher partial waves, in order to understand nepairing in higher partial waves, in order to understand neutron stars.utron stars.

99 It is not clear so far whether proton and neutron It is not clear so far whether proton and neutron superfluidssuperfluids do influence do influence 
each other in a direct manner, if one considers binding eneach other in a direct manner, if one considers binding energies alone.  ergies alone.  

99 The formalism has been applied as well to vortices in neutronThe formalism has been applied as well to vortices in neutron stars and to stars and to 
describe various properties of dilute atomic Fermi gases adescribe various properties of dilute atomic Fermi gases and there is also nd there is also 
an extension to 2an extension to 2--dim quantum dots  due to Yu, dim quantum dots  due to Yu, AbergAberg and and ReinmanReinman. . 

9 An LDAAn LDA--DFT formalism for describing pairing correlations in Fermi systeDFT formalism for describing pairing correlations in Fermi systems ms 
has been developed.  This represents the first genuinely lhas been developed.  This represents the first genuinely local ocal extentionextention
of the Kohnof the Kohn--Sham LDA  from normal to Sham LDA  from normal to superfluidsuperfluid systems systems -- SLDASLDA


