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Abstract

We present practical numerical methods which produce provably second order approximations for
a class of stationary first order Hamilton-Jacobi partial differential equations. Using probabilistic
methods, we derive high order asymptotic expansions for a first order method, and then use those
results to design second order methods. We prove second order convergence for the solution and for
its gradient on a subset of the domain where the solution is smooth. Although we limit our attention
to second order schemes, in principle the techniques in this paper can be extended to arbitrarily
high order methods. Examples illustrate the rate of convergence as well as global sharp resolution
of discontinuities. The Hamilton-Jacobi equations we consider correspond to deterministic optimal
control problems, and our rate of convergence results are valid for the value functions and for the
optimal feedback controls.



1 Introduction

This paper is concerned with the numerical solution of a class of first order stationary Hamilton-
Jacobi partial differential equations. We give a detailed asymptotic analysis of a first order Markov
chain based numerical method and then describe two approaches to obtaining second order con-
vergence. The PDE’s that we study arise in connection with a variety of applications in computer
vision, large deviations, and robust control [4], and they can be interpreted as dynamic program-
ming equations for a class of deterministic optimal control problems on a finite domain. Under our
assumptions, the value function V() for a given control problem is the unique viscosity solution
to the corresponding Hamilton-Jacobi PDE, and the optimal feedback control function u®(z) is
obtained by taking the argument in the optimization part of the Hamilton-Jacobi equation on those
parts of the domain where it is uniquely defined.

Much of the difficulty in solving equations of this type derives from the fact that the solutions
need not be smooth on the entire domain. Under our assumptions, V°(z) is globally Lipschitz,
but it need not be differentiable at all points. The control function u°(x) is closely related to
the gradient of V°(z). It need not be uniquely defined at all points, and it is often discontinuous
across those points where it is not uniquely defined. Typically, however, there are regions of strong
regularity which are open and dense in the domain, and in those regions both VO(z) and u%(x)
are as smooth as the problem data. Our asymptotic results hold on certain subsets of the regions
of strong regularity, and we propose numerical methods which provide second order estimates for
VO () and u®(z) on those regions, without sacrificing global convergence properties.

The typical numerical methods are of finite difference type, or the probabilistic equivalent.
Derivatives in the Hamilton-Jacobi PDE are replaced by finite difference approximations with a
parameter & > 0 to obtain approximations V"(z) to the value function. There are two principal
approaches to proving that these approximations converge to the limit value. A relatively recent
approach is analytic and exploits the fact that V9(z) is the unique viscosity solution to the Hamilton-
Jacobi PDE. Since the V*(z) are solutions to difference equations with operators converging to the
limit differential operator, this uniqueness can be used to show that the Vh(x) converge uniformly
to VO(x); see [1, 7]. While the viscosity solution method analyzes the approximations at the level
of the PDE, the approach we employ uses probabilistic methods to interpret the approximations at
the level of the control problem. In this framework, the first numerical methods were developed by
Kushner [26]. We regard the equation satisfied by V"(z) as the dynamic programming equation for
a control problem with Markov chain dynamics which approximate the deterministic dynamics in
the limit control problem. Thus, the Vh(x) are value functions for approximating control problems,
and we can use probabilistic arguments to show that they converge uniformly to V°(X) on the
entire domain. See references [4, 26, 27]. In addition, probabilistic arguments have been employed
in [12] to prove that the prelimit optimal feedback controls u"(x) converge to u°(z), uniformly on
compact subsets of the regions of strong regularity where u°(z) is smooth.

All of the numerical methods which have been rigorously analyzed using either of the above
approaches are intrinsically first order. That is because the finite differences are only first order
approximations to the corresponding derivatives, or equivalently because the generators of the
Markov chains approximate the generator for the limit dynamics to only first order when applied
to smooth functions. The most natural approach to obtaining second order convergence would be
to use second order finite difference operators in the approximations. This can sometimes be made
to work in practice, but current techniques cannot be used to analyze the convergence properties,
or even to show that the resulting approximations are stable. The problem is that the use of
higher order finite difference operators results in the loss of critical monotonicity properties in the
prelimit difference equations. From the point of view of Markov chain approximations, this gives



rise to negative transition probabilities, so it is impossible to construct the dynamics. Our approach
to obtaining second order convergence does not involve the use of higher order finite differences.
However, in a different context (see the proof of Lemma 4.6), we introduce a representation which
circumvents the problem of negative transition probabilities, at the cost of adding an exponential
growth term. The growth term clearly exposes the stability issue which is critical in numerical
methods based upon higher order finite differences, and this representation may prove useful in
their analysis.

Our second order approximation methods are based upon an asymptotic expansion of the form

M
Vh(x) = Vo(x) + Z_: hme™(x) + o(hM), (1.1)

holding on a subset of the regions of strong regularity, with smooth functions €”(z). In Section 3,
we obtain the first term in this expansion using techniques similar to those in [11]. Then, under the
more restrictive conditions of Section 4, we use probabilistic arguments like those in [16] to establish
the full asymptotic expansion. The situation in [16] involves the approximation of a deterministic
optimal control problem by a stochastic problem with a small noise Brownian motion added to the
dynamics. In that case, the asymptotic expansion is alternatively obtained by viscosity solution
methods in reference [18]. In Section 5, we exploit equation (1.1) and an analogous asymptotic
expansion for the optimal feedback control to obtain new approximations which are second order
accurate in those regions where the expansions are valid. One approach is to define V"*(z) by
subtracting from V"*(z) a correction term which approximates hel(z) to first order, and then to
exploit the relationship between u®(2) and the gradient of V°(2) to obtain «"*(z). A second method
is to apply Richardson extrapolation, putting V"*(z) = 2V*(2) — V¥ (z), and defining u"*(2)
analogously. Given an expansion of the form (1.1), it is straightforward to see that approximations
defined this way can be expected to be second order accurate. Qur experimental results in Section 6
confirm this in both the L' and the L norms on the appropriate subsets of the regions of strong
regularity, while first order convergence properties are maintained elsewhere.

Other approaches to obtaining higher order convergence for Hamilton-Jacobi PDE’s have been
suggested, especially for the finite time case. In reference [13], high order time stepping methods
are explored, but the spatial discretizations are not considered. While the full discretization is
discussed in [14], critical stability issues are not resolved for the general case. A theoretically
interesting second order scheme is presented in [30], but as the authors note, it can not be practically
implemented. High order essentially non-oscillatory (ENO) [31], weighted ENO [25], Godunov
[29], and finite element [23] schemes originally developed for hyperbolic conservation laws have
been successfully applied to Hamilton-Jacobi equations. While these methods have produced very
convincing numerical results for finite time problems, complete convergence proofs are not available.
To our knowledge, ours are the only practical schemes which have been proved to yield second order
convergence of the value functions or of the optimal feedback controls on any part of the domain
for multidimensional stationary Hamilton-Jacobi equations.

Conservation laws are closely related to the Hamilton-Jacobi equations that we study, and there
is an extensive body of literature dealing with their numerical solution. In fact, the two types of
equation are equivalent in one dimension, and it is interesting that in [30] the proof of convergence
for a second order scheme for scalar conservation laws is obtained by means of viscosity solution
methods for Hamilton-Jacobi equations. The scheme proposed in [22] for conservation laws is similar
in philosophy to one of our second order methods, as it involves the use of an analogous correction
term. An excellent overview of the available techniques can be found in reference [28]. While many
effective higher order methods have been developed for time dependent problems, rigorous proofs



of convergence in more than one dimension are not available. Furthermore, it has proven quite
challenging to extend these methods to stationary problems; see reference [21] for some results in
this direction.

We end this section with some notation. Let IR™ be n-dimensional Euclidian space, and let
Z" be the subset of IR™ consisting of n-tuples of integers. For vectors z,y € IR", (x,y) is the

scalar product, ||z|| = /(z,2) is the Euclidean norm, [|z]|; = X7 |a;| is the {*-vector norm, and
|z| = (|&1], ..., |®s]) is the componentwise absolute value. For a process X(-) taking values in IR"™

and for § < 400, || X(-) [ls = supg<ics [|X(2)]| is the uniform L*norm. For any two subsets A and
A" of IR™, d(A, A") denotes minimum FEuclidean distance between A and A’. The positive part of a

scalar is a¥ = max(a,0), and its negative part is = = —min(«a,0). For a vector, the positive and
negative parts are taken componentwise, so that z% = (wli, .. ,xf) In general, we use subscripts

to denotes the components of a vector, while superscripts index possibly vector valued quantities.
Thus, z; is always a scalar quantity, while 2* may denote a vector.

For a smooth function f mapping IR" to IR and for a positive integer r, put D! f(z) = -2 f(z).
The diagonal of the array of rth order partial derivatives is denoted by

D f(z) = (DI f(2),.... Dyf(x)).

In the case r = 1, we use the standard notation D f(z) = D%f(x) for the gradient of f. For h > 0,
the operators D% are one sided finite difference approximations to the gradient operator. The ith
component of D% f(z) is given by

(x4 he;) — f(2)
h b

DIt f(a) =

while the ith component of D"~ f(z) is given by

flz) = fle — hei)‘

DI f() = -

In addition, D" f(z) is the centered difference approximation to the gradient vector D f(z), while
D%’hf(x) is the centered difference approximation to the diagonal second derivative vector D? f(z).

2 Statement of Problem and First Order Numerical Approxima-
tion

We describe a deterministic optimal control problem and set forth a first order Markov chain based
numerical method to approximate its solution. We then recall results which guarantee convergence
of the numerical value function and of the numerical feedback control to their respective counterparts
in the problem being approximated.

Let G C IR™ be open with compact closure, and assume that G satisfies uniform interior and
exterior cone conditions (see [4] for definitions). Let b and ¢ be €' functions from IR" to IR, and
let @ be a C'™ function from IR™ to the space of symmetric positive definite n X n matrices. Notice
that @ is uniformly positive definite on 7. Assume that ¢(z) > ¢o > 0 on G. For a control u®(t)
which is in L2([0, S]; IR™) for all § < +oc and for an initial condition 2 € G, we define X°(¢) by the
dynamics

XO(t) = o + /Ot u(s)ds, (2.1)



up to the time when it exits from the domain . The corresponding generator LY is given by

'C?Lf = <U7Df>7 (2'2)

for any smooth function f mapping IR" to IR. We define the exit time 7° = inf[t : X°(¢) ¢ G]. For

the running cost .
L(ww) = S((u= b)) a™ (@)(u = b(a))) + c(x),

we define the payoff functional

0

Pe) = [T LEO0). 200t
0
The problem is to minimize the payoff by choosing a suitable control. Define the value function,

00 — inf 70 0
Vi(z) =inf J™(z,u’),

U

where the infimum is over controls u® which are in L?*([0, S]; IR"™) for all § < +o0o. We employ
the underscore notation here to indicate trajectories which are obtained from an arbitrary control.
The same notations, without the underscores, will be used later to refer to trajectories which are
obtained through the application of an optimal control.

The dynamics in (2.1) involve an open loop control u°(¢) which is defined for all ¢ > 0. Tt is
generally desirable, from the point of view of robustness and for convenience of implementation, to
consider controls which can be represented in the feedback form

XO(t) = « + /Ot «0(XO(s))ds. (2.3)

A key feature of the regions of strong regularity is that the optimal open loop controls for all initial
conditions in a region of strong regularity correspond to a unique smooth feedback function u°(z).
The following lemma is proved by elementary arguments in [12, Lemma 2.1]. We will use the
T < 400 from this lemma frequently in our analysis.

Lemma 2.1 VO(2) is bounded and uniformly Lipschitz on G, and there exists T < +o00 such that
every optimal trajectory exits from G by time T'—1. Furthermore, there exists a compact set U C IR"
such that every optimal open loop control is contained in the interior of U for each 0 <t < T —1.

The value function V° need not be differentiable on the entire domain &, but given Lemma 2.1,
it follows from [2, Theorem 6.1] that it is the unique non-negative viscosity solution on G to the
Hamilton-Jacobi dynamic programming equation (DPE)

inf [£0VO(2) + L(z,u)] =0, (2.4)

with the continuous boundary condition V°(z) = 0 on dG, where the generator £2 is defined in (2.2).
See references [1] and [17] for a thorough account of the relationship between viscosity solutions of
Hamilton-Jacobi PDE’s and the value functions for various types of optimal control problems.

It turns out that V° is smooth on most of the domain G. Let Q be a subset of G which is open
relative to . We call () a region of strong regularity if the following hold:

1. For each initial condition z € @), there is a unique optimal open loop control, and the corre-

sponding trajectory X2(¢) is contained in @ up to its exit time 72

meets G nontangentially at a point 22.

. The optimal trajectory



Figure 1: Regions of Strong Regularity

2. V0 e C(Q).

3. There is a unique u® € C°(Q) such that the optimal control can be represented in feedback
form and is given by u°(z) for each z € Q.

4. For £ € ) N OG, let T; be the supremum of the exit times for optimal trajectories beginning
in @ and exiting at £. The bijective map =(s, &) from

{(s,§): £ € QNOG,0< s < Te}
t,22) = X9(¢) is non-singular in the sense that the quantities

o= 0= o=
%(875)7 8—1/1(875)7 LR m(svf)

to @ given by Z(79 —

T

are linearly independent, where the v; are linearly independent tangent vectors to dG at the
boundary point &.

The rather technical fourth condition in the above definition is the requirement that points in the
regions of strong regularity not be conjugate. The uniqueness of optimal trajectories in the first
condition is equivalent to the statement that the map =(s,£) is one-to-one. The non-degeneracy
required in the fourth condition is a slightly stronger statement which precludes “almost” non-
uniqueness in an infinitesimal sense. The classical method of characteristics and its application
to proving the existence of regions of strong regularity for the present problem is discussed in the
appendices of references [16, 18]. Detailed information on the structure of the regions of strong
regularity for closely related problems can be found in references [5, 6, 15]. In general, the union of
the regions of strong regularity is open and dense in the domain.

Let B* be a subset of G such that B* C . Our asymptotic results will hold on sets which
include B*. Let M > 1 be a fixed integer. While our choice of M here is arbitrary, it corresponds to
the order of the asymptotic expansion that we will obtain in Section 4. Consider a region of strong
regularity Bg, and for ¢ = 1,..., M, regions of strong regularity B; and B; such that

B*CBM/C...CBlCB1CB0CBOCQ7 (25)

and such that B B
Biy1 C By C By C B; (2'6)



for each ¢ = 1,..., M, where Bys41 is taken to be B* in (2.6). The existence of such nested regions
of strong regularity follows from Theorem 2.4 in reference [18]. These relationships are illustrated
in Figure 1.

Figure 2: Region for Smooth Extension of u°

Since VY is a classical solution to the DPE (2.4) on the region of strong regularity ¢, the optimal
feedback control can be explicitly evaluated there,

u(z) = —a(z)DVO(z) + b(x). (2.7)
We assume the following:

Assumption 2.2 The boundary section () N 3G is parallel to one of the coordinate hyperplanes.
Furthermore, the minimum distance in the outward normal direction from Q NOG to 0G/Q is equal
to 6 > 0.

We now present a first order Markov chain based numerical approximation to the deterministic
optimal control problem discussed above, along with known convergence results. The method of
approximation by Markov chains was first described by Kushner [26], and an up to date treatment
can be found in the book of Kushner and Dupuis [27]. Our approximation is essentially the one used
in [4] and in [12]. In the sections which follow, we will present more detailed asymptotic results for
this approximation and then describe a new numerical method which yields a qualitatively better
rate of convergence.

Let o > 0 be a discretization parameter and define the discrete domain G* = hZ" NG For any
A C IR", we define A" = hZ™ N A°, where A° is the interior of A. We consider limits as h — 0,
with the h chosen such that the hyperplane in which the boundary section ¢ NJG lies lines up with
the lattice hZ™ (see Assumption 2.2 and Figure 2). We will construct a continuous time controlled
jump Markov process on G which approximates the deterministic dynamics in (2.3).

Let u” be any feedback control on G”. Let X" be the Markov process with controlled generator
L given by

Lif =t DM ) = (um, DM )

for any smooth function f mapping IR™ to IR. See Section 1 for the notation in this definition.
The corresponding stochastic dynamics will be called the h-dynamics. As in the description of the



limit problem, we employ the underscore notation to indicate objects which are obtained from the
application of an arbitrary possibly suboptimal feedback control.

Since we consider only feedback controls, it is straightforward to construct X", as in Section 4.3
of [27] and in [8]. We define a sequence of i.i.d. exponential random fields parameterized by u, with
mean values specified as follows:

h
—h - U # 0
At = ¢ Al 2.8
Suppose that after m — 1 jumps, X"(s) is defined for 0 < s < ¢ and that X"(t) = . Then we
take Xh(s) =z for all t < s < t+ n, where the waiting time 7 is the exponential random variable
obtained by evaluating the mth random field with the parameter value u = u"(X"(s)). If u = 0
then Xh(t—l— 1) = z, but otherwise it is conditionally distributed according to the jump probabilities

ut .
p%,mu):{ Ty Y=ok he (2.9)

0 otherwise.

It is easy to verify that the mean velocity of X" at time ¢ conditioned on Xh(t) = z is equal to
u”(x), so this is a consistent approximation to the limit dynamics in (2.3) if u%(z) is replaced by
u(z) there.
We now formulate the discrete approximation to the optimal control problem discussed above.
Define the value function
7_h

Vie) = inf B, [ LX), oM (X (),

where the exit time is 7 = inf[t : X*(#) ¢ G"], and the infimum is over feedback controls «". Using
standard methods [27, Section 4.3] it can be shown that V" is the unique solution on G’ to the
DPE

inf [£5V(2) + L(z,u)| = 0, (2.10)

with zero boundary condition on hZ"/G". Tt is straightforward to verify that (2.10) is equivalent
to

Vi(a) = inf [ S vt (el Vh(y) + B () L, 0) | (2.11)
yeR™

and that the minimizing values of u are the same for these two equations. As suggested by the
form of (2.11), the fixed point and an optimal feedback control can be found numerically using
either Jacobi or Gauss-Seidel iteration schemes. We note that equation (2.11) is the DPE for
a different approximating control problem, where instead of the continuous time Markov chain
described above, a discrete time Markov chain is used to approximate the deterministic dynamics.
That is the approach taken in [4], where the time step Eh(u) is used to interpolate the Markov
chain into continuous time. As discussed in [4], the choice of one-sided transition probabilities
and of a control-dependent time step facilitates rapid convergence of the iterative schemes used to
solve (2.11), and the required infima at each step can be evaluated analytically.

The DPE (2.10) gives rise to an approximate value function V"(z) on G” as well as an approx-
imate optimal feedback control u”(z) on G*. Typical convergence results for numerical methods
dealing with optimal control problems concern the convergence of the value functions V"(z) to the
limit value V°(x). The following theorem is proved for the present problem in [4, Theorem 5.4].



Theorem 2.3 For any ¢ > 0, there exists hg > 0 such that
VP(z) - VO2)| < e
for all 0 < h < hg and all z € G".

For applications it is often important to have a good numerical approximation to the optimal
feedback control u®(z). Typically, this quantity is not uniquely defined on the entire domain,
and until recently no general approximation theorems were available. The following theorem [12,
Corollary 5.6] establishes convergence of the approximate optimal controls u”(z) to u%(z) on the
regions of strong regularity for the present problem. Aside from its intrinsic value, this result plays
a pivotal role in the detailed asymptotic analysis that we carry out in the this paper.

Theorem 2.4 For any ¢ > 0, there exists hg > 0 such that
[u"(2) = u®(2)]| < ¢
for all 0 < h < hg and for all z € Bf.

It is convenient to have u®(z) defined and Lipschitz on all of IR" and to have u”(x) defined on all
of hZ™. We abuse notation by extending u°(z) to IR™ and changing its values on the complement
of By. Let § > 0 be such that § < d(Bg,dQ N G) and such that § < é, where 6 is as in Assumption
2.2; see Figure 2. We define a Lipschitz function @°(z) on Bs(Bg) by setting @°(z) = u®(z) on
Bs(Bo) NG, and by extending it to Bs(Bo) NG* as follows. For z € Bs(Bg)NdG and for 0 < vy < 4,
let @%(x + yn) = u®(x), where n is the outward normal vector at z; see Figure 2. Now let ¢(z) be
a C°® function on IR" taking values in [0, 1] such that ¢(x) = 1 on Bs/5(Bo) and ¢(z) = 0 outside
of Bs(By). Such a function can be constructed by standard methods using a smooth convolution
kernel [19, Theorem 0.17]. We can now redefine u%(z) to be equal to ¢(z)@’(z) on Bs(By) and zero
everywhere else. This new u°(z) is Lipschitz on IR™ and satisfies equation (2.7) on the region By.
Finally, we put u*(2) = u%(z) for all € hZ"/By. Notice that by Lemma 2.1 and by Theorem 2.4,
we have u’(z) and u"(2) contained in the compact set U for all  at which they are defined, for
h > 0 sufficiently small.

For most of what follows, we will be concerned only with initial conditions z in the region of
strong regularity By. For @ € By, we define the optimal trajectory X2(¢) for all ¢ > 0 by applying
the extended feedback control u®(z). Since By is a region of strong regularity, X2(¢) is optimally
controlled until time 79, which is its first exit time from G and from the interior of By. We also
define the exit location 22 = X%(70). For » € BE, there is a unique process X/(¢) defined for
all ¢ > 0 which is optimally controlled by u/(z) until it exits from B}. We define the exit time
TQZBO = inf[t : X/(t) ¢ B}] and the exit location ZQBO = XQ(T;:L,BO)- We will often suppress the
initial conditions in the subscripts of all of these notations.

The following lemma is proved just like [12, Lemma 2.3]. We use it to parlay information about
convergence of trajectories into information about convergence of the corresponding exit times and
locations.

Lemma 2.5 Let My, M, be regions of strong regqularity such that My C My C By. For each suf-
ficiently small ¢ > 0, there exists n > 0 such that the following holds. Let X be a trajectory with
initial condition in My, and let 7y, and zy; be its exit time and location from the interior of My.
If v € My is such that || X — X2 || < n holds, then ta, < 70 + ¢. If, in addition, x € My, then it
also follows that |ty — )| < e and ||z, — 2)|| < e.



Our proofs of the detailed asymptotic results in this paper depend upon having sharp estimates
for the rate of convergence of the prelimit processes to the corresponding limit trajectories. We
derive exponential rates of convergence in probability from the large deviations upper bound in
Theorem B.1. For a region of strong regularity My C By, consider a sequence of feedback control
functions @(z) defined on hZ"™ which satisfy @(z) = u’(2) for = ¢ M}. Suppose that for each
e > 0, there exists hg > 0 such that

iW(z) = u(2)] <,

for all 0 < h < hg and for all z € MJ. In particular, given Theorem 2.4, we can take for ﬁh(x)
either u"(z) or u®(z). For @ € MJ}, let X"(t) be the process defined for ¢t > 0 by applying the
control 4" in the h-dynamics. Define %£7M2 to be the exit time of X* from M}, and let 2§7M2 be its

exit location.

Lemma 2.6 Let My, My be regions of strong reqularity such that My C My C By, and let @ (z)
and its corresponding trajectories be as above. For any ¢ > 0, there exists K > 0 such that

. 5 1
(i) Pl X" = X2y 2 2] < e

1 -
.. ~h 0 —K/h
(it) Py [TM2 > 7.+ 5] <t </

holds for for all x € MY and for all sufficiently small h > 0. In addition,

Lk
K

(iii) Py [[#g, =721 > ] <

1 -
sh 0 —K/h
My T ZxH > 5] < ](6 </

(iv) Py |
holds for for all x € M} and for all sufficiently small h > 0.

Proof. Part (i) is obtained by applying the large deviations upper bound in Theorem B.1 with
ny = n, where we take F' = {¢ : || ¢ — X ||, > ¢}, and we note that [,(¢) is uniformly bounded
away from zero for all ¢ € F. Parts (ii)-(iv) follow from part (i) by Lemma 2.5. W

3 First Term in the Asymptotic Expansion

In this section, we derive a first order asymptotic expansion for V' (z) around Vo(z) in the region
of strong regularity By. Our methodology is essentially that employed in [11], and Theorem 2.4
plays a key role in the proof. The first order expansion is of independent interest, as it establishes
a rate of convergence for V" () as an approximation to V°(z) in the regions of strong regularity.
Our primary interest in this paper, however, is in the fact that the first order expansion suggests
that it is possible to obtain higher order convergence through a modification of the Markov chain
approximation. In the sections which follow, we prove, under some additional assumptions, that
such schemes can be implemented to yield second order convergence.

For each 2 € By and for each u € U, we define the difference between the prelimit and the limit
generators applied to VO(z) by

rh(ac,u) = EZVO(x)—Egvo(x)

(3.1)
_ % b {ul. DVO(2)) + O(?),



where the O(h?) term is uniform on By x U. We can now write the DPE (2.4) for V(z) in the
alternative form

inf [L2VO(2) + L(z,u) — r'(z,u)| = 0. (3.2)

Equation (3.2) is the dynamic programming equation for an optimal control problem with Markov
chain dynamics and with running cost equal to I — r*. A comparison with the DPE for Vh(x)
in equation (2.10) suggests that the difference between V" (z) and V°(z) should be approximately
equal to an integral of 7 along the optimal trajectory with initial condition z. The theorem below
verifies that this intuition is correct, at least to a first order approximation. It is useful in what
follows to define a compact notation for the running cost under a feedback control u(z) by

Ly(z) = L(z,u(z)).

Similarly, we define
(@) = (e, u(2))

for all # € By and for all h > 0.
For z € By, we define the error function

=3 [ )|, DveCxe) Y, (3.3)

and we note that the integrand is a scaled version of the first order approximation to r* given
in (3.1) above. Recall the region of strong regularity By, and the relationships specified in (2.5) and
illustrated in Figure 1.

Theorem 3.1 The asymptotic expansion
Vh(x) = V) + he*(z) + o(h) (3.4)
holds as h — 0, uniformly for x € B{L.

Proof. We prove this theorem in two steps, first considering the upper bound on Vh(x) and then
the lower bound.

Upper Bound:

It is useful here to identify the suboptimal trajectories obtained by applying the limit optimal
feedback control u®(z) in the A-dynamics. For an initial condition z in B, let X" be the process
obtained by taking u” = u° in the Markov chain dynamics of Section 2 with parameter h. Define
the exit time Tgf = inf[t : X*O(t) ¢ B}] and the exit location zg’f = Xh’o(rgz)o). Since the infimum
in equation (3.2) is achieved at u%(z), we can use a standard verification argument to establish for

all # € B} the representation
10
B
VOz) = E, [/ P Lo (XM0) — rho (XM0)dt + VO] (3.5)
0

We use part (ii) of Lemma 2.6 and the strong Markov property to obtain the uniform integrability
of the Tgf needed for the right hand side of (3.5) to be finite. We obtain the following series of

10



relations holding for = in BY:

h,0
Vi) < E, [/ B Luo(Xh’O)dH-Vh(zgf)]
0

R0
VOz)+ E, [/ oo rﬁo(Xh’O)dt]
0

+ B [V - VOGRD) 30

h,0
TBO

VO(x)+ %hEl, [/0 <|U0(Xh’0)|,D%VO(Xh’O)>dt]

+ By VAR = VO] + 0(h?).

The first line follows from the definition of V*(2) and from the strong Markov property; the second
line is a consequence of the representation in (3.5); and the third line is obtained from the estimate
in (3.1), where the O(h?) term is uniform on BJ.

Using parts (i) and (iii) of Lemma 2.6, it is straightforward to see that the integral term in
the last line of (3.6) is equal to he'(x) + o(h), uniformly for z in BJ. It remains to estimate the
boundary term in the last line of (3.6). Let ¢ > 0 be equal to d(By,0Bo N G); see Figure 3 in the
next section. Since z2 € B,41 N JG, it follows from the fact that 2 > 0 is chosen so that the lattice

hZ™ lines up with @ N 0G that if Hzg’f — 29 < ¢ then zg’f € 0G, and in that case
h, h,
Vizg) = VO(zg)) = 0.
Since V9(z) and V"(z) are uniformly bounded, part (iv) of Lemma 2.6 implies that the boundary

term in the last line of (3.6) is equal to O(e~%/"), uniformly for z in B}. Combining these estimates,
we have

Vi) < VO(x)+ hel(z) + o(h),

holding uniformly for 2 in BY.
Lower Bound:

Similarly to (3.6) in the proof of the upper bound, we obtain the following series of relations

11



holding for = in B}

V() < E, [/B Luh(Xh)—rhh(Xh)dt—l—VO(Z%O)]

h

Vh(z) - E, [/B rﬁh(Xh)dt]

+ By [VO(2h,) = VI, )]

Vi(x) - %hEx [ /0 e <|uh(Xh)|,va0(Xh)>dt]

+ By [VO(2h,) = V(2h,)] + O(h).

The first line is a consequence of the fact that uh(x) is suboptimal in the control problem corre-
sponding to equation (3.2) and of the strong Markov property; the second line follows from the
definition of V"(z); and the third line is obtained from the estimate in (3.1), where the O(h?) term
is uniform on BJ.

As in the proof of the upper bound, we estimate the terms in the last line of (3.7) to obtain

Vo) < Vh(x) — hel(z) + o(h),

holding uniformly for z in Bf'. This time, we need to use the convergence of u" to u® from Theo-
rem 2.4 in the application of Lemma 2.6 and then again to show that the integrand in the last line
of (3.7) converges to the integrand in the definition of e'(z). W

Theorem 3.1 establishes the rate of convergence of V/*(z) to VO(z) in the regions of strong regu-
larity. It is not surprising that the convergence is first order, since the Markov chain approximation
we consider gives rise to a discrete DPE (2.10) which could be obtained by replacing the derivatives
in (2.4) with first order finite difference approximations. In fact, all numerical methods for problems
of this type which have been proved to converge are intrinsically first order accurate.

What is promising about Theorem 3.1 is that equation (3.4) suggests that we can modify the
present first order Markov chain method in order to obtain second order convergence in the regions
of strong regularity. One approach is to approximate e!(z) and to subtract this approximation
from V"(2). For this approach to be successful, two issues need to be addressed. First, we need
to verify that the o(h) error estimate in (3.4) can be sharpened to O(h?). Second, we need a first
order approximation to el(z). To get this we require first order estimates to the unknown quantities
u®(z) and DYVO(x). Both of these issues would be addressed if we could establish a higher order
asymptotic expansion of the form

Vix) = VO(x) + hel(z) + h2e*(x) + O(h%), (3.8)

where both el(z) and e?(z) are smooth functions of z. If (3.8) holds, then we can obtain first order
approximations to the first and second derivatives of V°(2) by applying standard finite difference
operators to V(z). Since u®(z) is closely related to DV(z), this information can be used to obtain
a first order approximation to u%(z). Another approach to obtaining second convergence is to apply

12



Richardson extrapolation directly to the approximate value functions. If equation (3.8) is verified,
then it is trivial that
V2 (2) — V()

differs from V() by an error which is O(h?), uniformly on the relevant region of strong regularity.
In the sections which follow, we will specify conditions under which (3.8) can be verified, and then we
will describe in detail how this information can be used to construct global numerical methods which
provide second order approximation for both VO(z) and u°(z) in the regions of strong regularity.

4 Full Asymptotic Expansion

In this section, we establish an asymptotic expansion of V*(z) around V°(z) to order M, where
M is an arbitrary positive integer. The results which follow require that we impose the following
additional restriction on the region Bg.

Assumption 4.1 There exvists £ > 0 such that
|uf(2)] > K
holds for each i = 1,...,n and for all v € By.

Since u®(x) is continuous on By, Assumption 4.1 implies that each component of the optimal control
u’(z) has a fixed sign in the region Bg. Thus, without loss of generality, we can assume that there
exists © > 0 such that

ud(z) > K,
foreach ¢ = 1,...,n and for all # € By. Theorem 2.4 guarantees that for h > 0 sufficiently small, we
also have u”(x) > 0 holding for each i = 1,...,n and for all + € Bf. Thus, as long as we restrict the

analysis which follows to sufficiently small A > 0, we can deal exclusively with forward differences
in the numerical approximation. As such, we redefine the generator for the h-dynamics to be such
that

Luf = {u,D"f)

for any smooth function f mapping IR™ to IR. The operator D" is taken to be D%, the forward
finite difference approximation to the gradient defined in Section 1.

For convenience, we record here the DPE’s for the limit problem and for the prelimit problem,
with the generators fully written out. The limit DPE (2.4) takes the form

0 = inf[(u, DV®) + L]

—%<Dv0, aDV®) + (b, DV®) + ¢, (4.1)

and it holds for all # € By, with the minimizer u°(z) given by (2.7). Similarly, the DPE (2.10) for
the problem with h-dynamics can now be written in the the form

0 = inf[(u, D"V") + L]

1
= —§<thh, aD"V" + (b, D"V") + ¢, (4.2)

13



where the minimizer u”(z) can be explicitly evaluated
u(z) = —a(z) D"V (z) + b(x), (4.3)

for all z € BE and for all h > 0 sufficiently small.

In light of the discussion at the end of Section 3, the condition in Assumption 4.1 is quite natural.
In order for our approach to analyzing a second order numerical approximation to be successful, we
require that both both e'(z) and e?(x) in the asymptotic expansion (3.8) be smooth functions of
z. In general, this fails to be true even for e!(z), owing to the |u’] term in the integrand of (3.3).
Under the present assumptions, however, we can write e!(z) in the form

el(z) = %/072 < u?(X (1)), DIVO(X2(1)) >dt, (4.4)

which implies that e!(z) is a smooth function of z, and it satisfies the equation
1
(u®, Det) + §<u0,D$V0> =0, (4.5)

for all z in By, with zero boundary condition on dG'N By. The increased regularity can be accounted
for by the fact that the Hamiltonian in the DPE (4.2) is smooth, whereas the Hamiltonian in the
DPE (2.10) fails to be a continuously differentiable function of D**V"(2). We remark that even
in those regions where Assumption 4.1 fails to hold, our methods seem to work quite well; see the
examples in Section 6.

Before stating the main theorem of this section, we recall our standing assumptions. The domain
G C IR™ is open with compact closure and satisfies uniform interior and exterior cone conditions.
We assume that b and ¢ are C* functions from IR" to IR with ¢(z) > ¢y > 0 on ¢, and that a is
a C'* function from IR™ to the space of symmetric positive definite n X n matrices. Additionally,
we assume that we have regions of strong regularity as specified by equations (2.5)-(2.6) such that
the flat boundary condition of Assumption 2.2 and the condition on the optimal controls given in
Assumption 4.1 both hold.

It is useful for what follows to introduce some notation. For & > 0, we define a new approximate
feedback control

i) = (a0 + ol (). (4.6)
Combining equations (4.1) and (4.2), and noting that
() = —%a(w)Dth(x) _ %DVO(QC) +b(a) (4.7)

holds for all z in B¥, we conclude that
(", D"V = vO)) + (@, D"V - DVO) =0, (4.8)
holds on the region Bf.

Theorem 4.2 Recall the region B* from equation (2.5). With M > 1 the arbitrary constant chosen
in Section 2 and with the €™ (z) as given below, the asymptotic expansion

M
Vh(x) = Vo(x) + Z hme™(x) + o(hM), (4.9)
m=1
holds as h — 0, uniformly for x € (B*)".
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The following corollary establishes an analogous asymptotic expansion for the optimal feedback
control. It is a direct consequence of Theorem 4.2 and of the expressions for u°(z) and u”(z) given
in equations (2.7) and (4.3).

Corollary 4.3 With M > 1 the arbitrary constant chosen in Section 2 and with the e™(x) as given
below, the asymptotic expansion

M-1
u(z) = u®(z) - a(z) Z_: h™ Dl e™ (2)

. 1 (4.10)
—a(x) Z_: hmmD(”HVO(x) + o(KM71,

holds as h — 0, uniformly for x € (B*)".

In Section 3, we were able to determine the value of el(z) by considering the formal difference
between the generators £0 and £, and then through the new dynamic programming equation (3.2),
considering V%(z) as the value function for a modified optimal control problem with the h-dynamics.
We cannot use this approach to determine the form of e™(z) for m > 2 because, in addition to
the higher order terms in the expansion of r"(z), there are approximation effects which result from
the difference between the controls u”(z) and u®(z). Instead, we use a formal recursive procedure,
illustrated below for the case m = 2.

Assume that the expansion in (4.10) holds to first order, so it follows that

1 1
() = uO(z) — §ha(x)Del(x) — Zha(w)D%VO(aE) + o(h). (4.11)
We now combine equations (4.5) and (4.8) to obtain

<ﬂh7h—2Dh[Vh _yo_ h61]>
+h=2(u", DMVO - V) — %h‘1<u0, DAVO)

—I—h_1<ﬂh — uO,Dhel> + h_1<u0,Dhel - Del> =0.
Using the expression in (4.11), along with the fact that Taylor’s theorem implies

h _ l i m—1 nym M
D'f(z)=">" — A" TEDU f(2) 4 o(hM) (4.12)

m=1 '

for all smooth functions f(x), we conclude that
(@ A2V = VO — he']) + 1% 4 o(1) = 0, (4.13)

where we define r%(z) by

ri(z) = §<u0(9€),D361($)>—|—é<u0(x),D§’eo($)>

— —<Del($),a(x)Dfeo(x)> — %<Del($),a(9€)Del($)>



Heuristically, equation (4.13) suggests that we should set

0
:1/7—$7‘2
2 Jo

The formal argument outlined above will be made rigorous when we prove Theorem 4.2 later in this
section.
In order to record the general form of €™ () for m = 1,..., M, we adopt the convention €%(z) =

VO () and define

_%i Z_: km<Dlo *) s (x)Dfemm_l_k(x»

1 m—1 m—j m+2—75-—1 1 l L g
z J m+2—j—l—
5L e o)

for all  in By. Then recursively applying the heuristic outlined above suggests that we should

define €™ () by
))dt, 4.14
T2 / (4.14)

for each m = 1,..., M and for all z in By. By the method of characteristics, we then have that
(u®, De™) + ™ =0, (4.15)

holds for each m = 1,..., M and for all z in By, with zero boundary conditions on dG N By. Since
each r™(z) depends upon the ei(z) with i < m, we define the e™(z) recursively beginning with
m = 1. We note that the conclusion of Lemma 4.7 serves to verify that we have properly defined
the €™ (z) for the problem at hand.

An alternative heuristic method to derive equation (4.15) is to assume that (4.9) holds and
that the error term o(h™) is a smooth function of z. We apply the operator D" to both sides of
equation (4.9) and then use (4.12) to express D*V"(z) in terms of derivatives of smooth functions.
We substitute this expression into the DPE (4.2), formally differentiate the resulting equation m
times with respect to the parameter h, and then set h = 0 to obtain the equation for e™(z).

The proof of Theorem 4.2 can be broken down into three lemmas to be applied recursively. To
make the notation consistent, we define a new region By to be equal to By. See equations (2.5)
and (2.6) along with Figure 1 for the relationships between the regions of strong regularity in
the following lemmas. Given an asymptotic expansion for D"V"(z) to ¢ terms, the first lemma
establishes the expansion for V*(z) to ¢ + 1 terms. The needed expansion for D*V"(z) with ¢ = 0
has been established in Theorem 2.4. Although it is not needed for the development, we also note
that in Section 3 we have already proved Lemma 4.4 for the case ¢ = 0.

Lemma 4.4 Let 0 < g < M — 1 be an integer, and suppose that

Dh"WMa) = DMVO(z) + Zq: R D"e™(2) + o(h?) (4.16)

m=1
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holds as h — 0, uniformly for x in B;L,. Then

g+1
Viz) = Vo) + Z_: R™e™(z) + o( h7Th) (4.17)

holds as h — 0, uniformly for x in B;L-I—l'

(%)
G (i7)

d(Byg1,98B

5
g

Figure 3: Boundary Points

The next lemma establishes the expansion for D"V’ (z) to ¢+1 terms, but only in a neighborhood
of the boundary. The two cases in the lemma are illustrated in Figure 3.

Lemma 4.5 Let 0 < g < M — 1 be an integer, and suppose that (4.16) holds. Then for each
p=1,...,n,
hyrh h (A h
DIV™a)=DEVO(2)+ > W De™(x) + o(h4T) (4.18)
m=1
holds as h — 0, uniformly for x € IR™ such that either (i) x € 0G and = + he, € BSL-I-I , or (ii)
T € B;L-I—l and x + he, € 0G.

Finally, given the conclusion of Lemma 4.5, the third lemma carries the asymptotic expansion
for D"V (z) to ¢ + 1 terms on a smaller region of strong regularity.

Lemma 4.6 Let 0 < g < M — 1 be an integer, and suppose that (4.16) and (4.18) hold. Then

DhVM(z) = D"VO(x) + qz—l—f R D"e™(z) 4 o(hT) (4.19)

m=1
holds as h — 0, uniformly for x in B(hq+1)"

Given the nesting of the regions of strong regularity, these three lemmas complete one step of
a recursive process. We can apply Lemma 4.4 with ¢ replaced by ¢ + 1, and iterate until we have
established the full asymptotic series to order M. In preparation for the proofs of these lemmas,
we introduce some more notation. For ¢ = 1,..., M and for 2 € By, we define

1

@0(2) = o V() = V() = 3D B )|
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and foreach p=1,...,n,

Ui(z) = DIeMi(a)

1 d m m
= o DIWh(z) = DEVO(2) = >~ hmDEe™(2)|,
m=1
and then we put ¥"9(z) = (\Ilib’q(x), ..., ¥M(2)). The conclusions in the above lemmas can now

be formulated in terms of the convergence as h — 0 of the ®™+1(z) and the ¥4+ () to zero.
The proofs of Lemmas 4.4 — 4.6 involve some elementary but rather lengthy algebraic calcula-
tions. We summarize the results of these calculations in the following lemma, the proof of which is
deferred to Appendix A. It should be emphasized that, while the proof of Lemma 4.7 is elementary,
it is in fact the key step which confirms that we have properly defined the ™ (x) for the particular
numerical approximation that we are studying. We recall our convention that subscripts refer to
the components of a vector, while superscripts act as indices for possibly vector valued quantities.

Lemma 4.7 Let 0 < g < M — 1 be an integer, and suppose that (4.16) holds. Then

(a", DheMatly 4 phatl — (4.20)
where ¢t = o(1) as h — 0, uniformly for x in B;L,. Furthermore, for each p=1,....n
<@h7q+17p7Dh\I;;uq+1> + </\h7q-l—17p7 \I;h7q+1> + ¢£L7q+1 =0, (4.21)

where @11 = 40 4 o(1), NvatbP = Dou® + o(1), and ¢g,q+1 =o(1) as h — 0, uniformly for x in
B,
g

Proof of Lemma 4.4. The conclusion in (4.17) is equivalent to the statement that ®™9+1(z)
converges to zero as h — 0, uniformly for z in BSL_H. For such z, let X"(¢) be the process defined

for t > 0 by applying the control 4" in the h-dynamics. Define ?;LB , to be the exit time of X" from
g
By and let 2 5 be its exit location. In light of (4.20), a standard verification argument shows
g
that ®™9+1(z) satisfies

zh _
(I)h,q+1($) —E, [/ By ¢h,q+1(Xh)dt_|_ <I>h’q+1(z]}§q,)] 7 (4.22)
0

for each z in BSL_H. Part (ii) of Lemma 2.6 and the strong Markov property imply that the ?]gq/ are

uniformly integrable, which guarantees that the right hand side in the above expression is finite. We
use that ¢™9+1(z) converges to zero uniformly on B, and that the E,[7} ] are uniformly bounded,
q

along with the fact that ®™9+1(z) is equal to zero on 9@, to conclude that
&M (2) = o(1) + P[5, ¢ 0G| O(A~(41),

holds uniformly for z in BSL_H. Let ¢ > 0 be equal to d(Byy1,0By N G); see Figure 3. Since

22 € B,41 N AG, it follows from the fact that & > 0 is chosen so that the lattice hZ" lines up with

Q N OG that if [|2! 4 . — 29| < e then zh , € 0G. Thus, we can apply the exponential bound from
? q ? q

part (iv) of Lemma 2.6 to conclude that ®*9+1(z) converges to zero as h — 0, uniformly for z in
BSL_H. That completes the proof of the lemma. W
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Proof of Lemma 4.5. For simplicity, we fix p and treat only case (ii), where z € B(hq+1)' and

z + he, € G. The proof for case (i) differs only in notation. Since V", V° and all of the e™ satisfy
a zero boundary condition on 9, we have for each  satisfying condition (ii)

1
1 hyrh hys0 fas m nh _m
o DoV (@) = D) - Z_:lh Dpe™(x)
1|1, ., 0 ot
T patt EW () = V2(z) - 2—31 h™e™ ()]

1
= SlehH(p)]

Thus, it suffices to prove that %|<I)h’q+1(x)| converges to zero, uniformly for z satisfying condition (ii).
Equation (4.22) implies that the relation

LR ()] = 2 B [7h, ] o(1) + i [, ¢ 9G] O(h=(@+2) (4.23)

holds uniformly for z satisfying condition (ii). As in the proof of Lemma 4.4, the exponential bound

from part (iv) of Lemma 2.6 implies that the second term in the right hand side of (4.23) converges
to zero as h — 0, uniformly for z satisfying condition (ii). Thus, it remains to show that %Ex[?]g ]
q

is uniformly bounded, so that the first term in the right hand side of (4.23) also converges to zero.
We observe that
Lo [i—gq’] < By [i—gq’; Al] + Eo [fgq’; Az] U [fgq’; AS] ’

where we define the events

A= [XM(t) +he, €0G, 0 <t <7 |
_ |=h
A2 = [TBq/ > T]
_ |=h =h v h
Ag=|rh, <T,31€[0,7 ) st X'(1) +he, ¢ 0G|

Given the nontangential exit property for the limit optimal trajectories and the convergence of @”
to uY, there exists 7 > 0 such that the following holds. For sufficiently small h > 0, if z € BSL-I—I
and if # + he, € 9G, the probability of exiting from G in one jump is at least equal to 7; see
Figure 3. Furthermore, since ||@"||; is bounded away from zero, the conditional expected value of
each inter-jump waiting time is bounded by éh for some fixed é > 0. Thus,

[ee)

E, [%]gqﬁ Al] < éohny (Z i(1— U)i_l) P [A1] = O(h),

1=0

so + B[} ; Ay] is uniformly bounded for all = satisfying condition (ii). It follows from part (ii) of
q
Lemma 2.6 and from the strong Markov property that Ex[i'g ,|A2] is uniformly bounded. Again
q

applying part (ii) of Lemma 2.6, we obtain the uniform bound

P.[Ay] = O(e7 K/, (4.24)
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so that %Ex[?gq/; Aj] converges to zero uniformly for all # satisfying condition (ii). Since Ex[i'gq/ | As]
is clearly bounded by T, we can complete the proof by obtaining a bound similar to the last
display for the probability of the event As. On account of the fact that we use one-sided transition
probabilities and given the nontangential exit property for the limit optimal trajectories, it follows
from the fact that the boundary segment B, N JG' is parallel to one of the coordinate hyperplanes
that X" with initial condition z satisfying condition (ii) must move parallel to the boundary segment
B, N OG up to the time when it exits from B/; see Assumption 2.2 and Figure 3. Consequently,
event A, can only occur if the exit location qu/ is not in @G. Thus, since 20 € B,41 NG, the fact

that d(By41,0B, N G) > 0 implies that we can obtain a bound for P,[As] analogous to (4.24) by
applying part (iv) of Lemma 2.6. B

Proof of Lemma 4.6. The conclusion in (4.19) is equivalent to the statement that W4+1(z)
converges to zero as h — 0, uniformly for z in B(hq+1)" Our plan is to proceed as in the proof

of Lemma 4.4, first obtaining a representation for \Ilh’q"'l(x) analogous to the representation for
®"a+1(z) given in (4.22), and then using that representation to show that ¥+1(2) converges to
zero. In this case, however, we cannot use an entirely standard representation because \Ilh’q"'l(x) is
a vector quantity, and the equations for its components are coupled. We develop the representation
fairly carefully in order to highlight what we believe to be a novel aspect of our approach that may
prove useful in developing high order numerical methods based directly upon the use of higher order
finite difference approximations; see the discussion in Section 1. First, along the lines suggested in
[20, Section 5.4], we expand the state space so that (z,p) € IR™ x {1,...,n} is the state variable,
rather than just z. To that end, we recall the quantities defined in Lemma 4.7 and abuse notation

by defining
VR (e, p) = Uit (e),  phiH (2, p) = MR (e),
@h,q+1($7p) — ah,q-l—l,p(gc)7 /\h,q+1($7p) — /\h,q-l—l,p(x),

for each (z,p), and we note that W91 and ¢"7+1 are scalar valued, while @9%! and \»7+1 are

vector valued. We can now regard p as an argument rather as an index in equation (4.21) and
obtain the scalar equation

(a1 (z, p), DO (2, p))

YA ) (W (@) - WP (2, )]

(4.25)
+ Y AT (@, p) U (@, p) + R (2, p) = 0,
=1
holding for all z € BSL-I-I and for all p=1,...,n. If the /\?’qﬂ(w,p) were known to be non-negative,

it would be possible to regard them as probabilities of jumping from (z,p) to (z,¢), and then to
deduce a representation for W9+1(z p) in terms of a Markov chain directly from (4.25). Since
the signs of the /\?’qﬂ(x,p) are indefinite, however, we must further expand the state space in a
novel way to eliminate the possibility of negative transition probabilities. We consider state variable
(z,p,0) € IR" x {1,...,n} x {—1,1} and again abuse notation by defining

VRt (2, p,0) = oW (2,p), WM (@, p,0) = o0 (2, p),
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/\fuq-l—l(x’p’ U) — /\h’q+1(ac,p),

for each (z,p, ). Notice that A%*1(z,p, o) is actually independent of o; we introduce the depen-
dence only for convenience. In light of this notation, the linear structure of equation (4.25) implies
that we can write

(@4 (@, p), DM (2, p, o))

+ Zn: (/\f’qﬂ(a@,p, U))+ [\Ilh’q"'l(x, i,0)— Whatl (g p, O')]
= (4.26)

n

+ Z (/\f’qﬂ(a@,p, U))_ [\Ilh’q"'l(x, i,—0)— \Ilh’q"'l(ac,p, O')]

=1
HIN S (@, p, o) O (@, p, o) + M (2, p,0) = 0,

for all z € BSL_H, p=1,...,n,and o € {—1,1}. The left hand side of equation (4.26) indicates the
action on W™9t1(z) of a legitimate generator with positive transition probabilities, so we can use
it to derive a representation for ¥™+1(z) in terms of a Markov chain =™+1(¢) taking values in
R™ x {1,...,n} x {=1,1}. We construct the Markov chain Z"9*! with exponentially distributed
waiting times with mean

h

_h7q+1 _
A )

where
DR (0 ) = ([0 () |+ RN (2o

and with transition probabilities given by

Ah7q+1 ,

&Tm fz(x—l_heivpvo-)

/\lhyq+1(l,7p7g) + )
b i €= i)
PPt p,036) =

AP (p,o)) .

h—< Fth+1(x7p7cr? 5 = ($, 1, —O')

0 otherwise.

For details on the construction of such a process, see the discussion in Section 2. Let X9%! be the
first component of Z%*+!. For initial conditions (z,p, o) such that z is in Byq1y let Tg’qqil be the

first exit time of X’9*t! from BSL_H, and let z]};’j_:'ll be equal to its exit location. Although the full

Markov chain Z"9%" does not converge to a deterministic limit, Theorem B.1 implies that a large
deviations upper bound holds for the component process X4t Combined with Lemma 2.5, the
large deviations upper bound implies the following analogue of Lemma 2.6. For any ¢ > 0, there
exists A > 0 such that
. 1 ;
(D) Pogr [IX" = XD Iy 2 ] < e/
.. P h,q+1 0 1 —K/h
(it)  Pyppo [TBq+1 > 71+ 5] < %e
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holds for all initial conditions such that z is in By, while

1 -
hg+1 —K/h
(1i1) Pypo [|7’qu+1 — 7> 5] < e </

1 .
. h,g+1 —
(i0) Popa 25000 =200 2 ] < e/

holds for all initial conditions such that  is in B(,41),. The representation for Uhatl(z) now takes
the form

Uit (2, p,0)

h,q+1
"B E Rt (2higtl d _
= |Eps / w1 [N ER (5))ds b+ (Zhat (1)) gy
[ "7 Jo LA (1)) (4.27)

n ghoatl (Efuq-l-l (Tfuq-l-l ))] 7

Bgt1

h
(q+1)"

1\* .
Prpo [Tg;‘il > kT] < (f) e—k]x/h7

holds for all initial conditions such that z is in B(hq+1)' where h > 0 is sufficiently small and for all

for all (z,p,o) such that z is in B Property (ii) above and the strong Markov property

guarantee that

integers k > 1. Since the A»9*1 are uniformly bounded, this is sufficient to guarantee that the right
hand side of (4.27) is finite for sufficiently small A > 0, so that a standard verification argument
can be used to establish that the indicated representation holds. In fact, since by Lemma 4.7 the
Y™+ (2, p, o) converge uniformly to zero, this reasoning also implies that the first term on the right
hand side converges to zero as h — 0. Thus, we can complete the proof of the lemma by showing
that the second term also converges to zero. Since W4%1(z p o) is equal to zero whenever z € 9G,
the second term in (4.27) is bounded by

P [250H ¢ 9G] O(h= (D),

Let € > 0 be equal to d(B(q+1)/,8Bq_|_1 N G). As in the proof of Lemma 4.4, Assumption 2.2 im-

plies that if Hzgj_:l — 29| < ¢ then z]};’j_:'ll € 0G. Thus, we can apply the exponential bound from
property (iv) above to conclude that the last display converges to zero as h — 0, uniformly for all
(z,p,0) such that 2 is in Byiy. This completes the proof that ¥(z,p, o) converges uniformly to

zero, and so establishes the lemma. W

5 Second Order Numerical Approximations

The numerical method described in Section 2 yields approximations to the value function and to
the optimal control which are first order accurate as h — 0 on the regions of strong regularity. This
notion is made precise in Theorem 3.1 and in the stronger results in Theorem 4.2 and Corollary 4.3
which hold under Assumption 4.1. In this section, we exploit the detailed asymptotic information
from Section 4 to propose two different second order numerical methods. We prove in Theorem 5.1
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that each of the modified numerical methods produces approximations to V°(z) and to u°(z) on
the region B* which are second order convergent as h — 0. While these theoretical results apply
only on regions of strong regularity where each component of the limit optimal control is bounded
away from zero, in practice we do not know the locations of such regions. As such, our methods are
of necessity applied on the entire domain. As the numerical examples in the next section illustrate,
we obtain second order convergence even in large parts of the domain where the theoretical results
do not apply.

Approximation Method I. For the purpose of defining a practical algorithm on the entire domain,
we abuse notation by reverting to the optimal feedback control function u”(z) which is obtained on
all of G by taking the maximizing argument in the DPE (2.10), before it is redefined on hZ"/ By
in Section 2. Additionally, we consider versions of X" 7" and z" which are defined using that
control up to the exit time from G". When we prove the convergence properties on B*, we will
again employ the modified control and trajectories which were defined at the end of Section 2 and
which were used in the analysis up to now.

The first step in the present algorithm is to obtain V*(z) and w"(2) by applying the first order
method from Section 2. By Theorem 4.2, we have the asymptotic result

Vix) = VO(x) + hel(z) + hie*(x) + O(h%), (5.1)

holding for all # € (B*)", where the ¢™(z) are as defined in equation (4.14). For each z in G", we
define an approximation to e!(z) by

1 "
M(a) = S E. [/ <|uh(Xh)|,Df’th(Xh)>dt] :
0
and we note that e!"(z) can be obtained by applying an iterative method to solve the linear equation
_ _ 1 2,k
<uh’+,Dh’+€1’h> _ <uh, 7Dh7 61’h> + §<|uh|,D\’ Vh> _ 07 (5‘2)

with zero boundary condition on the complement of G". To implement an iterative solver, we
express equation (5.2) in the form

M)y = Y pMaylu(@)e () + Eh(uh(w))gluh(w)lv DYV (a)), (5.3)
yeR®

which is analogous to the expression for the discrete dynamic programming equation given in (2.11).
Since the value function Vh(x) is finite and since the running cost is bounded away from zero, every
state in the optimally controlled Markov chain corresponding to equations (2.11) and (5.3) must
communicate with the boundary. Thus, the right hand side is a contraction, and the equation
is guaranteed to have a unique fixed point. We now define a new approximation to V°(z) by
subtracting a correction term from V"*(z)

Vi (z) = Vi) = hel(z), (5.4)
and a new approximation to the optimal control by
u(2) = —a(z) D"V (2) + b(z), (5.5)

for all = in G", where D" is the centered difference approximation to the gradient operator. We
will prove that e’ (z) is a first order approximation to e'(z) on B*, so it will follow directly from
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equation (5.1) that V() is a second order approximation to V°(z). Additionally, a more detailed
analysis of the asymptotic properties of ¢!"(z) will be used to establish that u"*(z) is a second
order approximation to u°(x) on the region B*.

We recall that the rate of convergence results that we will prove in Theorem 5.1 apply only on
regions of strong regularity where each component of the limit optimal feedback control is bounded
away from zero. A potential drawback of the method just described is that it may degrade the
convergence properties of V/(z) and of u”(z) on those parts of the domain where second order
convergence is not guaranteed. Qur numerical experiments suggest that this is largely a theoretical
concern, but nonetheless we mention here a possible approach to avoiding the problem. If we knew
that the e'*(2) were uniformly bounded, then it would follow from the definition of V/»*(x) that
it has convergence properties at least as good as those proved for Vh(x). That is, in addition
to second order convergence on the regions of strong regularity which satisfy Assumption 4.1, the
V#*(2) would exhibit uniform convergence to V() on the entire domain and first order convergence
on the regions of strong regularity. In general, the e!""(2) need not be uniformly bounded, but a
sensible approach to guaranteeing this type of robustness would be to limit the norm of D%’hvh(x)
in the definition of the e'*(z). Similarly, if we could uniformly bound the D"¢e!/(x) then it
would also follow that the u"*(z) converge uniformly to the optimal feedback control on those
parts of the regions of strong regularity where second order convergence is not assured. In any case,
our numerical experiments have been done without any type of limiter, and we have not observed
significant difficulties of this type.

Approximation Method II. Another approach to obtaining second order convergence on the
regions of strong regularity is to apply Richardson extrapolation to the approximations Vh(x) and
u"(x) obtained from the first order method in Section 2. As in the description of Method I, we
abuse notation by considering the optimal feedback control function u*(z) which is obtained on all
of G by taking the maximizing argument in the DPE (2.10). For z in the grid 2hZ", we define a
new approximation to the value function by

Vi=(z) =2V (z) - V' (a),
and a new approximate optimal feedback control by
u () = 2u"(z) — u(2).

It is a trivial consequence of Theorem 4.2 and of Corollary 4.3 that these are second order approx-
imations to V°(z) and u%(z) on the region B*.

An advantage of Richardson extrapolation over Method I is that there is no concern that the
Vh*(z) or the u*(x) will exhibit qualitatively poorer convergence than their first order counterparts
on those parts of the domain where Theorem 5.1 does not apply. This is a consequence of the
fact that the new approximations are obtained by taking linear combinations of the first order
approximations V"(2) and v”(2). This does not seem to be a practical problem even for Method I,
and Method I has the advantages of producing somewhat smaller errors in our experiments and of
being more straightforward to code because it involves only a single grid. Still, in circumstances
where it is vital to maintain first order convergence outside of the regions where second order
convergence is guaranteed, the present approach may be preferred.

Theorem 5.1 Let V"*(2) and () be obtained by either Method I or II above. Then the esti-
mates

Vi (x) = VO(x) + O(h?)
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and

W (z) = u®(2) + O(h?),
hold uniformly for all x € (B*)".

For the purposes of proving this theorem, we return to using the feedback control u"(z) and the
corresponding trajectories which were defined at the end of Section 2 and which were used for the
analysis in the previous sections. Recall that u”(z) is defined for all z in hZ™ but is optimal only
on the region Bf. Furthermore, Assumption 4.1 implies that each component of u’(z) is positive
on the region B.

Proof of Theorem 5.1. As noted above, the conclusion of the theorem for the case of Method II
is a trivial consequence of Theorem 4.2 and of Corollary 4.3. Thus, we proceed to prove the result
for the case where V"*(z) and w"*(2) are obtained by Method I. We define the function

0" () = 1 [!(x) — M ()

for all @ in (By)". Then it follows from equation (5.1) that
Vi (z) = VO(x) + h20"(2) + h2e(x) + O(h?), (5.6)

so the estimate for V**(z) will be verified if we show that the ©"(x) are bounded uniformly on
(B*)". Define the function 6" (z) by

o = <%(u0 — uh),Dhel> + <u0, %(De1 — Dhel)>
—|—%<%(u0 _ uh),Dz’th> 1 %<u0, %(DQVO _ Dz’hvh)>.

Given the fact that all of the components of u/(z) are assumed to be positive, equations (4.5)
and (5.2) imply that ©"(z) satisfies

(u", D"O" + 6" = 0 (5.7)

for all z in (B*)*, with a zero boundary condition on G N (B*)". So, we have the representation
Th*
0"(z)=E, l/ oM XM+ 01 (2] (5.8)
0

The asymptotic expansions in Theorem 4.2 and in Corollary 4.3 imply that the Oh(w) are uniformly
bounded on (B*)", so part (ii) of Lemma 2.6 implies that the integral term in (5.8) is bounded.
Since the ©”(z) are uniformly bounded by O(h™2) on Bl, we can apply the exponential estimate
from part (iv) of Lemma 2.6 to bound the last term in (5.8). See the proof of Lemma 4.4, where
details are given for a similar argument. We have shown that the ©”(z) are uniformly bounded on
(B*)", and this completes the proof of the first part of the theorem.

In light of the formula for u®(z) in equation (2.7) and the definition of u"*(z), it is sufficient
for the second part of the theorem to show that Dh’cvh’*(x) is a second order approximation to
D™¢VO9(z), which is in turn a second order approximation to DV°(z). Since we do not know
that @h(x) satisfies a Lipschitz type bound, we cannot derive such an estimate directly from equa-
tion (5.6). Instead, we will derive a first order asymptotic expansion of the form

0"(z) = O(z) + O(h), (5.9)
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where O(z) is a smooth function. We can then substitute this expression into (5.6) and apply the
second order centered difference operator D¢ to both sides of that equation in order to verify that
D™Vh*(2) is a second order approximation to D*<V9(z).

We define the function

o) = [ " Bx 0t

for all  in By, where 6(z) is given by

g = <%(ZD%V0 + aDel,Del> + <u0, —1D361>

2
L/l ov0 1 2o\, 1/ 0 Lo
—|—§<§aD\V +aDe', D2V >+ §<u 5D >
Thus, O(z) satisfies the equation
(u°,DO)Y+ 0 =0 (5.10)

for all z in B*, with a zero boundary condition on dGNB*. In light of Theorem 4.2 and Corollary 4.3,
a term by term comparison of the definitions of 6"(z) and 6(z) reveals that

0" () = 0(x) + O(h).
uniformly for @ in (B*)". We can now combine equations (5.7) and (5.10) to obtain the relation

(u", D"O" - 0]) + O(h) = 0,

holding for all  in (B*)", with a zero boundary condition on dG N (B*)". Just as in the proof of
the first part of the theorem, we can derive a representation for the quantity [@"(z) — @(z)] and
use the exponential estimates from Lemma 2.6 to establish that it is equal to O(h). This implies
that equation (5.9) holds uniformly on (B*)" and completes the proof of the theorem. H

6 Examples

In this section, we present the results of experiments which illustrate the rates of convergence for
the numerical methods described in this paper. For each example, we compute solutions using
the first order method of Section 2 and then using the two second order methods described in
Section 5. We solve the DPE (2.10), and for the second order Method I a linear version of that
equation, by Gauss-Seidel iteration with a tolerance of 107%. Error values are indicated in the L'
and L norms on the entire domain and on regions where the solution is known to be smooth.
Approximate rates of convergence are determined by taking logy(F,, /211/Fmq1), where Ej. is the
error obtained using k gridpoints. In the case of the results obtained by Method II using Richardson
extrapolation, the indicated number of gridpoints corresponds to the more refined of the two grids
used in the calculation. In general, we observe second order or near second order convergence of
the value functions in the L' norm on the entire domain and in the L' and L° norms on the
regions of strong regularity. In the case of the optimal controls, we generally observe second order
convergence only in the L! norm on the regions of strong regularity. Results of this type are to be
expected, since Assumption 4.1 is typically violated on some parts of the regions of strong regularity,
so the theoretical rate of convergence results in Theorem 5.1 which would guarantee second order
convergence in the L° norm do not apply everywhere. In addition to the error values, we indicate
the total number of iterative steps required to obtain each solution. As expected with Gauss-Seidel
iteration, the number of iterations is essentially independent of the number of gridpoints. This last
observation is very important in terms of the efficiency of practical calculations.
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Example 1: One Dimensional Problem
We begin with a one dimensional example on the domain [—1, 1]. The running cost is taken to be

1
L(z,u) = (24 32%)? + ZUQ’
and we can analytically evaluate the solution

20 + 23+ 3 z <0
Viz)=
2z —z34+3 z > 0.

Approximations to the value function and to the optimal control are shown in Figure 4. The value
function is approximated quite well by the first order method and by both second order methods,
with only a slight overshoot appearing at the singularity when we use Method 1. This is an apparent
manifestation of our observation in Section 5 that it is possible for this method to result in the loss
of convergence at points of discontinuity. The discontinuity in the optimal control is resolved quite
sharply, although sizable overshoots occur with both second order methods. We note, however, that
these overshoots appear to remain bounded as the grid is refined, so they do not indicate a lack of
numerical stability.

In Table 1, we indicate the errors in computing the value function using the three numerical
schemes considered in this paper. We discuss the results for the optimal feedback control in the
following paragraph. Errors are given for the entire domain and for those points which are at least
a distance of 0.1 away from the singularity. Using the first order scheme, we obtain clear first order
convergence of the value function in both the L' and the L norms on the entire domain and on
the regions of strong regularity. Both second order schemes result in second order convergence of
the value function in the L' norm on the entire domain as well as in the L' and L° norms on the
regions of strong regularity. Results of this quality are expected for a one dimensional problem,
since the optimal control cannot change sign within a region of strong regularity, and Theorem 5.1 is
valid on every such region. Somewhat surprisingly, Method II also yields second order convergence
of the value function in the L° norm on the entire domain.

The situation with the optimal feedback control is unusual due to the fact that the problem is
one dimensional. Using the first order scheme, the approximate feedback controls on the regions
of strong regularity are exactly (to machine accuracy) equal to the optimal feedback control for
the limit problem. The following simple observation clarifies why this behavior is to be expected.
Equations (4.1) and (4.2) imply for each 2 in the regions of strong regularity that

%<DV0(96),@($)DV0(96)> + (b(a). DVO(@)) + e(a) = 0

and

%<thh(x), a(@)DVH(2)) + (b(a), DV () + c(z) = 0.

In one dimension, these quadratic equations imply that there are only two possible values for DVO(x)
and D"V"(z). Since Theorem 2.4 guarantees that the D"V"(z) converge to DV(x), it must be
that they are equal for sufficiently small A~ > 0. Given the relationships between the optimal
feedback controls and DV9(z) and D"V"(z), it follows that the approximate optimal feedback
controls should be exactly correct. This observation applies only in one dimension, and our two
dimensional examples exhibit more typical convergence of the optimal feedback controls. For the
present problem, Method II inherits the exact convergence of the optimal feedback controls since it
involves taking linear combinations of results obtained using the first order method, while Method I
produces second order convergence in the L' and L° norms in the regions of strong regularity.
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Example 2: Perturbed Escape Time

Our next example is a two dimensional problem which is obtained by perturbing the escape time
problem on the unit square. The escape time problem has the simple running cost j(w,u) =
%Hqu +1/2, and its value function is known analytically to be given by the shortest distance to any
of the four edges of the square. Thus, the complement of the diagonals 1 = 25 and 1 = —z5 is a
maximal region of strong regularity, and the value function is linear in each connected component
of that region. As in reference [12], we modify the data for this problem to obtain one with smooth
data and a more interesting solution that can still be determined analytically. To that end, we
introduce the '™ double bump function defined by

e~ M(E-m)?=0?)7? Eem—o,m+ o]
X(E) = e M=Emm)®=o?)™ Eel-m—o,—m+ o]
0 otherwise

where we use the parameter values m = 0.7, ¢ = 0.5, and A = 0.07. Now we define a mollifier by

®(2) = x(21 + zo)x(21 — 22)

for all # = (z1,23) in the unit square, and then define the value function V°(x) by multiplying
the value function for the escape time problem by 1 + ®(z). The resulting function has the same
regions of strong regularity as the escape time problem, and it maintains the simple structure in a
neighborhood of the singularities. In a similar spirit, we define

a(z) = [ (1) (1) ] + 3sin(2ray)? [ ? 158 ] o(z)

and

b(z) = [ 8 ] +5 [ 25 sin((ac% _|_$$1%)1/2 - 1/2) ] P(z),

so that a(z) is the identity and b(x) is the zero vector in a neighborhood of the singularities. Now,
we define ¢(z) on the regions of strong regularity by

e(w) = (1/2)(DVO(2), a(z) DV°(2)) = (b(x), DV°(2)).

Our use of a mollifier in defining all of the relevant functions ensures that the cost function ¢(z)
extends smoothly to ¢(z) = 1/2 at the singularities, and it turns out that V°(z) solves the limit
control problem for the indicated cost structure.

In Table 2, we indicate the errors in computing the value function and the optimal controls using
the three numerical schemes considered in this paper. Frrors are given for the entire domain and
for those regular points which are at least a distance of 0.1 away from the singularities. The first
order method consistently produces first order convergence of the value function and of the optimal
controls, except when the control errors are measured in the L° norm on the entire domain. This is
expected, since the convergence results for the optimal controls do not apply at the singular points.
The qualitative behaviors of the two second order methods are essentially the same, although the
absolute error values for the feedback control are somewhat smaller using Method 1. We obtain
second order convergence of the value functions in the L! norm on the entire domain, while first
order convergence is maintained in the L® norm. In the regions of strong regularity, convergence
in the L' norm is second order, and convergence in the L° norm is significantly better than first
order, but perhaps not second order. We note that the lack of clear second order convergence in
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the L°° norm is to be expected, since Assumption 4.1 does not hold everywhere in the regions of
strong regularity for this problem.

In the case of the optimal controls, first order convergence is maintained in the L' norm on the
entire domain, and we observe second order convergence in the L' norm in the regions of strong
regularity. The errors on the regions of strong regularity measured in the L° norm appear to decay
only at a first order rate. This can be accounted for by the fact that the present problem does
not satisfy Assumption 4.1 on the maximal region of strong regularity, as the optimal controls for
the limit problem are not of fixed sign. By considering subsets of the regions of strong regularity
where the controls do not change signs, we can obtain more convincing second order convergence
in the L* norm for both the value function and the optimal control. The results in Table 3 are
obtained by restricting our attention to those parts of the domain where z > 0.5 and y > 0 and
where z < —0.5 and y < 0. This is a somewhat arbitrary choice, but it singles out a set of points
where the sign changes do not seem to interfere with second order convergence.

In Figure 5, we display the exact values of V°(2) and of the first component of u%(z), as well
as approximations obtained by using 41 points in the two second order numerical methods. The
graphs of the feedback controls illustrate that our methods resolve discontinuities quite sharply. It
is also worth noting the slight overshoot in the center of the value function obtained by Method I.
We observed in Section 5 that it is theoretically possible for convergence of the value function at
singular points to be compromised when this second order method is employed. The overshoot
is the only apparent manifestation of that possibility, and as predicted by the theory it does not
appear when we compute the approximations using Method II.

Example 3: Quadratic Running Cost

Our final example is a two dimensional problem on the unit square where the boundaries of the
maximal region of strong regularity are curved. The running cost is defined to be L(z,u) = ||u||*+
627 + 1. We do not have an analytic expression for the solution, but by looking at approximate
solutions, it is easy to visually identify the boundaries of the regions of strong regularity. In
Figure 6a, we indicate those boundaries, as well as the subset of the domain which we utilize for
the purpose of calculating rates of convergence on the regions of strong regularity, and in Figure 6b
we show approximations to the characteristics.

In Table 4, we give relative errors for the the first order scheme and for the two second order
schemes, both on the entire domain and on a subset of the regions of strong regularity. The
relative errors are computed by comparing the solution computed using m + 1 gridpoints to the
solution computed using m/2 + 1 gridpoints. These values are not as reliable as absolute errors
for determining rates of convergence, but they do give a reasonable indication, and the results are
consistent with our expectations. As in the previous example, both second order methods produce
second order convergence of the value functions when measured in the L' norm on the entire domain
and on the regions of strong regularity. When these errors are measured in the L° norm on the
regions of strong regularity, Method I produces second order convergence while the convergence with
Method II is somewhat better than first order. In the case of the optimal controls, both methods
apparently give rise to second order convergence in the L' norm on the regions of strong regularity,
while preserving first order convergence in the L! norm on the entire domain and in the L°° norm
on the regions of strong regularity. Again, since Assumption 4.1 does not appear to hold everywhere
on the regions of strong regularity, results of this type are not surprising.

Figures 6¢-6f show approximations with 41 points to the value function and to the first com-
ponent of the optimal feedback control. There are no apparent qualitative differences in the two
approximations to the value function. With Method I, the discontinuities in the control are resolved
quite sharply. Method II seems to produce large overshoots, but we note that these are bounded as
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the grid is refined and do not indicate lack of numerical stability.

7 Conclusion

We have exhibited two global second order numerical methods for the solution of a class of Hamilton-
Jacobi partial differential equations which are related to deterministic optimal control problems. Our
analysis establishes that these methods produce provably second order approximations to the value
function and to the optimal feedback control on certain subsets of the regions of strong regularity.
The rate of convergence results apply only on those regions where each component of the limit
optimal feedback control is bounded away from zero, so that the sign remains constant. In practice,
we observe second order convergence in the L' norm on the regions of strong regularity even where
this assumption is violated, but the results are less favorable when the L™ norm is used to measure
the errors.

The reason that our theory can not accommodate changes in the signs of the optimal controls
is that the transition probabilities given in (2.9) are singular as functions of the control u wherever
any of the components of u are equal to zero. It is likely that we could eliminate the theoretical
restrictions on the present method by applying our techniques to a first order method with smooth
transition probabilities. In order for such an approach to be practical, however, it would be necessary
that the new transition probabilities preserve the highly desirable qualitative properties of those
considered here. The one sided nature of the present transition probabilities is important in terms
of achieving sharp resolution of the discontinuities, and their simple form allows us to evaluate
the minima analytically at each step in the iterative process used to solve the discrete dynamic
programming equation. Additionally, the control dependent mean jump times in (2.8) ensure that
the number of Gauss-Seidel iterations needed to solve the dynamic programming equation is small
and essentially bounded as the grid is refined. We do not know of smooth transition probabilities
which have these qualities, so it is not presently possible for us to improve upon the methods in
this paper.

We conclude by suggesting other possible extensions to our work. In principle, the high order
asymptotic analysis carried out in Section 4 can be used to formulate numerical methods of ar-
bitrarily high order, either by using a more refined correction term in Method I or by taking the
linear combination of several approximate solutions in Method II. As a practical matter, since even
the second order convergence is not as consistent as we might have hoped in the typical situation
where Assumption 4.1 is violated, we do not pursue this avenue. Our analysis considers only ho-
mogeneous boundary conditions, but this should not be an essential restriction. Homogeneity at
the boundary is used quite strongly in our proof of Lemma 4.5 and in an analogous step in the
proof of Theorem 2.4 [12], so it would be necessary to find an alternative approach to estimating
the gradient at points near the boundary. Next, the quadratic structure of the running cost as
a function of w is probably not needed for the type of asymptotic analysis that we carry out. In
practice, this structure is essential for the efficient solution of the discrete dynamic programming
equations as it enables us to evaluate the minima analytically, but it would also be interesting to
construct higher order numerical methods for problems where the running cost does not have this
form. Finally, we remark that it is worth considering the possibility of applying methods like ours
to construct higher order numerical methods for the solution of the second order Hamilton-Jacobi
partial differential equations which arise from stochastic control problems with dynamics given by
controlled diffusions.
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A Proof of Lemma 4.7

The purpose of this appendix is to indicate the calculations which are used to prove Lemma 4.7. The
argument essentially consists of elementary algebraic manipulations, but they are rather involved,
so it is worthwhile to set out some of the key steps. We combine equation (4.8) and equation (4.15)
with m = 1,...,¢+ 1 to obtain the following relation holding on the region B}:

<ﬂh7 Dh(I)h,q+1>

+ Zh_(qﬂ_l) <u0,Dhel — Del>

=0

9+1 m+1 (a)
_ Z Z (g+1- m)<u07D<cem-|—1—k>

m=1 k=2 !

b)
L momiael ( (A.1)
- (g+1-m) [0 k. m+2—-I—k
+ 2 Z llklh <D D >
m=1 [=2 k=1
g+1
+ Zh (a+1=J) <ﬂh u’ Dh€]>
7=1

()

The first part of Lemma 4.7 will be established if we show that each of the expressions (a) — (¢)

converges to zero, uniformly for z in B;L,. A key observation is that we can use equation (4.16) along
with (2.7) and (4.7) to obtain the relation

h 0 1 ek kE—1 Rk O 1 ? 1 k-1 nk
a’ —u’ = ——aZ k'h Die” — _QZ;,; k'hH— D €Z+0(hq) (A.2)

holding unformly on B;L,. We indicate the details of the manipulations for (b), and note that the
calculations are similar for (a) and (c). Consider the following series of relations which is easily seen
to imply that (b) converges to zero, uniformly on B,. Each line is explained after the display.

h_(q+1)<ﬂh —u%, D" — Deo>

1 g+1 g+3—1

= __Z Z llkl (is=he l)<aD<§€07D<€O>
=2 k=2
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14 q+2—1 g+3—I—¢ 1

) Z Z Z Wh_(q+3_k_l_i)<aD<€€i, D<60> + o(1)

=1 [=2 k=1
1 3-1
1 q+1 g+ 1

= —52 Z mh_(q+3_k_l)<D<eo,aD<§eo>

1 2—1 1
1 q+1 g+ 9+ 1

—5 Z Z Z Wh_(q+1_m)<D<eo, aD(“em+2_l_k> + o(1)

(=2 k=1 m=l+k-1

1 3-1 = —
1 q+1 g+ m=Il+k-2 1

— _52 Z Z Wh—(q+1—m)<D<€07aD(cem+2—l—k>

(=2 k=2 m=l+k-2

1 g+1 g+2-1 g+1 1
AT Lo (Dl apken ) o)
=2 k=1 m=l+k-1

1q+1mm+2_11 (g+1-m) 1.0 k_m+2—1—k
= —52 Z @h ¢ <D\e ;aDVe >—|—0(1)

The first equality is obtained by applying expression (A.2) and by using the Taylor expansion for
e(2), as in equation (4.12); to get the second equality, we rearrange the orders of summation and
make the change of variables m = ¢ 4+ [ + k — 2; we get the third equality by inroducing m as a
dummy variable in the first summation; the final equality is obtained by rearranging the orders of
summation in each of the two terms in the previous line and then combining them into a single
summation.

We now turn to verifying the second part of Lemma 4.7. Tt is easy to see that the following
discrete product rule is valid for p=1,...,n:

Di( (). g@)h(@)) = (DpI(e).gle+ hey)h(a + hey))
-|-<f(x),g(ac + hep)DZh(x)>

+{(f(@), Dlg(a)h(x)).

Our first application of this product rule to prove the second part of Lemma 4.7 actually involves
the simpler case where g(2) is the identity matrix. We state the rule for general g(z) because it will
be used later in dealing with the special case of proving the second part of Lemma 4.7 for ¢ = 0.
For each p = 1,...,n, we apply the operator Dg to equation (A.1) and obtain

<ﬂh(gg + hep),phq,z,q+1($)> 1 <Dgﬂh(9€)7 \I,h,q+1($)> 4=,

where the unspecified quantities are those obtained by applying the product rule with g(z) the
identity matrix to the terms (a) — (c¢) in equation (A.1). This yields six new terms, and as in
the treatment of (b) above, each of these can be expanded and rearranged to obtain coefficients
converging to zero. In the case ¢ > 1, the condition in (4.16) implies that D;jﬂh converges to D,u°,
so these manipulations suffice to establish the lemma.

Unfortunately, this general calculation is not sufficiently detailed to prove the second part of
Lemma 4.7 when ¢ = 0, so we treat that as a special case. We do not generalize the manipulations
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which work for ¢ = 0, as they are considerably more involved than the ones indicated above. By
using the product rule to apply the operator Dg directly to equations (4.1), (4.2), and (4.5) and
then taking a linear combination of the resulting expressions, we obtain after some manipulations

1 1
(= ale +he))(GD"V (4 hey) + DMV M)
1
+b(x + he,) — §ha(x + hep)DZDVO(x) , Dh\IJZJ($)>

+{ — ae + hep) DLDV () — Dha(e) (5 D"V () + S DVO(x))

p

+Dlb(x) , U ()

holding uniformly for z in Bf,. Given the assumed convergence of the D"V" to DV® and the
representation for 4% in (2.7), it is easy to see that the above expression is consistent with (4.21),
so it completes the proof of the lemma.

B Large Deviations Upper Bound

In this appendix, we state a general large deviations upper bound result for a broad class of Markov
processes with possibly discontinuous statistics. Qur result is essentially an extension of [10, Theo-
rem 1.1]. The generalization is in two directions. First, we specify conditions under which the result
holds for processes with statistics which, before the standard scalings, vary with the parameter ¢
but converge to limit values as ¢ — 0. Second, and more interesting, we allow the situation where a
large deviations upper bound holds only for some components of the processes under consideration;
see reference [3] for results in a related direction.. A simple example illustrates these two points.
Let w;(t),¢ = 1,2, be standard Brownian motions, and consider stochastic processes X° = (X7, X35),
where

dX{ = b (X5)dt+ &' 2dw; X{(0)=0
X5 = dw,y X5(0) =0,

and b°(-) converges uniformly to a constant b. While no large deviations upper bound holds for
the full processes X*¢, the following result guarantees that the Xj converge in the sense of a large
deviations upper bound to the law of large numbers limit ¢(t) = bt.

We state carefully the new large deviations result that is used in the present paper, and then we
outline the proof. The proof is similar to the one given for [10, Theorem 1.1], so we only indicate
the key steps and the details where they differ from those given in [10]. Note that the notation in
this appendix is independent of the notation in the preceding sections.

Let IR™ = R™*" and consider a sequence of Markov processes X¢ = (X7, X5) with trajectories
in D([0,00) : IR™) and generators £° such that for any smooth function f(z) mapping IR" to IR,

Lf(@) = (b(a). Df(x)) + Str[a*(2) D f(x)]
1/n [F(a+ ev) = Jx) = e, Df(2))] () (dv),

+=
EJR
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For each ¢ > 0, a°(z) and b°(z) are uniformly bounded functions from /R" to the spaces of n X n
matrices and n-vectors, respectively, and p(2) is a function from IR™ to the space of non-negative
measures on IR™ such that p°(z) is uniformly bounded and has uniformly compact support for
x € IR™. We consider block decompositions

as(x) — [ ail(x) ai2($) ] , bs(x) — [ bi(x) ] ,

a5 () asy() b3()

where aj;(z) is an n; X ny matrix valued function, bj(z) is an ny-vector valued function, and the
other blocks are of appropriate sizes to complete the decompositions. Also, we let uj(z) be the
marginal measure of pu*(x) on IR™. In general, we will employ without comment the notation
x = (x1,22), where ; € IR™ for i =1,2.

For the space of finite measures on IR™, we define a metric d(-,-) as follows. For two such
measures 71 and 7z, the distance d(71,72) is defined to be the supremum of

‘/Bnl F(&)m(de) - /Rn1 f(g)nz(dg)‘

over all functions f(£) for which || f||sc < 1 and which satisfy a Lipschitz condition with constant
no greater than 1. We note that d(-,-) metrizes weak convergence of probability measures [9,
Proposition 11.3.2]. Assume the following:

1. The aj;(z) and bj(x) are uniformly bounded for all z € IR™ and for all ¢ > 0.

2. There exists a compact set K C IR™ and a constant M < 400 such that p5(z)(K°) = 0 and
pi(z)(K) < M for all # € IR™ and for all € > 0.

3. There exist functions aq1(2) and by(z) such that
aji(2) = an(e),  bi(z) = bi(2).
hold as ¢ — 0, uniformly for z in IR™ with z in compact subsets of IR".

4. There exists a measure valued function g4(z) such that

d (45 (), () — 0.

holds as ¢ — 0, uniformly for z in IR™ with 21 in compact subsets of IR™.

We now proceed to define the rate function for our large deviations upper bound. For each z € IR"
and for each vector a € IR™, define the convex function

1
H(z,a) = (bi(z),a)+ §tr[a11(x)aat]
[ - 1= )] o)),
R™
and then for each z; € IR™
Hy(z1,0) = sup H((z1,22),a).
l’QERn?

We further define the upper semicontinuous regularization,

h1($1, Oé) = %1_{% hl,é(xlv Oé),
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where

hs(z1,0) = sup  H(y, ).
[ly1—z1(] <8

Consider the Legendre-Fenchel transform given by

(21.8) = sup [(B.0) — ha(a1,0)

a€R™

for each g € IR™. Given T' < 400 and for each # € IR™, we define the rate function I, (¢1) by

L,(é1) = /0 Tz(qbl(s),zbl(s))ds

for absolutely continuous functions ¢; taking values in IR™ which satisfy ¢1(0) = 21, and we set
I;,(¢1) to be +00 otherwise.

Theorem B.1 Given a compact set C' C IR™, the following hold:
(i) Given L < +oo and for each x1 € IR™, define
®p\ (L) ={¢1 € D([0,T]: IR™) : I;; (¢1) < L}.
Then the set U, cc ®u, (L) is compact.

(ii) For each closed set I' C D([0,T]: IR™),

limsupelog P.{X{ € F} < — inf I (¢1),
p1EF

e—0

holds uniformly for x € IR"™ such that x1 € C'.

As in [10], we refer to the corollary to Theorem 1 of Section 9.1.3 and to Theorem 3 of Sec-
tion 9.1.4 of [24] for the proof of part (i) of Theorem B.1. For the sake of notational simplicity, we
take T' = 1 in what follows. In order to prove part (ii) of Theorem B.1, we consider the following
approximations to the functions H(z,a), Hi(x1,a), and hi(z,a), corresponding to the generator
of X*. For each x € IR"™ and for each vector a € IR™, define

1
H¥(x,0) = (bi(2),0)+ Sir|afs(2)ac’]
[ [ 1= )] o))
R™
and for each z1 € IR™ define

Hi(z1,a) = sup H((x1,22), ).
l’QERn?

We further define the upper semicontinuous regularization,
hi(z1, ) = %1_{% hi,é(xlv ),
where

hié(acl,a) = sup H{(y,a).
[ly1 —21(| <8

The following lemma is a simple consequence of assumptions 1-4.

35



Lemma B.2 The H*(z,a) are uniformly bounded for a in bounded sets. Furthermore, for a in
bounded sets and for x in IR™ such that x1 is in compact subsets of IR™ , they converge uniformly
to H(z,a) as e — 0.

We also note that there exists a constant €y < +oo such that for all # € IR™, the bound
He(z,a) < h(]|a])) = Cretrllell (B.1)

holds for each o € IR™. Now for b > 0, we define

i(b) = sup [ab — h(a)]

_ Cil (log(b/C?) 1)

and note that {(b) grows superlinearly as b — +o00. The following is a special case of [10, Lemma 2.2].

Lemma B.3 Foralla € IR™, allx € IR", and all s > 0,

1 ¢
Ni(t) = exp = [(X{(0) = Xi(9)a) = [ HA(X(w),a)dul
1s a Pp-martingale for t > s.

As in [10], the bound in the next lemma follows from Lemma B.3 by an application of the
bound (B.1) and a standard submartingale inequality.

Lemma B.4 Given 6 > 0 and s > 0,

P, {p X5 (w) = Xi(s)]| 2 6} < 2mexp - [(1 = )I(6/20"/(1 - 5))/]

holds for all x € IR", whenever § > 2Cn'/%(t — s).

Define the piecewise linear process

Xe(ie)ie+e —t)+ X(ie +¢)(t — te)

Ye(r) = :

for ¢t € [ie,ic +¢)and ¢ = 1,2,...,[1/¢], and consider the standard decomposition Y* = (Y7, Y5 ).
The next lemma establishes that Yy is exponentially close to X7, so it suffices to prove the upper
bound in Theorem B.1 for Y;°. This is convenient, as it is easier to prove an exponential tightness
estimate (c.f. Lemma B.6) for Y;° than for X7.

Lemma B.5 Given é > 0 and uniformly for « € IR",

limsupglong{ sup || X5(t) =Y ()] > 6} = —o0.
0<t<1

e—0

Proof. As in the proof of [10, Lemma 2.4], apply Lemma B.4 on each of the intervals [ic,ic+¢). B

The following lemma establishes that the processes Y| are exponentially tight. Its proof is
identical to the proof of [10, Lemma 2.5].
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Lemma B.6 Given a compact set C' C IR™ and a constant B < 400, there exists a compact set

K C C([0,1]: IR™) such that

limsupelog P, {Y7 ¢ K} < —-B

e—0
holds for all x € C.

We now state the key lemma for the proof of part (ii) of Theorem B.1. It is the analogue of [10,
Lemma 2.7].

Lemma B.7 Given § > 0 and a compact set C C IR™,

1
lim sup log E exp E<Yf(€) - Y7(0), a> < hys(zq, )
e—0

holds uniformly for x such that x1 € C' and for o in bounded sets.

Proof. Just as in the proof of [10, Lemma 2.7], we obtain a constant C'y < 400 such that
1 = = hi(z,o) —Cy /e
FE,exp E<Y1 () — Y{(0), a> < et 4 Chem 2

< M)y el

holds for all z such that z; € ', for all a in a fixed bounded set, and for all sufficiently small ¢ > 0.
Lemma B.2 implies that the hié(xl, «) are uniformly bounded below by a finite constant and that
they converge uniformly to hy s(z1,a) as € — 0. Thus, the result follows by taking the logarithm
of each side and then taking limits. B

Using the compactness result from part (i) of Theorem B.1, part (ii) of that theorem can now
be proved just as in Proposition 2.9 and Proposition 2.10 in [10].
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Figure 4: One Dimensional Problem Solutions

40



XN
!
TR

at
SReRTEESOET L ‘\ SRR
eSS,
gt U1ty g NSNS (ris
RN "
o5 LRI

AN

TN
)"‘1"'1;;1’1"‘\\‘38:‘\‘
/7};';;7;'%\‘3“3&‘:\“
o0y syt SNSRI
R SRR
B A R
7 Az /g,{,’;:‘\}{{\\\“:m\\\\

il XS !

1 Wty ity e gy SN SN (1

TR A\ i\

] AN
X

W
Ui % NS
47 Uil A
%WW%\\\}{\\\\\}&{\\\\\\{&“\“\
Lttty NSNS S e
s LS

i
|\
il NSNS ST

05

(c) Value Function

Method 1

\
\
7SS R
AR
77 WSS SR U
gyt AW N
Ut NSRS
o5 RS

05

(d) Value Function
Method II

(e) Feedback Control
Method I

(f) Feedback Control
Method II

Figure 5: Perturbed Escape Time Problem Solutions



I
NG

(b) Characteristics

(a) Singularity Set and
Smooth Region

0
lllll[ /III[ IIl/“ \\\\t\\‘x:‘ o 7 /I[ ““
AR il //,,, //,,, SRR
’ IIIIIII[III IIIIIII[ ,IIIII[\ RS \\“\\\“\\\\‘ o /II[[IIIIIII[[IIIII ’III \\\\\\“ “\\\\ \\\\ o
oLl /I /,‘ \\\\\\\“\;"\\‘\\\\‘\\\\\\\ \ o I/II[[I /I ,‘ \\\\\\\“\y:‘\\“\\\\\\\\\\
° ;III [Ié“‘“‘ 3\““““““““ os u [, I[A“%“““‘ \\Q\\““ ““““ °

(c) Value Function (d) Value Function
Method I Method II

“L b A Lo 4 now oa

(e) Feedback Control (f) Feedback Control
Method I Method II

Figure 6: Quadratic Running Cost Problem Solutions

42



LT L LT RSR L> RSR
Pts Tter Error Ord Error Ord Error Ord Error Ord
21 4 111.95e—-01| — ||1.45e—-01| — ||1.66e—-01| — | 1.44e—-01| —
g 41 4 119.87e—02]1.0|7.38e—-02|1.0|840e—-02|1.0| 7.31e—-02]1.0
S 81 4 11497e—-02]1.0(3.72e—-02|1.0|4.23e—-02|1.0| 3.68e—-02]|1.0
< | 161 ) 4 112.49e—-02]1.0)1.87e—-02]1.0]2.12e—-02|1.0|1.85e—-02]1.0
1321 4 ||1.25e—-02|1.0|9.36e—03]1.0]1.06e—02]|1.0]9.26e—03|1.0
6411 4 [[625e—-03|1.0(4.68e—-03[1.0(531le—03|1.0}4.64e—03]1.0
(21 [ 8 [[402e—02] — [1.77e—01] — [[2.08e—02] — [[2.25e—02] —
<[41 |[ 8 [[1.06e—02 1.9 9.39¢—02 0.9 5.06¢—03 2.0 5.63¢— 03| 2.0
=81 |8 [[2.73e—03 2.0 485e—02]1.0||1.27e—03|2.0] L4le—03 2.0
[ 161][ 8 [6.93e—04]2.0246e—02|1.0]|3.16e — 04| 2.0 | 3.52¢ — 04 | 2.0
S[320( 8 |[1.7he—04 2.0 1.24e—02 | 1.0 7.91e—05]2.0 ] 8.79e—05|2.0
641 8 [[4.38e—-05[2.0(623e—-03[1.0(1.98e—-05]2.0(220e—05]2.0
| 21 8 [[1.00e—-02| — ([1.00e—-02| — ||8.00e—-03| — ||8.00e—-03| —
E 41 8 [|2.50e—-03]2.01(250e—-03]2.012.03e—03]201]225e—-03]1.8
= |81 8 [[6.25e—04]2.01(625e—04]2.05.06e—04]2.01563e—04]2.0
g 161 8 || 1.56e—04]2.0| 1.56e—-04|2.0| 1.27Te—-04]2.0| 1.40e—041 2.0
£ 1321 8 [|3.91e—-105]2.0)391e—-05]2.0]3.16e—-05)|2.0]3.52e—105]2.0
641 || 8 [|9.77e—06]2.0(9.77e—-06]|2.0]791e—-06|2.0(879e—-06]|2.0

Table 1: One Dimensional Problem Value Function Errors
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Value Function

Feedback Control

LT L L' RSR L> RSR
Pts Tter Error Ord Error Ord Error Ord Error Ord
21 12 ||2.14e—-02| — ||3.80e—-02| — ||6.34e—-03| — || 1.90e—-02| —
g 41 12 || 7.46e—-03 | 1.5 1.95e—-02|1.0|3.27e—-03 | 1.0 | 1.02e —-02 | 0.9
3 81 13 112.90e—-03|1.4|1.01e—02|0.9|1.69e—-03|1.0| 5.28e—-03| 1.0
+ | 161116 | 1.24e—-03)1.2)5.19e—-03]1.0]8.65e—-04]1.0)2.72e—-03]1.0
321 16 || 5.69e—04 | 1.1 || 2.64e—03|1.0|4.40e—04|1.0| 1.38e—-03| 1.0
6411 16 [ 2.71e—04 | 1.1 || 1.33e—-03|1.0(221e—04|1.0}691e—04]1.0
— |21 24 12.71e—02] — ||6.58e—-02| — ||7.93e—-03| — || 1.18e—02| —
541 28 | 7.28e—-03 119 3.31le—02]1.0}1.55e—03]24]3.16e—-03]1.9
T8l 36 11.92e—-03 1.9 1.68e—-02]1.0(4.04e—-04]1.9(93le—04]1.8
g 161 (| 39 || 4.96e—04|2.0| 852e—03|1.0( 1.0be—-04]1.9]2.63e—-04]1.8
S1321(35 || 1.26e—04 (2.0 4.27e—03{1.0]2.68e—05[2.0{9.93e—05]1.4
6411 35 || 3.18e—-05(2.0(2.12e—-03 | 1.0(|6.77e—06|2.02.79e—-05] 1.8
— | 21 20 || 1.66e—-02| — ||1.76e—-02| — ||1.40e—-02| — || 1.76e—02| —
E 41 24 11 3.80e—03]21(523e—-03]18|804e—-04]4.1]285e—-03]2.6
=81 25 | 1.17e—-03 1.7 2.79e—-03]109(299e—-04 |14} 1.0le—03]1.5
COl161]|29 |[327e—04[1.8]|1.40e—03|1.0[9.08e—05|1.7(3.5le—04]1.5
E 321 32 || 867e—05|19|801le—04|08(248e—-05|19 | 1.06e—04|1.7
6411 32 ||224e—-05(2.0(4.07e—-04[1.0(|661le—06|193.42e—-05]1.6
Lt L LI RSR L* RSR
Pts Tter Error Ord Error Ord Error Ord Error Ord
21 12 || 594e—-01| — ||1.86e—-00| — ||1.03e—-01| — ||2.66e—01| —
g 41 12 113.24e—-01 109 799e—-01| 0 ||539e—-02|0.9| 1.59e—-01|0.7
3 81 13 11.73e—-01]0.9|1.86e—-00] 0 |[3.09¢e—-02|08|894e—-02]0.8
+[161] 16 ||8.94e—-02|1.0]8.08e—-01| 0 ||[1.67e—-02]0.9]|484e—-02]0.9
321 | 16 ||4.56e—02] 1.0 8.13e—01| 0 ||8.73e—03]0.9 | 2.54e—-02]0.9
6411 16 [ 2.30e—-02 | 1.0||1.87e—-00| O [|445e—-03|1.0}1.31e—02]1.0
— |21 24 1489e—-01| — ||1.00e—-00| — ||1.73e—-01| — |[246e—-01| —
5|41 28 |250e—-01]1.0(1.00e—00| 0 |[3.43e—-02]2.3(9.58e—-02]14
T [81 36 ||1.24e—-01]1.0(1.00e—00] O ||8.38e—03]2.0244e—-02]2.0
g 161 39 || 6.11e—02|1.0| 1.00e—00| 0 | 2.42e—-03|1.8]| 1.22e—-02] 1.0
&1321)35/3.03e—02{1.0{1.00e—00| 0 [[6.86e—04|1.8([6.99e—03]0.8
641 || 35 || 1.50e—-02|1.0(1.00e—-00| 0 ||1.79e—-04|1.9| 3.85e—-03|0.9
_[21 [20][988e—01] — [[3.79e—00] — || 3.46e—0L] — |[3.38e—01] —
41 [ 245.07e—01]0.9]237e—00] 0 |[5.72¢—02 2.6 2.46¢— 0238
T80 |25 [ 267e—01]1.0]3.80e—00] 0 ||1.72e—02|1.7] 1.20e 01| 1.0
O T61( 29 |[1.29e—01]1.0]1.39e—00| 0 |[5.12e—03| 1.7 2.59¢—02 | 2.2
(32132 [[643c— 02 1.0[8.09¢ 01| 0 [[1.49¢ 03|18 3.03e —02] 0
641 | 32 [3.21e—02]1.0]|3.30e—00] 0 |[4.09e—04] 1.9 1.26e—02 1.3

Table 2: Perturbed Escape Time Problem Errors
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Value Function

Optimal Control

Method 1 Method 11 Method 1 Method 11
Pts L Error Ord L Error Ord L Error Ord L Error Ord
21 787e—-03| — ||821e—-03| — ||1.49e—-01| — ||2.02e—-01| —
41 ||227e—-03 | 1.8|939e—-04 [ 3.1(|3.27Te—-02|2.2|4.37e—02 2.2
81 ||6.45e—04|1.8]|6.34e—04 06| 1.24e—-02|1.4|3.26e—02|04
161 | 1.74e—04 1.9 255e—-04]1.3(349e—-03 |18} 1.07e—-02]1.6
321 {1 4.55e—-0511.9| 818e—-05|16|997Te—-04|18|3.14e—-03|1.8
6411 1.16e—-0512.0(232e—-05|1.8|2.65e—04|1.9|865e—04|1.9
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Table 3: Perturbed Escape Time Problem Errors on Partial Domain




Value Function

Feedback Control

LT L L' RSR L> RSR
Pts Tter Rel Error Ord Rel Error Ord Rel Error Ord Rel Error Ord
21 7 11954e—-02| — [[|9.73e—-02| — ||237e—-02| — (|6.00e—-02| —
g 41 7T (|414e—-02|1.2|547e—-02 |08 || 147e—-02]0.7]3.05e—-02] 1.0
3 81 7 || 1.86e—02|1.2(290e—-02[{09|7.56e—-03]1.0]1.70e—02]0.8
=161 7 1885e—-03)1.1)1.50e—-02]1.0]3.81e—-03]1.0)897e—-03]0.9
321 7 ||429e—-03]1.0]|7.67e—03]|1.0]1.92e—-03|1.0(4.49e—-03] 1.0
641 7 [|[211e—02|1.0(3.89e—-03[1.0(9.67e—04]1.0}227e—-03]1.0
— |21 14 || 1.51e—-01| — ||2.23e—-01| — ||2.61le—-02| — || 747Te—-02| —
541 14 114.92e—-02 16| 1.37e—01|0.7|2.59e—-03 | 3.3 || 1.08e —02 | 2.8
T8l 14 ||144e—-02 | 1.8 7.64e—-02 08| 5.17e—-04|23|9.36e—-04]3.5
g 161 || 14 || 3.78e —03 | 1.9 4.15e—02]0.9| 1.43e—-04|1.9] 2.62e—-04| 1.8
S1321] 14 ||9.99e—04|1.9|1223e—02[0.9(3.78e—05{1.9| 7.10e—05| 1.9
641 14 [ 2.50e—-04 |20 1.11e—02 1.0} 9.71e—06 2.0} 1.84e—-05]1.9
— | 21 13 |8.53e—-02| — ||6.14e—-02| — ||2.76e—-02| — ||4.29e—-02| —
E 41 14 112.63e—-02|1.7|547e—-02|0.2||1.0le—-03 |8.1||1.76e—-03 | 7.9
=81 14 ||8.46e—-03|1.6|4.09¢e—-02|0.4|536e—-04|0.9|1.26e—-03|0.5
g 161 || 14 || 1.79e—-03 2.2 2.26e—02]0.9| 1.76e—-04| 1.6 | 4.28e—04| 1.6
& 321 || 14 || 504e—-04 | 1.8(951e—-03|1.2(519e—-05|18}1.24e—-04 ]| 1.8
641 | 14 || 1.27e—-04 2.0 666e—-03 05| 141e—05]193.52e—-05]1.8
Lt L LI RSR L* RSR
Pts Tter Rel Error Ord Rel Error Ord Rel Error Ord Rel Error Ord
21 7 (|1.20e—-00| — [|257e—-00| — ||1.35e—-01| — |[145e—-01| —
g 41 7 11637e—-01]09(329e—-00| 0 ||7.52e—-02]|0.8(8.69e—-02]0.7
3 81 7 11328e—-01](1.0(329e—-00| 0 (|3.98e—-02]0.9 | 543e—-02]0.7
<161 7 [|149e—-01|1.1]345e—-00| 0 |[2.08e—-02]0.9]3.03e—-02)0.8
321 7 ||831e—02]0.8(3.40e—00| 0 ||1.06e—02|1.0( 1.62e—02]0.9
641 7 ||3.76e—-02]|1.1(3.57e—-00| 0 ||533e—-03|1.0|841e—-03|0.9
— |21 14 111.52e—-00| — ||1.33e—-00| — ||6.53e—-01| — || 1.07e—00| —
5|41 14 119.49e—-010.7)1.33e—00| 0 ||2.01e—-01]|1.7]1.18e—-00] O
g 81 14 || 5.10e—-01|0.9|1.36e—-00| 0 ||4.35e—-03|5.5]|6.70e—-02|4.1
= | 161 14 11268e—-01)09]1.35e—-00] 0 ||9.65e—-04]22]2.03e—-03]|5.0
S1321( 14 ||1.36e—01]1.0|1.40e—00| 0 |[[258e—04]1.9( 7.48e—04 1.4
641 14 || 6.87e—-02 1.0 1.39e—-00| 0 [|6.71e—05]19 | 3.68e—04]1.0
— | 21 13 113.79e—-00| — ||48le—00| — ||6.31le—01| — ||9.02e—-01| —
E 41 14 || 1.07e—-00|1.8|2.48e¢e—-00| 0 ||3.10e—-02|1.0|1.04e—-01]|3.1
= |81 14 || 7.54e—-01]0.5]5.71e—-00] 0 ||6.03e—-03|5.7| 1.26e—-02] 3.0
Cl161] 14 [[312e—01[1.3][327e—00| 0 |[2.02e—03|1.6]5.53e—03]1.2
E 321 14 | 2.14e—-01|0.5(|6.56e—-00| 0 [|6.11le—04|1.7}1.78e —03 | 1.6
641 14 [[9.85e—-02|1.1([695e—-00| 0 (|[1.67e—-04 |19 833e—-04|1.1

Table 4: Quadratic Running Cost Problem Relative Errors
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