Cosmology: A Cosmic Perspective

Chapter 17: From a Black Hole to a Finite Universe

What is the cosmological significance of Black Holes? What do they tell us about the geometry
and evolution of the Universe as a whole? The most disturbing, and yet most intriguing, aspect of
the Big Bang Theory is the problem of beginning, the initial singular state from which expansion
started. That state of arbitrarily high density seems an inescapable hallmark of the Black Hole as
well. Catastrophic gravitational collapse may squeeze to zero volume that matter which falls
through the gravitational radius. Understanding the process of gravitational collapse could
provide clues to our own distant past and future, and even reveal a completely new realm of
physical laws.

The concept of the Black Hole also raises the following cosmological question: Does the Universe
lie within its own gravitational radius? The manner in which the hypothetical process of
formation of Black Holes was presented may have seemed to imply that an incredibly high density
of matter had some connection with the bizarre gravitational effects that result. The connection is
only incidental. The problem is simply to get enough matter within a given radius to produce a
sufficiently large gravitational effect to yield an event horizon. How large does the density become
just as the critical amount of matter is assembled within that radius? Let® call that minimum
density ! ¢ii: We know that for a given mass, M, that the critical radius is
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This mass, M, must then correspond to a mass density (mass / volume) given by
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Substituting this expression for M into the first equation gives
2
"crit = 3C 2
8"GRy;

As we have already found for the sun, Reit = 3 km, and the corresponding value of ! ¢t from the
previous expression is calculated to be /_, =2" 10° grams/ cm3. But for a 100 kg person, Rerit = 2

x 10-23 cm and the resulting ! it =1073 grams/ cm3, which is incomprehensibly large. LetOgry
going in the other direction. For a 100 million solar mass object, R¢it 2.4 x 108 km or roughly the
size of the orbit of Mars. The corresponding !¢t isthen 1 gram/cm3! The following table
displays these examples:

Object Mass Rerit Verit
Person 105 grams 1.5 x 10-23 cm 6.4 x 1072 grams/ cm3
Sun 2 x 1033 grams 3 km 1.6 x 1016 grams/ cm3
BuperblobO 108 X Msun 2.4 x 108 km 1.0 gram/ cm3 (density of water)

According to these numbers, if one could assemble enough water” to fill the inner part of the solar
system, it would form a @iantOBlack Hole. The interesting feature exhibited here is that more
massive Black Holes form at lower mass densities. We can see this directly from the equations
that we have already written. In summary, we have found that

*Assuming it were incompressible, which it is not under these circumstances.
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Obviously an extremely large region of space does not have to be very densely filled with matter to
curve space enough to cause light to travel in circles or even to close space in on itself to form the
event horizon of a Black Hole. Clearly, we are compelled to ask two questions: First, what critical
density would characterize the Universe? Secondly, how does this value compare with the
measured density of the Universe? Now, !¢t is determined by Reit, SO we must concoct some
number to substitute for the radius of the Universe. This sounds like a pre-Renaissance task but
we can meet the challenge in modern terms by using as a trial the radius of the visible universe as
given by the Hubble relation, V = Hr, where the distance to the horizon is found by letting v =c.
For obscure reasons we will choose H =50 km/ s/ Mpc. Then,

| 5
R, 252%26000 Mpc , or

R, =R, =2!10%® cm.

This value represents the radius of that part of the Universe that has interacted with us both
electromagnetically and gravitationally (both effects travel with the speed of light). But exactly
what this choice means in computing ! ¢t is not completely clear. In any case the value obtained
by this substitution,

! 4 =5" 10" grams/ cms,
isindeed a small number, but it exceeds our present estimates of the mass density of the
Universe by a factor of at least 5 or 10.

The concept of gravitational collapse suggests an interesting question about the global structure
of spacetime. But the interpretation of our calculation of the critical mass density of the Universe,
by reasoning in analogy with the treatment of Black Holes, is ambiguous. However, if the density
of matter precisely determines the character of spacetime in the local context of Black Holes, there
may possibly be a similarly definitive cosmological solution of the Einstein equations. Such
solutions were discovered for homogeneous, isotropic, expanding Universes during the early
192004y Alexander Friedman, and independently by Abbe Georges Lemaitre some 5 years later.
Because Lemaitre happened to be considering these problems at the time of Hubble® work on
expansion, and because he appreciated the relevance of those observations to his own theoretical
work, it is Lemaitre more than Friedman who is considered by most to be the GatherOof the Big
Bang concept.

The Lemaitre-Friedman solutions are beautifully simple when compared to the extremely complex
mathematical machinery that generates them. Furthermore, they constitute a remarkably unified
representation of the Universe as a dynamical as well as geometrical system.

The dynamical aspect comes about through the effect of gravitation on the expansion rate. If the
mass density is large enough, the mutual gravitational attraction of all mass elements in the
Universe will eventually stop and reverse the expansion. The problem is related to throwing a
stone upward from the surface of an asteroid. From a small asteroid, the stone may be
decelerated somewhat by the relatively weak gravitational attraction of the body, but will continue
upward, never to return. For an asteroid larger than some critical mass the stone will eventually
cometo a stop, then fall back to the surface. The simile may seem crude, but it is the appropriate
Newtonian analogy. The rate of slowing of the expansion, this dynamical response of the Universe
to its own gravitation, is specified in the theory by the deceleration parameter, q.

Having introduced this new parameter, q, one may summarize the Lemaitre-Friedman

cosmological solutions in the following rather elegant fashion*. The geometry of the Universe and
the time evolution of the average distance between galaxies, d, (or equivalently the time evolution
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of the density of matter, since! is proportional to d-3) is specified completely by the matter density
measured now, !, relative to a critical density defined by the value of the Hubble constant, H,,
measured at current epoch also.

The geometry is specified by the equation:
8/ G
3H?

" Hl=k

where k is the curvature parameter. That is, k = 0 corresponds to an open flat, Euclidian space;
k > 0, a closed, positive curvature, spherical space; and k < 0, an open, negative curvature,
saddle-shaped or hyperbolicOspace. This expression can be rewritten as:
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By the Hubble relation, H? =c?/R?, where R, is the present radius of the horizon. Consequently,

we see that this is the same critical density calculated in the Black Hole analogy, but in the
present context, its meaning is unambiguous.

The dynamical behavior of the Universe is specified both in detail through an expression for the
precise time development of the distance, d, and in a succinct manner through the value of the
deceleration parameter:
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where go > 1/ 2 indicates that the expansion eventually reverses, whereas g, < 1/ 2 means that the
Universe expands forever.

What a remarkably unified description of the structure and evolution of the Universe. The
geometry and the dynamical behavior of expansion are seen to be closely coupled, and to depend
simply on theratio !./! ¢rit, which is specified neatly by the two observables, !, and Ho,. The nature
of these solutions can be summarized in the following table:

Relative density Dy nami cal behavior Intrinsic geometry
P> 1ot Qo >! k>0
(eventual collapse) (positive curvature; closed and finite)
Po =Terit Qo =! k=0
(expands forever) (flat, open, infinite)
P <t 0<(o<! k<0
(expands forever) (negative curvature, open, infinite)

The time behavior of the expansion is revealed by the way in which the average distance between
galaxies evolves in time. Some sample solutions are shown below:
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Fig. 17a

Geometrically, the closed model is a 4-dimensional sphere, which can be crudely visualized as a
cross section of its 3-dimensional counterpart as discussed at the end of Chapter 14. According
to the closed model solution, this sphere expands to some maximum size then contracts. Note
that if a model is closed, it is always closed; that isif!. /! it > 1 holds for any epoch, it holds for
all epochs. The same statement applies to the open models.

We find ourselves confronted by unexpected clarity regarding the nature of expansion of the
Universe and the time evolution of its topography. But the remarkable observation is that we can
make sense of questions about the geometry and fate of the entirety of existence, the Universe asw
awhole. Our hubris clearly exceeds that of the Classical Greeks! In the context of this theory,
the Lemaitre-Friedman models based on Einstein® GTR, the possible descriptions of the World
are seen to be closely related, and the answers to old and new questions appear to lie within our
grasp. We also see how to test such ideas (and are currently engaged in that task), which raises
our inquiry to the level of science.

One cannot but think back over the centuries of debate on the question of @hoiceObetween
infinitude and finitude. Aristotle, in defining his finite world said @utside the world there is no
body, nor place, nor empty space, in fact nothing at all exits.O Such restrictions are completely
consistent with the closed model at hand. Thereis no outside. No matter where you go, you
cannot leave 3-dimensional space; however, there are only a finite number of places to go. Yet,
just as Bruno claimed for an infinite universe, this finite model has o center nor edge® And
although we might agree with Copernicus that it is O...really strange that something could be
enclosed by nothing.O Einstein strongly favored that closed model for reasons that have a
distinctly Aristotelian flavor. At present, however, in the early years of the 21st century, our best
evidence indicates that the World is flat after allN and thus infinite.
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