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Why would one want to study this system?Why would one want to study this system?

One reason:One reason:One reason: One reason: 

(for the nerds, I mean the hard(for the nerds, I mean the hard--core theorists,core theorists,(for the nerds, I mean the hard(for the nerds, I mean the hard core theorists, core theorists, 
not  for the not  for the phenomenologistsphenomenologists) ) 

Bertsch’sBertsch’s ManyMany--Body X challenge, Seattle, 1999Body X challenge, Seattle, 1999yy y gy g

What are the ground state properties of the manyWhat are the ground state properties of the many--body system body system 
composed of spin ½ fermions interacting via a zerocomposed of spin ½ fermions interacting via a zero range infiniterange infinitecomposed of spin ½ fermions interacting via a zerocomposed of spin ½ fermions interacting via a zero--range, infinite range, infinite 
scatteringscattering--length contact interaction. length contact interaction. 



Wh h i l h d h ff i ?Wh h i l h d h ff i ?What are the scattering length and the effective range?What are the scattering length and the effective range?
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If the energy is small only the sIf the energy is small only the s--wave  is relevant.wave  is relevant.



Let us consider a very old example: the hydrogen atom.Let us consider a very old example: the hydrogen atom.

The ground state energy could only be a function of:The ground state energy could only be a function of:

Electron chargeElectron charge
Electron massElectron mass
Planck’s constantPlanck’s constantPlanck s constantPlanck s constant

and then trivial dimensional arguments lead toand then trivial dimensional arguments lead to
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Only the factor ½ requires some hard work.Only the factor ½ requires some hard work.



Let us turn now to dilute fermion matterLet us turn now to dilute fermion matter
The ground state energy is given by a function:The ground state energy is given by a function:

( )E f N V m a r= 0( , , , , , )gsE f N V m a r=
Taking the scattering length to infinity and the rangeTaking the scattering length to infinity and the rangeTaking the scattering length to infinity and the range  Taking the scattering length to infinity and the range  
of the interaction to zero, we are left with:of the interaction to zero, we are left with:
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What are the ground state properties of the manyWhat are the ground state properties of the many--body system composed of body system composed of 
spin ½ fermions interacting via a zerospin ½ fermions interacting via a zero--range, infinite scatteringrange, infinite scattering--length contactlength contact
interaction. interaction. 

In 1999 it was not yet clear, either theoretically or experimentally, In 1999 it was not yet clear, either theoretically or experimentally, 

Why? Besides pure theoretical curiosity, this problem is relevant to neutron stars!  Why? Besides pure theoretical curiosity, this problem is relevant to neutron stars!  

y , y p y,y , y p y,
whether such fermion matter is stable or not! A number of people argued thatwhether such fermion matter is stable or not! A number of people argued that
under such conditions under such conditions Fermionic Fermionic matter is unstable.matter is unstable.

systems of bosons are unstable (Efimov effect)systems of bosons are unstable (Efimov effect)- systems of bosons are unstable (Efimov effect)systems of bosons are unstable (Efimov effect)
-- systems of  three or more fermion species are unstable (Efimov effect)systems of  three or more fermion species are unstable (Efimov effect)

•• Baker Baker (LANL, winner (LANL, winner of the MBX of the MBX challenge) concluded challenge) concluded that the system is that the system is stable. See stable. See 
also Heiselberg (entry to the same competition)also Heiselberg (entry to the same competition)

•• Carlson Carlson et al et al (2003) Fixed(2003) Fixed--Node Green Function Monte CarloNode Green Function Monte Carlo
andand AstrakharchikAstrakharchik etet alal (2004) FN(2004) FN DMC provided the best theoreticalDMC provided the best theoreticaland and AstrakharchikAstrakharchik et et al al (2004) FN(2004) FN--DMC provided the best theoretical DMC provided the best theoretical 
estimates for the ground state energy of such systemsestimates for the ground state energy of such systems..

Carlson Carlson et al et al (2003) have also shown that the system has (2003) have also shown that the system has a huge pairing gap a huge pairing gap !!

•• Thomas’ Duke group (2002) demonstrated experimentally that such systemsThomas’ Duke group (2002) demonstrated experimentally that such systems
are (meta)stable.  are (meta)stable.  



What George Bertsch essentially asked in 1999 is:            What George Bertsch essentially asked in 1999 is:            
What is the value of What is the value of xx !!ff xx

But he wished to know the properties of the system as well:But he wished to know the properties of the system as well:
The system turned out to be superfluid !The system turned out to be superfluid !

3E N ξ Δ

The system turned out to be superfluid !The system turned out to be superfluid !
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These results are a bit unexpected:These results are a bit unexpected:
The energy looks almost like that of The energy looks almost like that of a nona non--interacting systeminteracting system!!

(there are no other dimensional parameters in the problem)(there are no other dimensional parameters in the problem)
The system has The system has a huge pairing gapa huge pairing gap!!yy g p g g pg p g g p
This system is a very strongly interacting oneThis system is a very strongly interacting one

((the elementary cross section is essentially infinite!the elementary cross section is essentially infinite!))



h i i i lh i i i l h’h’ d h ll h l d id h ll h l d iThe initial The initial Bertsch’sBertsch’s Many Body challenge has evolved over timeMany Body challenge has evolved over time
and became the problem of and became the problem of Fermions in the Unitary RegimeFermions in the Unitary Regime

And this is part of the BCSAnd this is part of the BCS‐‐BEC crossover problemBEC crossover problem

TheThe system is very dilute but strongly interacting!system is very dilute but strongly interacting!The The system is very dilute, but strongly interacting!system is very dilute, but strongly interacting!
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r0 ‐ range of interaction a ‐ scattering length



Superconductivity and Superfluidity in Fermi Systems

20 orders of magnitude over a century of (low temperature) physics20 orders of magnitude over a century of (low temperature) physics

Dilute atomic Fermi gases                  Dilute atomic Fermi gases                  TTcc ≈≈ 1010--1212 –– 1010--99 eVeV

Liquid  Liquid  33He                                      He                                      TTcc ≈≈ 1010--77 eVeV

Metals composite materialsMetals composite materials TT ≈≈ 1010--3 3 1010--22 eVeVMetals, composite materials            Metals, composite materials            TTcc ≈≈ 1010 –– 1010 eVeV

Nuclei, neutron stars                        Nuclei, neutron stars                        TTcc ≈≈ 101055 –– 101066 eVeV

•• QCD color superconductivity             QCD color superconductivity             TTcc ≈≈ 10107 7 –– 10108 8 eVeV

units (1 eV ≈ 104 K) 



ZweirleinZweirlein et al. et al. Nature Nature 435435, 1047 (2005), 1047 (2005)



G dG d C i l P hC i l P h I l M C lI l M C l
How we handle Finite Temperatures?How we handle Finite Temperatures?
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No approximations so far, except for the fact that the interaction is not well defined!No approximations so far, except for the fact that the interaction is not well defined!



Recast the propagator at each time slice and put the system on a Recast the propagator at each time slice and put the system on a 3D3D--spatial spatial 
l tti il tti i bi b f id Lbi b f id L NN ll ith i di b d ditiith i di b d ditilattice, in lattice, in a cubic box of side L=a cubic box of side L=NNssll, with periodic boundary conditions, with periodic boundary conditions
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n(k)n(k)

22ππ/L/L L L –– box sizebox size

l l -- lattice spacinglattice spacing

kk ==ππ/l/l

kk

kkmaxmax ππ/l/l

How to choose the lattice spacing and the box How to choose the lattice spacing and the box size?size?
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All traces can be expressed through these singleAll traces can be expressed through these single--particle density matricesparticle density matrices



One can thus determine as a function of  T,  V andOne can thus determine as a function of  T,  V and
chemical potential:chemical potential:chemical potential:chemical potential:

Total EnergyTotal EnergyTotal Energy  Total Energy  
Particle number Particle number 
Entropy of the systemEntropy of the systemt opy o t e systet opy o t e syste
Pressure  Pressure  
Spectrum of fermionic elementary excitationsSpectrum of fermionic elementary excitations

(pairing gap, pseudogap, effective mass, self(pairing gap, pseudogap, effective mass, self--energy)energy)
Long range order, condensate fractionLong range order, condensate fraction
( t f h t iti iti l t t )( t f h t iti iti l t t )(onset of phase transition, critical temperature)(onset of phase transition, critical temperature)



a =  a =  ±±∞∞ Bulgac, Drut, and MagierskiBulgac, Drut, and Magierski
Phys. Rev. Phys. Rev. LettLett. . 9696, 090404 (2006), 090404 (2006)

BogoliubovBogoliubov--Anderson phononsAnderson phonons

Normal Fermi GasNormal Fermi Gas
(with vertical offset, solid line)(with vertical offset, solid line)

BogoliubovBogoliubov Anderson  phononsAnderson  phonons
and quasiparticle contributionand quasiparticle contribution
(dot(dot--dashed dashed line line ))

BogoliubovBogoliubov--Anderson phonons Anderson phonons 
contribution only contribution only 
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Experiment (about 100,000 atoms in  a trap):Experiment (about 100,000 atoms in  a trap):

M f h E d C i i l T f S l I iM f h E d C i i l T f S l I iMeasurement of the Entropy and Critical Temperature of a Strongly Interacting Measurement of the Entropy and Critical Temperature of a Strongly Interacting 
Fermi GasFermi Gas, , 
LuoLuo, Clancy, Joseph, , Clancy, Joseph, KinastKinast, and Thomas, Phys. Rev. , and Thomas, Phys. Rev. LettLett.  .  9898, 080402 (2007), 080402 (2007)

FullFull abab initioinitio theory (no free parameters)theory (no free parameters)FullFull abab initio initio theory  (no free parameters)theory  (no free parameters)

Bulgac, Drut, and Magierski, Phys. Rev. Bulgac, Drut, and Magierski, Phys. Rev. LettLett. . 9999, 120401 (2007), 120401 (2007)



Long range order, superfluidity  and condensate fractionLong range order, superfluidity  and condensate fraction
O. Penrose (1951), O. Penrose and L. Onsager (1956), C.N. Yang (1962)O. Penrose (1951), O. Penrose and L. Onsager (1956), C.N. Yang (1962)
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Bulgac, Drut, and Magierski, Phys. Rev. A Bulgac, Drut, and Magierski, Phys. Rev. A 7878, 023625 (2008), 023625 (2008)



Critical temperature for superfluid to normal transitionCritical temperature for superfluid to normal transition

Bulgac, Drut, and Magierski, Phys. Rev. A Bulgac, Drut, and Magierski, Phys. Rev. A 7878, 023625 (2008), 023625 (2008)

AmherstAmherst--ETH:                ETH:                BurovskiBurovski et al. Phys. Rev. et al. Phys. Rev. LettLett. . 101101, 090402 (2008), 090402 (2008)
Hard and soft bosons:     Hard and soft bosons:     PilatiPilati et al. PRL et al. PRL 100100, 140405 (2008, 140405 (2008)
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Magierski, Wlazlowski, Bulgac, and DrutMagierski, Wlazlowski, Bulgac, and Drut
Phys. Rev. Phys. Rev. LettLett.  103, 210403 (2009) .  103, 210403 (2009) 

The pseudoThe pseudo--gap vanishes at Tgap vanishes at T00



Vanishing of pseudogapVanishing of pseudogap

Superfluid to Normal phase transitionSuperfluid to Normal phase transition
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Using photoemission spectroscopy to probe  a strongly interacting Fermi gasUsing photoemission spectroscopy to probe  a strongly interacting Fermi gas
Stewart, Gaebler, and Jin, Nature, Stewart, Gaebler, and Jin, Nature, 454454,  744 (2008),  744 (2008)



Observation of pseudogap  behavior in a strongly interacting Observation of pseudogap  behavior in a strongly interacting 
Fermi gasFermi gas

GaeblerGaebler, Stewart, Drake, Jin, , Stewart, Drake, Jin, PeraliPerali, , PieriPieri, and , and StrinatiStrinati, , arXivarXiv::1003.1147v1::1003.1147v1



Until now we kept the numbers of spinUntil now we kept the numbers of spin--up up p pp p pp
and and spinspin--down equal.down equal.

What happens when there What happens when there are not are not enough partners enough partners 
ff tt i ith?i ith?for for everyone everyone to to pair with? pair with? 

(I ti l thi i h t t t h i(I ti l thi i h t t t h i(In particular this is what one expects to happen in (In particular this is what one expects to happen in 
color superconductivity, due to a heavier strange color superconductivity, due to a heavier strange 

k)k)quark)quark)

What theory tells us?What theory tells us?What theory tells us?What theory tells us?



Green   Green   –– Fermi sphere of spinFermi sphere of spin‐‐up fermionsup fermions
YellowYellow –– Fermi sphere of spinFermi sphere of spin‐‐down fermionsdown fermions

If   the same solution as for μ μ μ μ↑ ↓ ↑ ↓

Δ
− < =

Yellow  Yellow   Fermi sphere of spinFermi sphere of spin down fermionsdown fermions

If   the same solution as for 
2

μ μ μ μ↑ ↓ ↑ ↓<

LOFF/FFLO  LOFF/FFLO  solution (1964)solution (1964)
Pairing gap becomes a spatially varying functionPairing gap becomes a spatially varying functionPairing gap becomes a spatially varying functionPairing gap becomes a spatially varying function
Translational invariance brokenTranslational invariance broken

MuetherMuether and and SedrakianSedrakian (2002)(2002)
Translational invariant solutionTranslational invariant solution
Rotational invariance brokenRotational invariance broken



What What we think is happening in spin imbalanced systems?we think is happening in spin imbalanced systems?
Induced Induced PP--wave wave superfluiditysuperfluidity
Two new superfluid phases where before they were not expectedTwo new superfluid phases where before they were not expected

One Bose superfluid coexisting with one POne Bose superfluid coexisting with one P--wave Fermi superfluidwave Fermi superfluid
Two coexisting PTwo coexisting P--wave Fermiwave Fermi superfluidssuperfluids

Bulgac, Forbes, Bulgac, Forbes, Schwenk, Phys. Rev. Schwenk, Phys. Rev. LettLett. . 9797, 020402 (2006), 020402 (2006)
Two coexisting PTwo coexisting P wave Fermi wave Fermi superfluidssuperfluids



We have to also treat inhomogeneous systems!We have to also treat inhomogeneous systems!We have to also treat inhomogeneous systems!We have to also treat inhomogeneous systems!

•• Monte Carlo  (small particle numbers only feasible)Monte Carlo  (small particle numbers only feasible)

•• Density Functional Theory (arbitrary particle numbers)Density Functional Theory (arbitrary particle numbers)Density Functional Theory  (arbitrary particle numbers)Density Functional Theory  (arbitrary particle numbers)

one needs to find an Energy Density Functional  (EDF) one needs to find an Energy Density Functional  (EDF) 
d t d DFT t fl id hd t d DFT t fl id hand extend DFT to superfluid phenomenaand extend DFT to superfluid phenomena



The The SLDA SLDA energy density functional energy density functional at unitarityat unitarity
for equal numbers of spinfor equal numbers of spin‐‐up and spinup and spin‐‐down fermions down fermions 

Only this combination is cutoff independent Only this combination is cutoff independent 
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A refined EOS for spin unbalanced systemsA refined EOS for spin unbalanced systems

Bulgac and Forbes, Bulgac and Forbes, 
Phys. Rev. Phys. Rev. LettLett.  .  101101, 215301 (2008), 215301 (2008)

Red line: LarkinRed line: Larkin--OvchinnikovOvchinnikov phasephase

5/3

Black line:       normal part of the energy density  Black line:       normal part of the energy density  
Blue points:    DMC calculations for normal state, Lobo et al, PRL Blue points:    DMC calculations for normal state, Lobo et al, PRL 9797, 200403 (2006), 200403 (2006)
Gray crosses:  experimental EOS due to Shin, Phys. Rev. A 77, 041603(R) (2008)Gray crosses:  experimental EOS due to Shin, Phys. Rev. A 77, 041603(R) (2008)
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A Unitary Fermi Supersolid: A Unitary Fermi Supersolid: 
the Larkinthe Larkin--Ovchinnikov phaseOvchinnikov phasethe Larkinthe Larkin--Ovchinnikov phase    Ovchinnikov phase    

5/2
Bulgac and Forbes Bulgac and Forbes 
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PRL PRL 101101, 215301 (2008), 215301 (2008)



Time Dependent Phenomena Time Dependent Phenomena 
The timeThe time--dependent density functional theory is viewed in general as a dependent density functional theory is viewed in general as a 
reformulation of the exact quantum mechanical time evolution of a manyreformulation of the exact quantum mechanical time evolution of a many--body body 
system when only singlesystem when only single--particle properties are considered.particle properties are considered.

TDDFT for normal systems:TDDFT for normal systems:
A KA K RajagopalRajagopal and J Calla a Ph s Re Band J Calla a Ph s Re B 77 1912 (1973)1912 (1973)A.K. A.K. RajagopalRajagopal and J. Callaway, Phys. Rev. B and J. Callaway, Phys. Rev. B 77, 1912 (1973), 1912 (1973)
V. V. PeuckertPeuckert, J. Phys. C , J. Phys. C 1111, 4945 (1978) , 4945 (1978) 
E. E. RungeRunge and E.K.U. Gross, Phys. Rev. and E.K.U. Gross, Phys. Rev. LettLett. . 5252, 997 (1984), 997 (1984)
http://www.tddft.orghttp://www.tddft.org
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For timeFor time--dependent phenomena one has to add currents!dependent phenomena one has to add currents!



A very rare excitation mode: the Higgs pairing mode.A very rare excitation mode: the Higgs pairing mode.



Energy of a Fermi system as a function of the pairing gapEnergy of a Fermi system as a function of the pairing gap
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“Landau“Landau--Ginzburg” equationGinzburg” equationQuantum hydrodynamicsQuantum hydrodynamics



Higgs modeHiggs mode

Small amplitude oscillations of the modulus of Small amplitude oscillations of the modulus of 
the order parameter (pairing gap)the order parameter (pairing gap)

2Ω = Δ02HΩ = Δ

This mode has a bit more complex characterThis mode has a bit more complex character
cf.cf. VolkovVolkov and and KoganKogan (1972) (1972) 



Response of a unitary Fermi system to changing Response of a unitary Fermi system to changing 
the scattering length with timethe scattering length with time

Tool: TD DFT extension to superfluid systems (TDTool: TD DFT extension to superfluid systems (TD‐‐SLDA)SLDA)

•• All these modes have a very low frequency below the pairing gapAll these modes have a very low frequency below the pairing gap
and a very large amplitude and excitation energy as welland a very large amplitude and excitation energy as well

N f th d b d ib d ith ithi Q t H d d iN f th d b d ib d ith ithi Q t H d d i

Bulgac and Yoon, Phys. Rev. Lett.  102, 085302 (2009)

•• None of these modes can be described either within Quantum HydrodynamicsNone of these modes can be described either within Quantum Hydrodynamics
or Landauor Landau‐‐Ginzburg like approachesGinzburg like approaches



About 60,000 PDEs, 48About 60,000 PDEs, 4833 spatial lattice (homogeneity assumed in 3spatial lattice (homogeneity assumed in 3rdrd direction), direction), 
Around 2,000,000 times steps, approximately 4Around 2,000,000 times steps, approximately 4--5 CPU5 CPU--years for the time evolution  years for the time evolution  

Vortex generation and dynamics, see more movies at Vortex generation and dynamics, see more movies at 
http://www.phys.washington.edu/groups/qmbnt/vortices_movies.html



Properties of the Unitary Fermi Gas (UFG)Properties of the Unitary Fermi Gas (UFG)Properties of the Unitary Fermi Gas (UFG)Properties of the Unitary Fermi Gas (UFG)

The properties of the UFG are defined by the number density and theThe properties of the UFG are defined by the number density and theThe properties of  the UFG are defined by the number density and theThe properties of  the UFG are defined by the number density and the
temperature only           temperature only           universal  propertiesuniversal  properties

UFG is stable and superfluid at zero temperatureUFG is stable and superfluid at zero temperature
Full thermodynamic properties  are known from Full thermodynamic properties  are known from abab initio initio calculations  and calculations  and 

many of  them were confirmed by experimentmany of  them were confirmed by experiment
The quasiparticle spectrum was determined in The quasiparticle spectrum was determined in abab initio initio calculations  at zero calculations  at zero 

and finite temperatures and finite temperatures 
UFG has the highest (relative) critical temperature of all  known superfluidsUFG has the highest (relative) critical temperature of all  known superfluids
UFG has the highest critical velocity of all known superfluidsUFG has the highest critical velocity of all known superfluids
The elusive LarkinThe elusive Larkin--OvchinnikovOvchinnikov (FFLO) pairing can be realized under (FFLO) pairing can be realized under 

t l f bl diti Th t di l th i l t ft l f bl diti Th t di l th i l t fextremely favorable conditions. The system displays the equivalent of extremely favorable conditions. The system displays the equivalent of 
charge  density waves  charge  density waves    supersolidsupersolid

Extremely favorable conditions to realize induced Extremely favorable conditions to realize induced PP-- or or FF--wave superfluidity   wave superfluidity   
UFG demonstrates the pseudogap behaviorUFG demonstrates the pseudogap behaviorUFG demonstrates the pseudogap behaviorUFG demonstrates the pseudogap behavior





Phases of a two species dilute Fermi system Phases of a two species dilute Fermi system 
in the BCSin the BCS--BEC BEC crossovercrossover

T
Hi h T l t i ( l f l l ) hHi h T l t i ( l f l l ) hHigh T, normal atomic (plus a few molecules) phase High T, normal atomic (plus a few molecules) phase 

Strong interactionStrong interaction

Molecular BEC andMolecular BEC and
weak weak interactioninteraction
between fermionsbetween fermions

weak weak interactioninteraction
between between dimersdimers

BCS SuperfluidBCS Superfluid
Atomic+MolecularAtomic+Molecular
SuperfluidsSuperfluids

between fermionsbetween fermions

1/aa<0a<0
no 2no 2--body bound statebody bound state

a>0a>0
shallow 2shallow 2--body bound body bound statestate
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More details of the calculations:More details of the calculations:
• Typical lattice Typical lattice sizes used from sizes used from 883 3 x 300x 300 (high Ts) to (high Ts) to 883 3 x x 18001800 (low Ts(low Ts))

•• Effective use of FFT(W) makes all imaginary time propagators diagonal (either in Effective use of FFT(W) makes all imaginary time propagators diagonal (either in 
real space or momentum space) and there is no need to store large matricesreal space or momentum space) and there is no need to store large matrices

•• Update field configurations using the Metropolis importance Update field configurations using the Metropolis importance 
sampling algorithmsampling algorithm

•• Change randomly at a fraction of all space and time sites the signs the auxiliary Change randomly at a fraction of all space and time sites the signs the auxiliary 
fields fields σσ(x,(x,ττ) so as to maintain a running average of the acceptance rate between) so as to maintain a running average of the acceptance rate between
0.4 and 0.6 0.4 and 0.6 

•• ThermalizeThermalize for 50,000 for 50,000 –– 100,000 MC steps or/and use as a start100,000 MC steps or/and use as a start--upup
field configuration a field configuration a σσ(x,(x,ττ))--field configuration from a different Tfield configuration from a different T

At l t t Si l V l D iti f thAt l t t Si l V l D iti f th•• At low temperatures use Singular Value Decomposition of the At low temperatures use Singular Value Decomposition of the 
evolution operator U({evolution operator U({σσ}) to stabilize the }) to stabilize the numericsnumerics

•• Use 100,000Use 100,000--2,000,000 2,000,000 σσ(x,(x,ττ))-- field configurations for calculationsfield configurations for calculations,, , ,, , ( ,( , )) gg

•• MC correlation “time” ≈ 250 MC correlation “time” ≈ 250 –– 300 time steps at T ≈ 300 time steps at T ≈ TTcc



How to construct and validate an How to construct and validate an abab initioinitio Energy DensityEnergy Density
Functional (EDF)?Functional (EDF)?

Given a many body Hamiltonian determine the properties ofGiven a many body Hamiltonian determine the properties ofGiven a many body Hamiltonian determine the properties of Given a many body Hamiltonian determine the properties of 
the infinite homogeneous system as a function of densitythe infinite homogeneous system as a function of density

Extract theExtract the EDFEDFExtract the Extract the EDFEDF

Add gradient corrections, if needed or known how (?)Add gradient corrections, if needed or known how (?)

Determine in an Determine in an abab initioinitio calculation the properties of a calculation the properties of a 
select number of wisely selected finite systemsselect number of wisely selected finite systemsselect number of wisely selected finite systems   select number of wisely selected finite systems   

Apply the energy density functional to inhomogeneous systemsApply the energy density functional to inhomogeneous systems
and compare with theand compare with the abab initioinitio calculation and if lucky declarecalculation and if lucky declareand compare with the and compare with the abab initioinitio calculation, and if lucky declarecalculation, and if lucky declare
Victory! Victory! 



Going beyond the naïve BCS approximationGoing beyond the naïve BCS approximation

Eli hbEli hb ( d)( d)EliashbergEliashberg approx.  (red)approx.  (red)

BCS approx. (black)BCS approx. (black)

Full momentum and frequency dependence of the selfFull momentum and frequency dependence of the self--

Bulgac and Yoon, Phys. Rev. A Bulgac and Yoon, Phys. Rev. A 7979, 053625 (2009), 053625 (2009)

Full momentum and frequency dependence of the selfFull momentum and frequency dependence of the self
consistent equations (red)consistent equations (red)



Fermions at unitarity in a harmonic Fermions at unitarity in a harmonic traptrap
Total energies E(N)Total energies E(N)

GFMC     GFMC     ‐‐ Chang and Bertsch, Phys. Rev. A 76, 021603(R) (2007)Chang and Bertsch, Phys. Rev. A 76, 021603(R) (2007)
FNFN‐‐DMCDMC ‐‐ vonvon StecherStecher Greene andGreene and BlumeBlume PRLPRL 9999 233201 (2007)233201 (2007)FNFN DMC DMC  von von StecherStecher, Greene and , Greene and BlumeBlume, , PRL PRL 9999, 233201 (2007) , 233201 (2007) 

PRA PRA 7676, 053613 (2007), 053613 (2007)

Bulgac, PRA  76, 040502(R) (2007)Bulgac, PRA  76, 040502(R) (2007)



Fermions at unitarity in a harmonic Fermions at unitarity in a harmonic traptrap
Pairing gapsPairing gaps

GFMC     GFMC     ‐‐ Chang and Bertsch, Phys. Rev. A 76, 021603(R) (2007)Chang and Bertsch, Phys. Rev. A 76, 021603(R) (2007)
FNFN DMCDMC St hSt h G dG d BlBl PRLPRL 9999 233201 (2007)233201 (2007)

( 1) 2 ( ) ( 1)( ) ,     for odd 
2

E N E N E NN N+ − + −
Δ =

Bulgac, PRA  76, 040502(R) (2007)Bulgac, PRA  76, 040502(R) (2007)

FNFN‐‐DMC DMC ‐‐ von von StecherStecher, Greene and , Greene and BlumeBlume, , PRL PRL 9999, 233201 (2007) , 233201 (2007) 
PRA PRA 7676, 053613 (2007), 053613 (2007)



Quasiparticle spectrum in homogeneous matterQuasiparticle spectrum in homogeneous matter

solid/dotted blue line        solid/dotted blue line        -- SLDA, homogeneous GFMC due to Carlson et al SLDA, homogeneous GFMC due to Carlson et al 
red circlesred circles GFMC due to Carlson and ReddyGFMC due to Carlson and Reddyred circles                          red circles                          -- GFMC due to Carlson and Reddy GFMC due to Carlson and Reddy 
dashed blue line                dashed blue line                -- SLDA, homogeneous MC due to JuilletSLDA, homogeneous MC due to Juillet
black dashedblack dashed--dotted line dotted line –– meanfield at unitaritymeanfield at unitarity

Two more universal parameter characterizing the unitaryTwo more universal parameter characterizing the unitary 
Fermi gas and its excitation spectrum: 
effective mass, meanfield potential Bulgac, PRA  76, 040502(R) (2007)Bulgac, PRA  76, 040502(R) (2007)



Asymmetric  SLDA (ASLDA)Asymmetric  SLDA (ASLDA)
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Bulgac and Forbes, arXiv:0804:3364Bulgac and Forbes, arXiv:0804:3364



3D unitary Fermi gas confined to a 1D ho potential well (pancake)3D unitary Fermi gas confined to a 1D ho potential well (pancake)

New qualitative excitation mode of a superfluid Fermi systemq p y
(non‐spherical Fermi momentum distribution) 

Black solid lineBlack solid line Time dependence of the cloud radiusTime dependence of the cloud radius

Bulgac and Yoon, Phys. Rev. Lett.  102, 085302 (2009) 

Black solid line Black solid line –– Time dependence of the cloud radiusTime dependence of the cloud radius
Black dashed line Black dashed line –– Time dependence of the Time dependence of the quadrupolequadrupole moment of momentum distributionmoment of momentum distribution


