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Abstract

We consider a Markov chain based numerical approximation method for a
class of deterministic nonlinear optimal control problems. It is known that
methods of this type yield convergent approximations to the value function
on the entire domain. These results do not easily extend to the optimal
control, which need not be uniquely defined on the entire domain. There
are, however, regions of strong regularity on which the optimal control is
well defined and smooth. Typically, the union of these regions is open and
dense in the domain. Using probabilistic methods, we prove that on the
regions of strong regularity, the Markov chain method yields a convergent
sequence of approximations to the optimal feedback control. The result is
illustrated with several examples.



1 Introduction

In this paper, we prove that an efficient Markov chain based numerical
approximation method for a general class of nonlinear optimal control prob-
lems yields feedback controls which converge (on most of the domain) to the
optimal feedback control for the problem that is being approximated. We
consider an infinite time horizon problem on a finite domain in IR"™, with
deterministic dynamics which are affine in the control variable. The running
cost L(x,u) is quadratic in the control variable u and is fully nonlinear in
the state variable z, and there is no exit cost. Any problem in this class can
be reduced by a simple change of variables to one with dynamics of Calculus
of Variations type, and we find it convenient in our analysis to consider that
form.

In general, one cannot explicitly evaluate either the value function or the
optimal control, so accurate numerical approximation methods are needed.
The quantity of interest for applications is typically the optimal control,
and considerations of robustness in implementation make it important to
have the optimal control in feedback form. Furthermore, for many recent
applications, including robust control [3] and problems in computer vision
[11, 20], approximations to the optimal feedback control and to the closely
related gradient of the value function are needed. Given the fact that the
control need not be uniquely defined, however, almost all of the literature
focuses on approximating the value function, which, under our assumptions,
is well defined and Lipschitz on the entire domain.

A natural class of numerical methods, first described by Kushner [18],
involves replacing the limit control problem with an approximating prob-
lem whose state variable takes values on a finite grid. The deterministic
dynamics are replaced by a Markov chain so that movement in an arbitrary
direction can be approximated by appropriate probabilities of jumping to
neighboring gridpoints. As the underlying grid is refined, the value func-
tion for the Markov chain control problem becomes an increasingly good
approximation to the value function for the limit problem.

As we noted earlier, the optimal feedback control for the limit problem
is not uniquely defined at all points, and this makes it difficult to construct
an approximate optimal control on the entire domain. However, there are
large subsets of the domain, called regions of strong regularity, on which it is
uniquely defined, smooth, and in feedback form. Our main theorem states
that the numerical method described in reference [5] yields a convergent
sequence of approximations to the limit optimal feedback control in the
regions of strong regularity.



We remark that our proof is applicable to a larger class of control prob-
lems than the one considered here. The quadratic structure of the running
cost is not essential and can be replaced by suitable smoothness and con-
vexity conditions. We restrict our attention to the quadratic case in order
to streamline the presentation. Furthermore, the class of problems that
we consider is important in that the infima in the discrete dynamic pro-
gramming equation can be evaluated analytically, eliminating the need for
computationally intensive numerical minimizations.

To our knowledge, there are no other general results of this type. Almost
all of the literature, both probabilistic [5, 18, 19] and analytic using viscosity
solution methods [1, 8], is dedicated to proving convergence of the value
functions on the entire domain, and convergence of the controls does not
follow naturally from those proofs. That is not surprising, since our proof
strongly exploits smoothness properties which hold only in the regions of
strong regularity. Some results regarding the convergence of controls in
the Markov chain approximation method have been obtained in [12], but
the situation there is quite specialized and is restricted to one dimension.
In general, one dimensional problems are qualitatively easier to deal with
because the control can only point in two directions, while the number of
possible directions for n > 2 is uncountable. In fact, a simple calculation
using the Dynamic Programming Equations in the present problem reveals
the following startling result for the case where n = 1. For any point « at
which the limit problem is regular and for a sufficiently refined grid, the
optimal feedback control for the approximating problem is exactly equal to
the limit value! This observation has limited practical value, but it does serve
as a powerful reminder of the unique nature of one dimensional problems.

In our development, we draw liberally on ideas presented by Fleming in
[14]. There, a similar problem is considered with a small variance Brownian
Motion perturbation of the deterministic dynamics taking the place of the
Markov chain approximations in our problem. In a future paper, we will
apply the present result to obtain a full asymptotic expansion of the limit
value function in the regions of strong regularity, analogous to the expansion
obtained in [14]. Using this expansion, we will present a new numerical
method which, under some additional assumptions, will be proved to yield
approximations which are second order accurate in the regions of strong
regularity.

The outline of this paper is as follows. In Section 2, we state our assump-
tions, introduce the limit optimal control problem, and define the regions of
strong regularity on which our results will hold. Section 3 is dedicated to
defining the approximating optimal control problems and their associated



Markov chain dynamics, while in Section 4 we establish some preliminary
convergence results. The main theorem is stated and proved in Section 5,
and we conclude in Section 6 with computational examples.

We end this section with some notation. For a vector z € IR", ||z||
is the Euclidean norm, ||z||, = X% ,|a;| is the {'-vector norm, and |z| =
(|z1],...|zy|) is the componentwise absolute value. For a process X (-) taking
values in JR™ and for 5 < o0, || X(+)||g = fOS | X (t)||dt is the integrated L*-
norm, and || X(+) |g = supg<i<g ||X(?)] is the uniform L?*-norm. For any
two subsets A and A’ of IR", d(A, A’) denotes minimum Euclidean distance
between A and A’, while B.(A) is the open ball of radius ¢ around A.

For a smooth function f mapping IR™ to IR, D;f(z) = 8%if(ac), and the
gradient is Df(z) = (Dyf(2),...,D,f(z)). For h > 0, the operators D"*
are finite difference approximations to the gradient operator. So the ith
component of D+ f(z) is

flz + he;) — f(2)
h b

DIt f(2) =

while the ith component of D"~ f(2) is

h— f(z) — f(a — he;)
D’L f(x) = h ’ .
The positive part of a scalar is a¥ = max(a,0), and its negative part is
a” = —min(a,0). For a vector, the positive and negative parts are taken
componentwise, so that 2% = (wli, o ah).

2 Deterministic Control Problem

In this section we describe a deterministic optimal control problem on a
bounded domain, with zero exit cost. Since our goal is to obtain the solution
to this problem as the limit of numerical approximations, we will refer to
it as the limit problem. Let G C IR™ be open with compact closure, and
assume that G satisfies uniform interior and exterior cone conditions (see
[5] for definitions). Let b and ¢ be C* functions from IR™ to IR, and let «
be a C'*° function from IR™ to the space of symmetric positive definite n X n
matrices. Notice that a is uniformly positive definite on G. Assume that
c(z) > ¢g > 0 on (. For a control u°(¢) which is in L?([0, S]; IR™) for all
S < +oc and for an initial condition z € G, we define X°(¢) by the dynamics

XO(t) = a + /Ot u(s)ds, (2.1)
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up to the time when it exits from the domain G. We define the exit time
% = inf[t : X°(t) ¢ G]. For the running cost

L,w) = 5 (= b)), a™ (@)= b)) + efe),

we define the payoff functional

70

Pl = [T L0, @)t

The problem is to minimize the payoff by choosing a suitable control. Define
the value function,

00y — inf 70 0
Vi(x) = inf J" (2, u"),

U

where the infimum is over controls u® which are in L?*([0,5]; IR™) for all
S < +00. We employ the underscore notation here to indicate trajectories
which are obtained from an arbitrary control. The same notations, without
the underscores, will be used later to refer to trajectories which are obtained
through the application of an optimal control.

We note that our analysis subsumes a much larger class of determinis-
tic control problems. Namely, any problem with smooth dynamics which
depend affinely on the control variable v and with a cost structure of the
type described above can be made to fit within our framework by a simple
change of variables.

The dynamics in (2.1) involve an open loop control u°(¢) which is defined
for all ¢ > 0. It is generally desirable, from the point of view of robustness
and for convenience of implementation, to consider controls which can be
represented in the feedback form,

gg%t):;p+ At¢%g§xs»ds. (2.2)

A key feature of the regions of strong regularity is that the optimal open loop
controls for all initial conditions in a region of strong regularity correspond
to a unique smooth feedback function u°(z). That is the quantity that we
wish to approximate.

The following lemma allows us to regard the limit control problem as one
with a finite time horizon and a compact control space, when it is convenient
to do so. Thus, it follows from [2, Theorem 6.1] that V? is the unique non-
negative viscosity solution on G' to the Dynamic Programming Equation
(DPE)

inf [(u, DV°(2)) + L(w, u)| =0, (2.3)
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with the continuous boundary condition V°(z) = 0 on dG. See references
[1] and [15] for a thorough account of the relationship between viscosity
solutions of Hamilton-Jacobi PDE’s and the value functions for various types
of optimal control problems.

Lemma 2.1 V%) is bounded and uniformly Lipschitz on G, and there
exists T < 400 such that every optimal trajectory exits from G by time
T — 1. Furthermore, there exists UY < 400 such that the norm of every
optimal open loop control is bounded by U° for each 0 <t < T — 1.

Proof. The Lipschitz property for V%(z) is a consequence of the controlla-
bility implied by the fact that a(z) is uniformly positive definite. Since it
is possible to move with unit velocity in any direction with bounded run-
ning cost, the principle of optimality implies for all z,y € G the relation
VO(z) < VOy) + Clly — || for some fixed C < 4oc, and this implies a
uniform Lipschitz property. The bound on V°(x) follows from the Lipschitz
property, and the bound on the exit times is then implied by the lower bound
co > 0 on the running cost.

To obtain the bound on the optimal controls, it suffices to find U° < +o0
such that any control u°(¢) which has norm exceeding U° on some measur-
able set A C [0,7 — 1] can be replaced by one with a smaller maximum
norm, resulting in a lower cost. Since the running cost L(x,u) is uniformly
convex in the control variable u, we can accomplish this for U° sufficiently
large by using u°(¢)/2 on a version of the set A stretched by a factor of
two. This results in following the same trajectory at a slower speed, and a
straightforward calculation indicates that it yields a lower cost. B

It turns out that V° is smooth on most of the domain . Let @) be a
relatively open subset of G. We call () a region of strong regularity if the
following hold:

1. For each initial condition z € @, there is a unique optimal open loop
control, and the corresponding trajectory is contained in ¢ up to its
exit time. The optimal trajectory meets 0G nontangentially.

2. V0 e C™(Q).

3. There is a unique u® € C*°(Q) such that the optimal control can be
represented in feedback form and is given by u°(z) for each z € Q.

For a discussion of the classical method of characteristics and its applica-
tion to proving the existence of regions of strong regularity for the present



































































































