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Abstract

We present practical numerical methods which produce provably second order approximations for
a class of stationary first order Hamilton-Jacobi partial differential equations. Using probabilistic
methods, we derive high order asymptotic expansions for a first order method, and then use those
results to design second order methods. We prove second order convergence for the solution and for
its gradient on a subset of the domain where the solution is smooth. Although we limit our attention
to second order schemes, in principle the techniques in this paper can be extended to arbitrarily
high order methods. Examples illustrate the rate of convergence as well as global sharp resolution
of discontinuities. The Hamilton-Jacobi equations we consider correspond to deterministic optimal
control problems, and our rate of convergence results are valid for the value functions and for the
optimal feedback controls.



1 Introduction

This paper is concerned with the numerical solution of a class of first order stationary Hamilton-
Jacobi partial differential equations. We give a detailed asymptotic analysis of a first order Markov
chain based numerical method and then describe two approaches to obtaining second order con-
vergence. The PDE’s that we study arise in connection with a variety of applications in computer
vision, large deviations, and robust control [4], and they can be interpreted as dynamic program-
ming equations for a class of deterministic optimal control problems on a finite domain. Under our
assumptions, the value function V() for a given control problem is the unique viscosity solution
to the corresponding Hamilton-Jacobi PDE, and the optimal feedback control function u®(z) is
obtained by taking the argument in the optimization part of the Hamilton-Jacobi equation on those
parts of the domain where it is uniquely defined.

Much of the difficulty in solving equations of this type derives from the fact that the solutions
need not be smooth on the entire domain. Under our assumptions, V°(z) is globally Lipschitz,
but it need not be differentiable at all points. The control function u°(x) is closely related to
the gradient of V°(z). It need not be uniquely defined at all points, and it is often discontinuous
across those points where it is not uniquely defined. Typically, however, there are regions of strong
regularity which are open and dense in the domain, and in those regions both VO(z) and u%(x)
are as smooth as the problem data. Our asymptotic results hold on certain subsets of the regions
of strong regularity, and we propose numerical methods which provide second order estimates for
VO () and u®(z) on those regions, without sacrificing global convergence properties.

The typical numerical methods are of finite difference type, or the probabilistic equivalent.
Derivatives in the Hamilton-Jacobi PDE are replaced by finite difference approximations with a
parameter & > 0 to obtain approximations V"(z) to the value function. There are two principal
approaches to proving that these approximations converge to the limit value. A relatively recent
approach is analytic and exploits the fact that V9(z) is the unique viscosity solution to the Hamilton-
Jacobi PDE. Since the V*(z) are solutions to difference equations with operators converging to the
limit differential operator, this uniqueness can be used to show that the Vh(x) converge uniformly
to VO(x); see [1, 7]. While the viscosity solution method analyzes the approximations at the level
of the PDE, the approach we employ uses probabilistic methods to interpret the approximations at
the level of the control problem. In this framework, the first numerical methods were developed by
Kushner [26]. We regard the equation satisfied by V"(z) as the dynamic programming equation for
a control problem with Markov chain dynamics which approximate the deterministic dynamics in
the limit control problem. Thus, the Vh(x) are value functions for approximating control problems,
and we can use probabilistic arguments to show that they converge uniformly to V°(X) on the
entire domain. See references [4, 26, 27]. In addition, probabilistic arguments have been employed
in [12] to prove that the prelimit optimal feedback controls u"(x) converge to u°(z), uniformly on
compact subsets of the regions of strong regularity where u°(z) is smooth.

All of the numerical methods which have been rigorously analyzed using either of the above
approaches are intrinsically first order. That is because the finite differences are only first order
approximations to the corresponding derivatives, or equivalently because the generators of the
Markov chains approximate the generator for the limit dynamics to only first order when applied
to smooth functions. The most natural approach to obtaining second order convergence would be
to use second order finite difference operators in the approximations. This can sometimes be made
to work in practice, but current techniques cannot be used to analyze the convergence properties,
or even to show that the resulting approximations are stable. The problem is that the use of
higher order finite difference operators results in the loss of critical monotonicity properties in the
prelimit difference equations. From the point of view of Markov chain approximations, this gives



rise to negative transition probabilities, so it is impossible to construct the dynamics. Our approach
to obtaining second order convergence does not involve the use of higher order finite differences.
However, in a different context (see the proof of Lemma 4.6), we introduce a representation which
circumvents the problem of negative transition probabilities, at the cost of adding an exponential
growth term. The growth term clearly exposes the stability issue which is critical in numerical
methods based upon higher order finite differences, and this representation may prove useful in
their analysis.

Our second order approximation methods are based upon an asymptotic expansion of the form

M
Vh(x) = Vo(x) + Z_: hme™(x) + o(hM), (1.1)

holding on a subset of the regions of strong regularity, with smooth functions €”(z). In Section 3,
we obtain the first term in this expansion using techniques similar to those in [11]. Then, under the
more restrictive conditions of Section 4, we use probabilistic arguments like those in [16] to establish
the full asymptotic expansion. The situation in [16] involves the approximation of a deterministic
optimal control problem by a stochastic problem with a small noise Brownian motion added to the
dynamics. In that case, the asymptotic expansion is alternatively obtained by viscosity solution
methods in reference [18]. In Section 5, we exploit equation (1.1) and an analogous asymptotic
expansion for the optimal feedback control to obtain new approximations which are second order
accurate in those regions where the expansions are valid. One approach is to define V"*(z) by
subtracting from V"*(z) a correction term which approximates hel(z) to first order, and then to
exploit the relationship between u®(2) and the gradient of V°(2) to obtain «"*(z). A second method
is to apply Richardson extrapolation, putting V"*(z) = 2V*(2) — V¥ (z), and defining u"*(2)
analogously. Given an expansion of the form (1.1), it is straightforward to see that approximations
defined this way can be expected to be second order accurate. Qur experimental results in Section 6
confirm this in both the L' and the L norms on the appropriate subsets of the regions of strong
regularity, while first order convergence properties are maintained elsewhere.

Other approaches to obtaining higher order convergence for Hamilton-Jacobi PDE’s have been
suggested, especially for the finite time case. In reference [13], high order time stepping methods
are explored, but the spatial discretizations are not considered. While the full discretization is
discussed in [14], critical stability issues are not resolved for the general case. A theoretically
interesting second order scheme is presented in [30], but as the authors note, it can not be practically
implemented. High order essentially non-oscillatory (ENO) [31], weighted ENO [25], Godunov
[29], and finite element [23] schemes originally developed for hyperbolic conservation laws have
been successfully applied to Hamilton-Jacobi equations. While these methods have produced very
convincing numerical results for finite time problems, complete convergence proofs are not available.
To our knowledge, ours are the only practical schemes which have been proved to yield second order
convergence of the value functions or of the optimal feedback controls on any part of the domain
for multidimensional stationary Hamilton-Jacobi equations.

Conservation laws are closely related to the Hamilton-Jacobi equations that we study, and there
is an extensive body of literature dealing with their numerical solution. In fact, the two types of
equation are equivalent in one dimension, and it is interesting that in [30] the proof of convergence
for a second order scheme for scalar conservation laws is obtained by means of viscosity solution
methods for Hamilton-Jacobi equations. The scheme proposed in [22] for conservation laws is similar
in philosophy to one of our second order methods, as it involves the use of an analogous correction
term. An excellent overview of the available techniques can be found in reference [28]. While many
effective higher order methods have been developed for time dependent problems, rigorous proofs



of convergence in more than one dimension are not available. Furthermore, it has proven quite
challenging to extend these methods to stationary problems; see reference [21] for some results in
this direction.

We end this section with some notation. Let IR™ be n-dimensional Euclidian space, and let
Z" be the subset of IR™ consisting of n-tuples of integers. For vectors z,y € IR", (x,y) is the

scalar product, ||z|| = /(z,2) is the Euclidean norm, [|z]|; = X7 |a;| is the {*-vector norm, and
|z| = (|&1], ..., |®s]) is the componentwise absolute value. For a process X(-) taking values in IR"™

and for § < 400, || X(-) [ls = supg<ics [|X(2)]| is the uniform L*norm. For any two subsets A and
A" of IR™, d(A, A") denotes minimum FEuclidean distance between A and A’. The positive part of a

scalar is a¥ = max(a,0), and its negative part is = = —min(«a,0). For a vector, the positive and
negative parts are taken componentwise, so that z% = (wli, .. ,xf) In general, we use subscripts

to denotes the components of a vector, while superscripts index possibly vector valued quantities.
Thus, z; is always a scalar quantity, while 2* may denote a vector.

For a smooth function f mapping IR" to IR and for a positive integer r, put D! f(z) = -2 f(z).
The diagonal of the array of rth order partial derivatives is denoted by

D f(z) = (DI f(2),.... Dyf(x)).

In the case r = 1, we use the standard notation D f(z) = D%f(x) for the gradient of f. For h > 0,
the operators D% are one sided finite difference approximations to the gradient operator. The ith
component of D% f(z) is given by

(x4 he;) — f(2)
h b

DIt f(a) =

while the ith component of D"~ f(z) is given by

flz) = fle — hei)‘

DI f() = -

In addition, D" f(z) is the centered difference approximation to the gradient vector D f(z), while
D%’hf(x) is the centered difference approximation to the diagonal second derivative vector D? f(z).

2 Statement of Problem and First Order Numerical Approxima-
tion

We describe a deterministic optimal control problem and set forth a first order Markov chain based
numerical method to approximate its solution. We then recall results which guarantee convergence
of the numerical value function and of the numerical feedback control to their respective counterparts
in the problem being approximated.

Let G C IR™ be open with compact closure, and assume that G satisfies uniform interior and
exterior cone conditions (see [4] for definitions). Let b and ¢ be €' functions from IR" to IR, and
let @ be a C'™ function from IR™ to the space of symmetric positive definite n X n matrices. Notice
that @ is uniformly positive definite on 7. Assume that ¢(z) > ¢o > 0 on G. For a control u®(t)
which is in L2([0, S]; IR™) for all § < +oc and for an initial condition 2 € G, we define X°(¢) by the
dynamics

XO(t) = o + /Ot u(s)ds, (2.1)




































































































































