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Online Appendix. Proofs
This appendix briefly reviews the notation and definitions and establishes basic lemmas before proving
the results of the paper. Basic second-order expectations are given in Lemma 1, Lemma 2 gives the
expansion of a matrix inverse, Lemma 3 shows first- and second-order expansions of (1 ) and V7,
Lemma 4 shows expansions of I§, Lemma 5 shows expansions of @, Lemma 6 derives matrix traces,
and Lemma 7 derives the expectations that are needed to derive the adjusted performance measures
and their properties.

We define the first-order statistical differential terms & and & so that &4 = u + 6 and V=V+sg,
while B is defined as B=[(1 u)'V~'(1 )] so that w=V~'(1 u)B('), while B is estimated as B =

1
[(1 2)V-1(1 )]~ We also define the scalar £ = (0 1)B(1 u,) = BZZ(MSLO— u,), where u, = —B;,/B,,. We
will let S;(f) denote the term of order i in the Taylor series expansion of f, while S;(f, §) denotes the
term of order i including only & (i.e., setting £ =0), and similarly S;(f, ¢) is obtained by including only
€ terms with 6 =0. We will use E,[f (4, 17)] to denote the expectation of the second-order expansion
of f at (u, V) with respect to 6 and & so that

E\[f(a, V)] = f(r, V) +ES,[f (i, V)])
= f(u, V) +E(S[f (&, V), 81} +E{S,[f (&, V), €]} (EC1)

because any second-order term that includes both 6 and & will have expectation zero.

LemMA 1. For any symmetric n x n matrix Q, E(eQe) = [VQV + Vitr(QV)]/(T — 1) and E(6'QS) =
tr(QV)/T.

Proor. The expectation involving & follows from Theorem 3.1(iii) of Haff (1979), while the expecta-
tion involving 8 may be found, for example, Seber (1984, p. 14). O

LemMA 2. The first- and second-order expansion terms of the inverse of the matrix Q + 0, where Q and 6
are n x n matrices with both Q and Q + 0 invertible, are given by

SHQ+6)7",0]=-Q7'6Q7", (EC2)
SHQ+6)7",01=07'0Q'0Q7". (EC3)

Proor. Begin by observing directly that the identity matrix may be written as
L,=(Q+6)(Q"'-Q7'0Q"'+Q7'0Q7'0Q™") —6Q'0Q'0Q". (EC4)
Next, premultiply both sides by (Q+ 6)~" to obtain

(Q+6) " =Q"-Q'9Q " +Q19Q'6Q" — (Q+6)'6Q'6Q Q"
=Q 7' -Q70QT +Q7'0Q Q" + O(l6l), (EC3)
from which we can identify the first- and second-order terms. O

ecl
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LEmMA 3. First- and second-order expansions of (1 i) and V=" are as follows:

S1@ 4),81=60 1), (ECe6)

S[@ @), 6]=(0 0), (EC7)

(V1 e)==VTleV !, (EC8)

S,(V',e)=V"'eV eV, (EC9)

S[A f),e]l=S[A A),e]l=0 0), and S(V,8) =5V, 8 =0. (EC10)

Proor. Equations (EC6) and (EC7) follow directly from the definition 4 = u + 8, while (ECS)
and (EC9) follow from Lemma 2 using V =V +&. Equation (EC10) follows because i does not depend
on ¢ and V does not depend on 6. O

LEMMA 4. First- and second-order expansions of B with respect to 8 and ¢ are as follows:
- 0
S/(B, 8) = —B[<1>6’V‘1(1 w+@ p)vV1s0 1)}B, (EC11)
~ 0
S,(B,8)=8[V'(1 wBA w)V'-V'IsB <1) (0 1)B+B,B(1 w)V'88'V'(1 w)B

B(g) (0 1B w)V 8§V (1 w)B+BA w)V'eS§ViQ1 M)B((l))(o 1)B, (EC12)
S,(B,e)=B(1 w)V'eV'1 w)B, (EC13)

S,(B,e)=B(1 w)V'e[V'@ w)BA w)V'—V eV (1 w)B. (EC14)

Proor. Equations (EC11) and (EC12) follow from identifying first- and second-order terms in the

expansion of B with respect to §, using Lemma 2 while setting £ =0 (because we are expanding with
respect to 6 only), as follows:

@ pvia pr
[ w())o]vta weso 1)1}_1

-
{B <>5v1(1 w1 w)V18(0 1)+((1)>8’V18(0 1)}1
B—

B{() 1w+ wVso 1)+<(1))afv—15(0 1)}3

+B{<1>5/V1(1 w+1 w) V180 1)}B{<(1)>8/V1(1 w+1 w)V1s( 1)}3. (EC15)

1%

By identifying, moving, and transposing selected embedded scalars, the second-order term may be
re-expressed as

52(§,6)=—B((1)>(8’V16)(0 1)B+B<(1))[5/V1(1 M)B(?)}B/Vl(l w)B

+B(?>[6/V‘1(1 wB@1 w)V18](0 1)B+B(@ M)’V—la[(o 1)B<(1)>]8/V‘1(1 w)B
+B1 w) VS0 1)BA w) V8]0 1)B

=8Vl wBa M)’V‘l—V‘l]éBG)(O 1)B+B,B1 p)V'88V'(1 w)B

+B((1’>(o DB w)V'88VI(1 wB+B(1L p)V '8V (1 M)B((;)(O 1B.  (EC16)
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Equations (EC13) and (EC14) follow from identifying first- and second-order terms in the expansion
of B with respect to ¢, using Lemma 2 twice while setting 6 =0, as follows:

(@ wV'a wI'=1a pV+e'a wl'!
=1 w)(VI=V3eV 4+ vleVleVha w]™!
=[B'-1 wVI'eVlia w4+ pVieVilevia w]™!
=B-B[-(1 w)V'eV'(1 w+@ w)V'eV'leVv'(1 u)B
+B[-1 w)V'eV'a w]B[-1 p)V'eV'1 w]B. O (EC17)

LEMMA 5. First-order expansions of @ with respect to & and & are as follows:

S, (W, 8) = [gvl -v'a M)B(?) w — V1 w)B( M)/vl}a, (EC18)
S(@,e)=[V'1 wBA w)V'-V1ew. (EC19)

Prook. Note that @ = V(1 ,&)1?(;0) Expanding with respect to §, we may set ¢ =0 using (EC6)
and (EC11) to find

5/(@,8) = Vs[4 @B, ] (;

0

):V‘l{Sl[(l @), 81B+ (1 M)Sl(éls)}<:0>
=V1{5(0 1B - (1 M)B[G)‘S’Vl(l WL wVTeO 1)]]3}(:0)

=&vis—vla M)B(?) [S/V‘l(l M)B(ioﬂ — &Vl w)B(1 w)'VS. (EC20)

Transposing an embedded scalar and factoring establishes (EC18). To prove (EC19), expand with
respect to ¢ while setting 6 =0, so that 4 = u, using (EC8) and (EC13) to find

5@, 6) = ST wh, e (:

) =5,(V1, e)(1 ,L)B(:() + V1 w)S,(B, ¢) (:0)

=-V1ev1 ,LL)B(: ) + Vi1 wB@1 w)V'evla M)B(: ), (EC21)
0

0

which simplifies to complete the proof. [
LEMMA 6. Some useful traces are given by

tr[V'1 wBA w)]=2 and (EC22)

w|vra wB(Y)w V| =By (ug — ). (EC23)
1

Proor. Equation (EC22) follows from commutativity of matrices within the trace operator and the
definition of B as follows: trf[V~1(1 u)B(1 w)]=tr[(1 p)'V(1 wu)B]=tr[L,] = 2. Equation (EC23) fol-
lows for similar reasons as follows:

tr[vl(l M)B(g)(w/V)]ztr[(w/V)V1(1 M)B(g)]ztr[(l MO)B(?)}:&:BZZ(MO—M*). O (EC24)

LEMMA 7. Some useful expectations may be computed as follows:

E[S;(B, &) = — 72— B, (EC25)

n—4

E[S,(B, 8)] = %BZZB - TB(?) (0 1)B, (EC26)
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- B n—4 n—2

EIS,@)] = -2t — By — 1) — 71 0% (EC27)

PN 2(n—2
E[S,(@ e@)] = — (]fl : ) a2, (EC28)

S~ n—23
E[&'S, ()] = By (po — m.), (EC29)
ey~ B n—4 n—2

E[S,(@ VD) =07 — —— By (o — )" + 703, (EC30)

Y e OF n—3
E[S,(W0' pp'w)] = TO —2u TBzz(Mo — M) (EC31)

Proor. To prove Equation (EC25), use Lemma 1 to evaluate the expectation of (EC14), simplify
while recognizing that (1 u)’V~'(1 u)=B"!, and using (EC22) to evaluate a trace as follows:

E[Sy(B, &) =B w)V'E(e[V'(1 wB@A p)V'=V7]e}V'(1 w)B
1 I7— ’ — ’ _
=770 WV H@ wB@ ) -V+Va[V1 wBA w-LIV(1 wB
n—2
T-1
For Equation (EC26), apply Lemma 1 to (EC12) to find:

E[S,(B,8)] = t[V"'(1 w)B( m’—mB(‘f)w 1)B/T+BnB( V(1 p)B/T

B. (EC32)

+8(})0 nBa wvra wpTesa wvea we(])o DT @

Using (EC22) and the definition of B, (EC33) simplifies to establish (EC26). For Equation (EC27),
use (EC25) and (EC26) with the fact that 63 = (1 po)B(1 p,) to find

S0 = (1 woELS@,5)+ 5B, o), )
~ (1 MO)[%BZZB - ”—fBG) © 1)B- ;:iB] (:() (EC34)

which, recognizing that (1 wy)B(0 1)’ =& = By, (y — 1), simplifies to (EC27). For Equation (EC28), by
symmetry and using (EC19), we have

E[S,(©0'e®)] =2w'E[eS,(®, )] =2w'E{e[V'(1 w)B(1 w) V' =V 'elw. (EC35)
Using Lemma 1 to evaluate the expectation and (EC22) to evaluate a trace, we simplify to find
E[S,(@'e@)] = 2w{[1 w)B(1 w)'=V]+Ve[V(1 wBA w)'-Llw/(T-1)
=2w{[(1 wB@ p)'=V]+2-mVijw/(T-1)

=2 pB(, )~ =108 /1) = 2108 - (1 )]

2(n—2)

For Equation (EC29), first note that E[§'S,(@w)] = E[8'S, (@, 6)] because E[§'S,(W, €)] =0 by indepen-

dence of 6 and ¢, then substitute using (EC18), evaluate the expectation using Lemma 1, and find the
trace using (EC22) and (EC23) to obtain

E[8'S,(@, 5)] :E{a'[gv—l—v—l(l M)B<(1)>w'—§v—l(1 w)B(1 M)’V‘l}ﬁ}

=%tr[§ln—Vl(1 M)B((;)w/V—fVl(l WB( m'}

= ZIne—£-28], (EC37)



Siegel and Woodgate: Performance of Portfolios Optimized with Estimation Error
pp. ecl-ec6; suppl. to Management Sci. 53(6) 1005-1015, © 2007 INFORMS ech

which simplifies to (EC29). To prove (EC30), observe that
E[S,(@' V)] = E[Sy(@' VD — W' e®)] = E[S,(62)] — E[S, (@' eW)]. (EC38)

Substituting using (EC27) and (EC28), then simplifying, establishes (EC30). To prove (EC31), note
using u, = @'[t that

Sy (@' ' @) = S,[@' (& — ) (b — ) D + 2 @'t — ug] = S,[W'88' W + 240 ' — pug]
= W88 W + 20 S, (' ). (EC39)

The expectation may be found using Theorem 1 as follows:

E[S,(@ pp' )]

w'E(88")w + 240 E[S,(W'w)]

w'Vw n—3

T — 2 TBzz(:U«o — M), (EC40)

completing the proof. O

Proor or THEOREM 1. Because Ry, is independent of @ (and observing that second-order terms
containing both § and & will have expectation zero), we may write

Ex(@W'pn) = Ex(W' ) — E[@' (i — p)] = po — E5(8'D)
= o — E[Sy(5'D)] = s — E[5'S,(@)], (EC41)

which simplifies using (EC29) from Lemma 7 to establish (7). To prove Equation (9), we expand
Ex (fagjustea) to second order as follows:

n—3a . n-—3 n—3ax .
EA{P«O_ T BZZ(:“’O_/J“*)}:MO_TBZZ(/‘LO_M*)+E{SZ|:MO_ T Bzz(:“«o_l’«*)]}

., 1
= E\(W'Rr ) + O<ﬁ>, (EC42)

where the last equality was obtained by observing that expectations of second-order expansion terms
with respect to either 6 or ¢ will be O(1/T) by Lemma 1. O

Proor oF THEOREM 2. Equation (10) is obtained by applying (EC27) from Lemma 7 to the delta-
method expansion E,(G7) = o7 + E[S,(67)]. Having used iterated expectation to establish the second

equality of (11), we next expand as follows:
E\[@' VD + @' pp' D] = [Ex(@' ) = 05 + E[Sy(@'VD)] + ug + E[S,(@' np'D)] - [Es(@'w)]? (EC43)
and then use (EC30), (EC31), and Theorem 1 to evaluate the resulting delta-method expectations,

finally simplifying to complete the proof. To prove (13), note that E,(0,g,5ea) = [1+ (211 —3)/ TIE,(G3) +
O(1/T?), then substitute from (10) and simplify. O

Proor oF THEOREM 3. Begin with the naive frontier that expresses ; as a function of u,:

0= \/&f + Ezz(:“vo — )% (EC44)
then substitute for u, — i, by solving Equation (8), and substitute for &, by solving (12). O

Proor ofF THEOREM 4. When 7; < i, , the naive Sharpe ratio §

naives Which maximizes (u, — 74)/0,
for the naive frontier (EC44), may be written as

1 Q, —1s)?
_+u (EC45)

o~ 2 .
O
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Because the adjusted frontier remains geometrically a hyperbola with the equation given by (14)
instead of (EC44), it follows that we may make the corresponding substitutions in the naive Sharpe
ratio formula (EC45). These substitutions, o, — [1+ (n—1.5)/T]o, and By, — By[1+ (n—1.5)/T]*-
[1— (n—3)B,,/T] 7, establish the first equality in (15). The second equality follows by solving (EC45)
for (fi, —r¢)*/G7, substituting, and simplifying. O

Proor oF THEOREM 5. From the definition of the Sharpe-ratio maximizing portfolio, the naive CML
is defined as

a:
MCML (naive) (rf) - xrf + (1 - X) (,U,* + A—> ’ (EC46)
By (i, 7’f)
~ ~ 0?2
O-CML(naive)(rf) = (1 - X)(T* 1+ A—*Z (EC47)
By (i, — T’f)

Because the adjusted frontier remains geometrically a hyperbola with the equation given by (14)
instead of (EC44), it follows that (as in the proof of Theorem 4) we may make corresponding substi-
tutions in the naive CML formulae to obtain (16) and (17). O

Proor oF CororLLARY TO THEOREM 5. This follows by reversing Equation (3) to define the naive
target mean as function of the adjusted target mean and then substituting the risky component of

Equation (16) for the adjusted Sharpe-ratio maximizing portfolio performance. O

PrOOF OF THEOREM 6. For @ on the estimated efficient frontier (1), we have @' V1=mn(1 i)B ( ) and
g = Vo =(1 /.LO)B( ) where [ = Z, 1f;/n is the equally weighted average of the estlmated asset
means. The d1ver51f1cat10n measure Div = (@ — (1/n)1)' V(@ — (1/n)1) can be expanded as follows:

— A 1 A 1 1 -5
Div = (1 MO)B< ) -2(1 MO)B<£> + —21’V1
Mo M n
5 2.0 1 15> AL A 1
= By (o — )"+ ﬁl Vi-(1 p)B i) (EC48)

Hence, Div is closer to zero the closer Mo is to fi, ceteris paribus. The target mean that maximizes the
naive Sharpe ratio can be written as follows:

N o?
M0, S—max —naive — lu'* + ,\—* . (EC49)
By (fa, — )

Using Equation (19) for the naive mean corresponding to the adjusted Sharpe-ratio maximizing port-
folio, one can see that the target mean for the naive Sharpe-ratio maximizing portfolio will always
be greater than the naive mean corresponding to the adjusted Sharpe-ratio maximizing portfolio, pro-
vided n >3 and @, > r;. Hence, the adjusted Sharpe-ratio maximizing portfolio is more diversified
whenever

a < /9“0, S—max —naive + /lO,S—max —adj
5 .
Equation (EC50) leads to the third restriction in the theorem statement and completes the proof. [

(EC50)



