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Cosmology:  A Cosmic Perspect ive     
 
 

Ch apt er 17:  Fro m a Bl ack  Hol e t o a  Fi n i t e Un i ver se 
 
What  is t he cosm ological sign ificance of Black Holes?  What  do they tell us abou t  the geom etry 
and evolu t ion  of the Un iverse as a whole?  The m ost  distu rbing, and yet  most  int r igu ing, aspect  of 
the Big Bang Theory is the problem of beginn ing, the in it ial singu lar  state from which  expansion  
star ted.  That  state of arbit rar i ly h igh density seems an inescapable hallm ark of the Black  Hole as 
well.  Catast rophic gravitat ional collapse may squ eeze to zero volum e that  mat t er  wh ich fal ls 
throu gh  the gravitat ional radiu s.  Un derstanding the process of gravitat ional collapse cou ld 
provide clu es to ou r  own distant  past  and fu tu re, and even  reveal a completely new realm  of 
physical laws. 
 
The concept  of the Black  Hole also raises the following cosmological qu est ion:  Does the Un iverse 
lie with in  it s own  gravitat ional radiu s?  The manner in  which  the hypothet ical process of 
format ion  of Black Holes was presented may have seem ed to im ply that  an incredibly h igh  density 
of mat t er  had som e connect ion wi th  the bizarre gravitat ional effect s that  resu lt .  The connect ion is 
only incidental.  The problem is sim ply to get  enough  mat ter  with in  a given radiu s t o produce a 
su fficient ly large gravitat ional effect  to yield an event  hor izon.  How large does the density becom e 
just  as the cr it ical  amount  of m at ter  is assem bled wi t h in that  radius?  LetÕs call t hat  m in imum  
density ! cr it:  We know that  for  a given mass, M, t hat  the cr it ical  radius is 
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Th is mass, M, m ust  t hen correspond to a mass density (mass / volume) given by 
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Su bst itu t ing t h is expression for  M into t he fir st  equat ion gives   
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As we have already found for  the sun , Rcr it  = 3 km , and t he corresponding value of ! cr it from  the 

previous expression is calcu lated to be ! crit = 2 " 1016  gram s/ cm 3 .  Bu t  for  a 100 kg person , Rcr i t = 2 

x 10-23 cm and the resu lt ing ! cr i t =1073 grams/ cm 3, which  is incom prehensibly large.  LetÕs t ry 
going in the other  direct ion .  For  a 100 m il lion  solar  mass object , Rcr i t 2.4 x 108 km or  rou gh ly t he 
size of the orbit  of Mars.   The corresponding ! cr it   is t hen 1 gram/ cm 3!   The fol lowing table 
displays these exam ples:  

Object  Mass Rcr i t  ! cr i t  

Person 105 gram s 1.5 x 10-23 cm 6.4 x 1072 grams/ cm 3 
Sun 2 x 1033 grams 3 km 1.6 x 1016 grams/ cm 3 
ÒSu perblobÓ 108 x Msun 2.4 x 108 km 1.0 gram/ cm 3  (densit y of water ) 
 
According to t hese num bers, if one cou ld assem ble enough water * to fi l l t he inner  par t  of the solar  
system , it  wou ld form a ÒgiantÓ Black Hole.  The interest ing featu re exh ibit ed here is that  more 
massive Black Holes form at  lower m ass densit ies.  We can  see th is direct ly from the equat ions 
that  we have already wr it t en.  In summary, we have found t hat  
                                                
* Assum ing it  were incom pressible, which  it  is not  under t hese cir cu mstances. 
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Obviou sly an ext rem ely large region  of space does not  have to be very densely fil led with m at ter  to 
cu rve space enou gh t o cau se l ight  to t ravel in circles or  even to close space in on itself to form the 
event  hor izon of a Black Hole.  Clear ly, we are compel led t o ask two qu est ions:  Fir st , wh at  cr it ical 
density wou ld character ize t he Universe?  Secondly, how does th is valu e com pare with t he 
measured densit y of the Un iverse?  Now, ! cr it  is determined by Rcr it, so we m ust  concoct  som e 
num ber to subst it u te for  the radiu s of the Un iverse.  This sounds like a pre-Renaissance task bu t  
we can m eet  the challenge in modern  term s by u sing as a t r ial the radius of the visible un iverse as 
given by the Hu bble relat ion, V = Hr, wh ere t he distance to t he hor izon is found by let t ing v = c.  
For  obscu re reasons we wil l choose H = 50 km/ s/ Mpc.  Then , 
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R Rcrit u= = !2 1028  cm. 

Th is valu e represent s the radiu s of t hat  par t  of t he Universe that  has int eracted wi t h u s both 
elect romagnet ically and gravitat ionally (both effects t ravel wi t h the speed of light ).  Bu t  exact ly 
wh at  t h is choice m eans in  com put ing ! cr it is not  completely clear .  In  any case the value obtained 
by th is su bst itu t ion, 

! crit = " #5 10 30  gram s/ cm 3, 

is indeed a small  nu mber , bu t  it  exceeds ou r  present  est imates of the mass densit y of the 
Un iverse by a factor  of at  least  5 or  10. 
 
The concept  of gravitat ional collapse su ggest s an interest ing quest ion  abou t  t he global st ru ctu re 
of spacet im e.  Bu t  t he interpretat ion  of ou r  calcu lat ion  of the cr it ical mass density of the Un iverse, 
by reason ing in analogy wi t h the t reatm ent  of Black  Holes, is am biguous.  However, if t he density 
of mat t er  precisely determ ines the character  of spacet im e in t he local context  of Black  Holes, there 
may possibly be a simi lar ly defin it ive cosmological solu t ion  of the Einstein equat ions.  Su ch 
solu t ions were discovered for  hom ogeneous, isot ropic, expanding Un iverses dur ing the ear ly 
1920Õs by Alexander  Fr iedman, and independent ly by Abbe Georges Lemait re som e 5 years lat er .  
Because Lemait re happened to be consider ing these problem s at  the t im e of Hu bbleÕs work on 
expansion , and because he appreciated the relevance of those observat ions to h is own  t heoret ical  
work, it  is Lemait re more t han Fr iedman who is considered by m ost  to be the ÒfatherÓ of the Big 
Bang concept . 

The Lemait re-Fr iedm an solu t ions are beau t ifu l ly simple when compared to t he ext remely complex 
mathem at ical  mach inery that  generates them.  Fu r thermore, they const it u te a remarkably u nified 
representat ion of the Un iverse as a dynam ical as well as geom etr ical system. 
 
The dynam ical aspect  com es abou t  t hrough the effect  of gravitat ion on  the expansion  rate.  If t he 
mass density is large enough, t he mutual gravitat ional at t ract ion  of al l m ass elem ents in t he 
Un iverse wil l eventual ly st op and reverse the expansion .  The problem  is related to th rowing a 
stone upward from the su r face of an asteroid.  From a small  asteroid, the stone m ay be 
decelerated som ewhat  by the relat ively weak gravitat ional at t ract ion  of the body, bu t  wi ll  cont inu e 
upward, never  to retu rn .  For  an asteroid larger  t han some cr it ical mass the stone wil l eventual ly 
com e to a stop, t hen fal l back to t he su r face.  The sim ile m ay seem cru de, bu t  it  is the appropr iate 
Newt onian analogy.  The rate of slowing of the expansion, t h is dynam ical response of t he Universe 
to its own  gravitat ion, is specified in the t heory by the decelerat ion  param eter , q. 
 
Having int roduced th is new parameter , q, one m ay summarize the Lemait re-Fr iedman 
cosmological solu t ions in the fol lowi ng rather  elegant  fash ion*.  The geom etry of the Universe and 
the t ime evolu t ion  of the average distance between galaxies, d, (or  equ ivalent ly t he t im e evolu t ion 
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of the densit y of mat t er , since !  is proport ional to d-3) is specified com pletely by t he mat ter  density 
measured now, ! o, relat ive t o a cr it ical density defined by t he valu e of t he Hu bble constant , Ho, 
measured at  cu rrent  epoch  also. 
  
The geometry  is specified by t he equat ion : 
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wh ere k  is the cu rvatu re param eter .  That  is, k  = 0 cor responds to an open  flat , Euclidian  space;  
k  > 0, a closed, posit ive cu rvatu re, spher ical space; and k  < 0, an open , negat ive cu rvatu re, 
saddle-shaped or  Òhyperbol icÓ space.  This expression can be rewr it ten as: 
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By the Hubble relat ion, Ho
2 = c2 Ro

2 , where Ro is the present  radius of the hor izon.  Consequ ent ly, 
we see that  t h is is the sam e cr it ical density calcu lated in the Black  Hole analogy, bu t  in  the 
present  context , it s m ean ing is unam biguous. 
 
The dynamical behavior of the Universe is specified both in detai l th rou gh  an  expression  for  the 
precise t im e development  of the distance, d, and in a su ccinct  manner th rou gh  the value of the 
decelerat ion parameter : 
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wh ere qo > 1/ 2 indicates that  t he expansion eventually reverses, whereas qo < 1/ 2 means that  the 
Un iverse expands forever .   
 
What  a rem arkably u nified descr ipt ion of the st ru ctu re and evolu t ion of the Un iverse.  The 
geometry and the dynamical behavior  of expansion are seen to be closely cou pled, and to depend 
sim ply on  the rat io ! " /! cr it, wh ich is specified neat ly by t he two observables, ! o and Ho.  The natu re 
of these solu t ions can be summ arized in t he following table: 

 
Relat i ve densi t y  Dy nami cal  behavi or  In t r i nsi c  geom et r y  

! "  > ! cr it qo > !  
(eventual collapse) 

k  > 0 
(posit ive cu rvatu re; closed and fin it e) 

! "  = ! cr it qo = !  
(expands forever ) 

k  = 0 
(flat , open , infin ite) 

! "  < ! cr it 0 < qo < !  
(expands forever ) 

k  < 0 
(negat ive cu rvatu re, open, in fin it e) 

 
 
 
 
 
 
 
 
The t ime behavior  of the expansion is revealed by the way in wh ich the average distance between 
galaxies evolves in  t im e.  Some sam ple solu t ions are shown below: 
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   Fi g. 17a 
 
Geom etr ical ly, the closed m odel is a 4-dimensional sphere, wh ich can  be cru dely visualized as a 
cross sect ion of its 3-dimensional cou nterpar t  as discu ssed at  t he end of Chapter  14.  According 
to the closed model solu t ion, t h is sphere expands to some maximum  size then  cont ract s.  Note 
that  if a m odel is closed, it  is always closed; that  is i f ! "  / ! cr it  > 1 holds for  any epoch, it  holds for  
all epochs.  The sam e statement  appl ies t o the open models. 
 
We find ou rselves confronted by u nexpected clar it y regarding t he natu re of expansion  of the 
Un iverse and the t im e evolu t ion of its topography.  Bu t  the rem arkable observat ion is that  we can  
make sense of qu est ions abou t  t he geom etry and fate of the ent irety of existence, t he Universe asw 
a wh ole.  Our hu br is clear ly exceeds that  of the Classical Greeks!  In t he context  of th is theory, 
the Lemait re-Fr iedm an models based on  EinsteinÕs GTR, the possible descr ipt ions  of t he Wor ld 
are seen to be closely related, and t he answers to old and new qu est ions appear to l ie wi t h in ou r  
grasp.  We also see how to test  su ch  ideas (and are cu r rent ly engaged in t hat  task), which  raises 
our  inqu iry t o the level of science.  
 
One cannot  bu t  t h ink back  over  the centu r ies of debate on  the qu est ion of ÒchoiceÓ between 
infin itu de and fin it ude.  Ar istot le, in defin ing h is fin it e wor ld said ÒOutside the wor ld there is no 
body, nor  place, nor  em pty space, in fact  noth ing at  all  exit s.Ó  Su ch  rest r ict ions are com pletely 
consistent  wi t h the closed model at  hand.  There is no ou tside.  No mat ter  wh ere you  go, you  
cannot  leave 3-dim ensional space; however, t here are only a fin it e num ber of places to go.  Yet , 
just  as Bru no claim ed for  an  infin it e u niverse, th is fin ite model has Òno center  nor  edgeÓ.  And 
although we might  agree with  Copernicu s t hat  it  is Ò....really st range that  something cou ld be 
enclosed by nothing.Ó  Einstein  st rongly favored that  closed model for  reasons that  have a 
dist inct ly Ar ist otelian flavor .  At  present , however, in  the ear ly years of the 21st centu ry, ou r  best  
evidence indicates that  the Wor ld is flat  aft er  al lÑ and thu s in fin it e. 
 


