1. (35 points) An Oceanographer does an experiment where temperature of a tide pool
is measured every 5 minutes for 2 hours (¢t = [0,5,10,...,115,120]). The data from the
experiment is stored in time.dat and temp.dat.
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(b)

Let us think of our data as a set of points, (t, Yx), where ¢t measures time and Y measures
temperature. Suppose we wanted to find an interpolating polynomial for this data. What
is the lowest order polynomial which is guaranteed to go through all the points given in
time.dat and temp.dat?

Since we have 25 data points, we can create a polynomial of degree 24

Recall that a popular method of piecewise polynomial interpolation is to create a cubic
spline S (t) which is of the form

Sk(t) = Sko + Ska(t — tr) + Ska(t — tr)* + Skt — tr)?
for t € [tg,tx+1]. To solve for the four coefficients Sy ; we impose four constraints.

(i) What are these constraints?

Sk(tk) = Y

Sk(ter1) = Y
Sp(tr+1) = Spp1(te+1)
Sy (tiy1) = Sy (trr1)

(ii) Why do we impose these particular constraints?

These constraints guarantee continuity of the function, as well as the first and second
derivatives and results in a smooth function.

Using time.dat and temp.dat write a matlab script that will fit, in the least squares
sense, the function Y (¢) = Asin(Bt) + Ct where Y is temperature which is a function of
t, time (ie. solve for the coefficients A, B, and C).

You may need to write two m-files, please show both of them. (Don’t forget to load your
datal)

To solve for the coefficients we will call

coeff = fminsearch(’E2’,[0 0 0])

where we define the function E2 in a separate m-file which will look like:
function err = E2(C)

load time.dat
load temp.dat

err = sum(abs(C(1)*sin(C(2)*time) + C(3)*time - temp)."2);



2. (35 points) Consider the following set of equations:

T, + 2x3 =2
201+ 30+ 23 =7
5r1 — 3T + 2x3 = 29

(a) Write down the linear system that represents the equations above.

1 0 3 1 2
2 3 1 T2 | =| 7
5 =3 2 T 29

(b) Write a matlab script that would solve the system using a Gauss-Seidel iteration method

using a tolerance of 1079, a maximum number of iterations of 100, and an initial guess

of [1,0,1]7.

max_iter = 100;
tol = 10°(-6);
X0 = [1 0 1]’; %old values

%loop through Gauss Seidel where XN is the vector of new values
for j = l:max_iter

XN(1) = 2 - 2%xX0(3);
XN(2) = (7 - 2%XN(1) - X0(3))/3;
XN(3) = (29 - B*XN(1) - 3*XN(2))/2;

if norm(XN-X0,2) < tol
break

end

X0 = XN;

end

Can we guarantee that if we used a Jacobi iteration method that our method would work?
Why or why not? No. The matrix is not strictly diagonally dominant. For example in

the third row
12| £ 15| + [ — 3|

In fact, none of the rows meet the criterial
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Sample Problems

These are brief survey of the types of problems that may be on the midterm.

Exercise 1: Linear Systems

15 3 -1 10
A=|210 bi=| 1 |b=]5
0 3 4 1 7

(a) Perform a LU factorization on the matrix A by hand

Answer:
1 00 15 3 1 5 3
LiA=| -2 10|21 0|=|0 -9 —6
L 0 0 1 03 4 0 3 4
(1.0 0 1 5 3 1 5 3
Lo(LiA)=|10 1 0|0 -9 =6 |=|0 -9 —6|=
[0 3 1 0 3 4 0 0 2

1 0 0 1 5 3
A=|2 1 0[]0 -9 —6
0 -4 1 0 0 2

(b) Solve the system Az = b; and Az = by using your factorization

Answer: First solve Ly = b and then Uz = y:

For bq:
1 0 0 Y1 | [ —1 7 [ —1 7
Ly=b= 12 1 0 Yo | = 1 =>y= 3
0 —3 1 Y3 I 2 ]
1 5 3 1 | [ —1 7 1 ]
Ucr=y= |0 -9 -6 xo | = 3 =z=| —1
0 0 2 r3 | 2] | 1]




For by:

1 0 0 Y1 10 10
Ly=bs= |2 1 0 yp | =] 5 | =>y=| —15
0 —3 1 ys 7 2
1 5 3 x1 10 2
Ur=y= |0 -9 —6 xo | =| =15 | =ax=]1
0o 0 2 x3 2 1 |

(¢) Write Matlab code that would solve the system Az = by using a Jacobi iteration technique

and a tolerance of 106

Answer: First we need to derive the iterative scheme, solve each of the equations for
each of the unknowns:

1 + 5o + 333 = —1 T = —dx2 — 3x3 — 1
1'2:1—2331

i 1—32172
4

200+ 220=1 =
3rg +4x3 =1 T3

clear all;

TOLERANCE = 10" (—6);

old = [0 0 0];

for i=1:1000
new(l) = —b*old(2) —
new(2) =1 — 2 xold (1
new (3) = (1-3xo0ld (2))

3 % old(3) — 1;
)
/4;

if (norm(new—old)<TOLERANCE)
break;
end
old = new;
end

Write Matlab code that would solve the system Az = by using a Gauss-Seidel iteration
technique and a tolerance of 1076

Answer: Again we use the same scheme but update slightly differently with the updated
values

clear all;

TOLERANCE = 10" (—6);

old = [0 0 0];

for i=1:1000
new(l) = —b5*o0ld(2) — 3 * old(3) — 1;
new(2) =1 — 2 snew(1);



new (3) = (1—3%new(2))/4;

if (norm(new—old)<TOLERANCE)
break;
end
old = new;
end

How should we modify the matrix A to ensure that our Jacobi iteration code would
converge?

Answer: Right now our matrix is not strictly diagonally dominant due to the first and

second rows:
5] + 3] > [1]

2 > [1]

If we flip the first and second row however, we find that the rows are now strictly
diagonally dominant.

2 1
A=115
0 3

= w O
Y

1] < [2]
1] +[3] < [5]

Exercise 2: Curve Fitting

Assume you have a file depth.dat that contains a cross-section of the depth of the puget
sound. The file contains two columns of data, the first is the coordinate =, the second is the
corresponding depth at that point.

(a)

Setup the linear system that we would need to solve in order to fit the function f(x) =
Az? + Bz + C to the data

Answer: We want to minimize the Ey error \/% Zfil |f(zi) — yi|?. In order to do this
we need to take the derivative with respect to each coefficient A, B, and C. We can



simplify our calculation by only considering the inner sum: Zfil \f(25) — il

N N
0
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i=1 i=1

N N
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We can then write this system of equations as a linear system with the unknowns the
vector [A, B, C]T

N N N N
Zz]\?l 5'321 Zz]\?l x? Zzil 1”12 A Zz]\:fl Yi - 96‘12
Zﬁ'\?l w? Zzﬁl wzz D el Ti B | = Ziz}vyz‘ " T
>ic 51312 D im1 T N c Yois1 Yi

(b) Write a Matlab script that will read in the data and fit the function f(z) = A exp(—Bz?)
to the data using a least squares approach

Answer: We will use fminsearch to find the nonlinear minimum.
The call to fminsearch is:

C = fminsearch(’exp_error’ ,[0 0])

The function exp_error should look something like:
function E2 = exp_error (C)

load depth.dat

x = depth(:,1)

y = depth(:,2)

E2 = sum( abs( C(1) * exp(—C(2)*x."2) — y)."2)



