Lecture 12:
Numerical Integration

See pictures of numerical integration courtesy
of Eric Shea-Brown.

Numerical integration calculates the area un-
der a given curve using a numerical approxi-
mation. The most basic methods are inspired
by the definition of integration of a function
f(x) defined on an interval [a,b]:
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where b — a = nh.



If we consider the sum for a fixed h rather than
in the theoretical limit as h goes to zero, then
as h becomes smaller the summation approxi-
mation becomes more accurate and this would
be one method of numerical integration, oth-
erwise called quadrature.

A general quadrature formula looks like this:
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where a =zg < z1 <20 < ... < xpp = .
If we approximate the integral with such a quadra-
ture formula we have an associated error with

the approximation (as we did with the numer-
ical differentiation).
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Newton-Cotes Formulas We begin by assum-
ing that the function f(x) can be approximated
by a polynomial
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where the truncation error in this case would
be proportional to the (n + 1) derivative

E(f) = Af" (o)

where A is constant. Given
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We are able to then obtain several integration
algorithms.



The Trapezoidal, Simpson’s and Simpson’s 3/8
rules are:
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T here are several ways of deriving these meth-
ods, lets derive the trapezoid method here (see
Kutz's notes for derivation of Simpson’s rule).

A geometrical approach is as follows:
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Derivation of the trapezoidal rule from Calcu-
lus beginning with the polynomial approxima-
tion to the function f(x)
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where fn(z) is the n" order polynomial. The
Trapezoidal method assumes n = 1:
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Now inserting the endpoint values
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Solving for a1 and ao:
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Replacing ag and aq results in the Trapezoidal
formula:
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You should note the order of accuracy as O(h2), O(h%)
and O(h4) for the Trapezoidal, Simpson’'s and
Simpson’s 3/8 methods.
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Composite Rules are used in order to apply
the integral formula over an interval [a, b] which
has been subdivided (a =29 < 21 < 25 < ... <
xn = b), SO we return to a more general quadra-
ture formula
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Improving accuracy of the method taking
the composite rule for a step size of 2h instead
of the original step size of size h:
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Comparing this with Q[F] we see that

Qrlfl = %th[f] +h(f1+f3+ ..+ frno1)

This shows that we can improve accuracy by
halving the step size h and this may be applied
in order to obtain a desired accuracy.



Next week we'll cover the MATLAB built in
functions. Here we implement the Trapezoidal
method using the formula:

%» Integrate the function x"2 over a domain
% x = [1,5] given a step size of h = .2
h = 0.2;

%» Calculate the number of points needed
n = (5-1)/h;

x = (1+h:h:5);

fO = 17°2;

f(1:n) = x(1:n)."2;

Trap = (b/2)*(£0+f (n)+2*sum(f(1:n-1)))

/» Compare the result with the actual integral
(673-173)/3



