
Lecture 15: Error
Analysis for time-
stepping routines

Accuracy:

• Error analysis for time-stepping schemes is

of a similar nature to the error analysis for

difference formulas from lecture 11.

• The analysis will also apply to the Time

and Space stepping schemes in Lecture 22.

• We are interested in the local discretization

error and global discretization error.



• Local error is given by:

εk+1 = y(tk+1)− (y(tk) + ∆t · φ)

• Global error is given by: Ek = y(tk)− yk

For the Forward Euler’s method we have for a

time step ∆t for t ∈ [a, b], and after K steps

∆t ·K = b− a that
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∆t2
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The accuracy of other methods can be ana-
lyzed in a similar fashion by beginning with the
Taylor expansion of the solution in order to
calculate εk and Ek.




Method Local Global

Euler O(∆t2) O(∆t)
2nd O Runge−Kutta O(∆t3) O(∆t2)
4th O Runge−Kutta O(∆t5) O(∆t4)
2nd O Adams−Bashforth O(∆t3) O(∆t2)




Round-off and choosing the step size: We
obtain similar results for round-off and trun-
cation error of the forward difference (Lecture
11) as for the Forward Euler method.

To minimize the total error (E = Etrunc +
Eround) as a function of step size ∆t:

∆t =
(
2er

M

)1/3



Stability: Accuracy is only relevant of course

if the scheme is stable.

A general theory of stability can be developed

for any one-step time-stepping scheme. Con-

sider the recursion relation for an M×M system

of ODEs

yn+1 = Ayn

after N steps the recursion results in

yN = ANy0

and further applying the power of matrices from

lecture 7 we obtain:

AN = S−1ΛNS

S is the matrix who’s columns are the eigen-

vectors of A. Λ is the diagonal matrix who’s

entries are the eigenvalues of A.



From the last equation we are only interested

in the eigenvalues since instability occurs when

<(λi) > 1 for i = 1,2, ..., M .

For two step schemes (Adams methods) the

same procedure can be applied starting with

the method written as:

yn+1 = Ayn + Byn−1



In practice: For a simple ODE:

dy

dt
= λy

y(0) = y0

The Forward Euler method (including round-
off) results in

yN = (1 + λ∆t)N(y0 + e)

Which results in a cumulative error

EN = (1 + λ∆t)Ne

and the Backward Euler method (including round-
off) results in

yN =
(

1

1− λ∆t

)N
(y0 + e)

Which results in a cumulative error

EN =
(

1

1− λ∆t

)N
e



Thus for |1 + λ∆t| > 1 the Forward Euler

method is unstable and for 1
|1−λ∆t| > 1 the

Backward Euler method is unstable.

What to do with this information?

When implementing your own numerical Adams

type ODE solver, this procedure allows you to

choose a ∆t that falls in the range of ∆t’s that

satisfy the stability condition for the method of

choice.



Lecture 15.5: More
ode45 examples

Suppose the problem to be solved is:

dy

dt
= t2 + y(t) y(0) = 1 t ∈ [0,5]

You would use two .m files, one function file

for the right hand side (rhs) of the equations

for dy
dt and one main file to call ode45 (which

calls the function for dy
dt).



% This code goes inside file simple_rhs.m

function rhs = simple_rhs(t,y)

rhs = t^2 + y;

% This code goes inside main file simple_IVP.m

tspan = [0,5];

y0 = 1;

[t,y] = ode45(’simple_rhs’,tspan, y0);

% or

[t,y] = ode45(@simple_rhs,tspan, y0);

ode45 chooses it’s own ∆t as large as possible

to maintain the local accuracy tolerance.



To set your own tolerances and your own points

where you want to evaluate the solutions (rather

than just the end points)

% This code goes inside file simple_rhs.m

function rhs = simple_rhs(t,y)

rhs = t^2 + y;

% This code goes inside main file simple_IVP.m

tspan = [0:.1:5];

y0 = 1;

TOL = 1e-5;

options = odeset(’RelTol’,TOL,’AbsTol’,TOL);

[t,y] = ode45(’simple_rhs’,tspan, y0, options);

% or

[t,y] = ode45(@simple_rhs,tspan, y0, options);



If you have a function which takes in more vari-

ables other than t and y;

% This code goes inside file simple_rhs.m

function rhs = simple_rhs(t,y,p)

rhs = p(1)*t^2 + p(2)*y;

% This code goes inside main file simple_IVP.m

p = [5, 2];

tspan = [0:.1:5];

y0 = 1;

[t,y] = ode45(’simple_rhs’,tspan,y0,options,p);

% or

[t,y] = ode45(@simple_rhs,tspan, y0,[],p);


