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Abstract

Retailers often conduct sequential, single-unit auctions and need to decide the minimum bid
in each auction. To reduce inventory costs, it may be optimal to scrap some of the inventory
rather than holding it until it is auctioned off. In some auctions, the seller may be uncertain
about the market response and hence may want to dynamically learn the demand by observing
the number of posted bids. We formulate a Markov decision process (MDP) to study this
dynamic auction-design problem under the Vickrey mechanism.

We first develop a clairvoyant model where the seller knows the demand distribution. We
prove that it is optimal to scrap all inventory above a certain threshold and then auction the
remaining units. We derive a first order necessary condition whereby the bidders’ virtual value
at an optimal minimum bid equals the seller’s marginal profit. This is a generalization of Riley
and Samuelson’s result from the one, single-unit auction case. When the virtual value is strictly
increasing, this necessary condition is also sufficient and leads to a structured value iteration
algorithm.

We then assume that the number of bidders is Poisson distributed but the seller does not
know its mean. The seller uses a mixture-of-Gamma prior on this mean and updates this belief
over several auctions. This results in a high-dimensional Bayesian MDP whose exact solution
is intractable. We therefore propose and compare two approximation methods called certainty
equivalent control (CEC) and Q-function approximation. Numerical experiments suggest that
Q-function approximation can attain higher revenues than CEC.
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1 Introduction

Private and public institutions, large retailers, and individual sellers use sequential, single-unit, on-
line auctions of identical items as a revenue generation and inventory management tool [10, 35, 36].
These auctions are conducted either on the seller’s own website as for example at Dell (dellauc-
tion.com) and Sam’s Club (auctions.samsclub.com), or through a facilitator such as eBay.com or
Liquidation.com. Other examples of retail auction websites include eBid.net, uBid.com, bidz.com,
CQout.com, QuiBids.com, bidcactus.com, and skoreit.com. Owing to the large number and the
significant total monetary value of retail goods sold in online auctions, there has been a growing
interest in the design and analysis of such auctions1.

The minimum bid, which is also often called the starting bid or the public reserve price, is the
key design variable in single-unit, online auctions of retail goods [35]. The seller’s minimum bid
requirement is posted on the website along with other transaction rules2. The auction is set in
motion when a bid above this minimum is posted. The minimum bid serves as a barrier to entry,
and hence by requiring a low minimum bid, the seller hopes that she will be able to induce enough
bidders to participate, thereby increasing competition and hence the closing price [8, 22, 27, 35].
However, a low minimum bid requirement allows bidders to post small bids and if a sufficient
number of bids is not received, it can lead to a low closing price. On the other hand, a high
minimum bid requirement can turn a significant number of bidders away, but it ensures a good
closing price if at least one bid is posted. These economic tradeoffs were studied empirically by
Vakrat [45] in hundreds of online auctions, and they are discussed in detail in Pinker et al. [35].

When a seller conducts a sequence of single-unit auctions of retail goods online, additional
economic trade-offs in the minimum bid decisions become relevant. Bidders in one auction compete
with other bidders in the same auction directly but they also compete with bidders in other auctions
indirectly through the opportunity cost of finite inventory. Moreover, owing to the uncertainty in
the number of bidders (this is a well-known feature of online retail auctions [35]) and also in the
bidders’ valuations, inventory evolves stochastically and hence optimal minimum bids should vary
dynamically with inventory on hand. Optimal minimum bids should also depend on the cost of
holding inventory. In fact, Chen et al. [10] and Pinker et al. [36] have shown that in the presence of
inventory costs it may be optimal to dynamically scrap some of the inventory rather than holding
it until it is auctioned off3. This interplay between scrapping and minimum bid decisions further
complicates the seller’s problem.

Finally, in some auctions, and particularly in auctions of fashion goods, of seasonal products,
of new products, and where the seller is new to the market, the seller may not know a priori the
distribution of the number of potential bidders, that is, the demand distribution, in its entirety.

1The corporate website of eBay, http://www.ebayinc.com/who, accessed Febrary 15, 2012, stated that “with more than 97
million active users globally (as of Q2 2011), eBay is the world’s largest online marketplace, where practically anyone can buy
and sell practically anything. Founded in 1995, eBay connects a diverse and passionate community of individual buyers and
sellers, as well as small businesses. Their collective impact on e-commerce is staggering: In 2010, the total value of goods sold
on eBay was $62 billion – more than $2,000 every second.” Liquidation.com, website accessed on Febrary 15, 2012, stated that
their “marketplaces provide nearly 1.2 million registered professional buyers access to a global, organized supply of wholesale,
surplus and salvage assets in over 500 product categories. Since inception, it has conducted over 1.8 million online transactions
generating over $1 billion in gross merchandise value.”

2eBay, Liquidation.com, uBid.com, CQout.com, Sam’s club, bidz.com, dellauction.com, and others offer this format. For
instance, dellauction.com states (accessed May 28, 2013), “Bid. Win. Enjoy... It’s that simple! Auctions start at $.99.”
CQout.com states (accessed May 28, 2013), “Worried that your item will sell for £10’s when you wanted £100’s? It won’t.
When you list an item for auction you can set a reserve price below which the item will not be sold. Only once bidding reaches
or exceeds the reserve are you, as the seller, obliged to sell the item for that price to the highest bidder.”

3For example, the store T. J. Maxx buys excess inventory from other retailers. Their website, http:// www.tjmaxx.com/how-
we-do-it/, accessed June 30, 2012, stated that “when a designer overproduces and department stores overbuy, we swoop in,
negotiate the lowest possible price, and pass the savings on.” Another similar company, Overstock.com, also offers retailers an
alternative inventory clearing channel.
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This is because sellers of such items typically face significant uncertainty about market response,
for example, due to varying fashion trends, and more generally, owing to the lack of sufficient past
demand data about similar products [3, 5, 6, 14, 37]. In this scenario, the seller can learn the demand
distribution sequentially over multiple auctions by observing the number of posted bids (bidders
that are excluded by the minimum bid requirement are not observed). This introduces an additional,
exploration versus exploitation trade-off between demand learning and revenue maximization.

We present a Markov decision process (MDP) model to optimize these various trade-offs in
minimum bid and inventory scrapping decisions in sequential, single-unit, online Vickrey auctions
that a seller conducts while simultaneously learning demand. This paper is organized as follows.
Our work is positioned in the context of the existing literature in the next section. In Section
3, we first present the clairvoyant MDP model, where the seller is assumed to know the demand
distribution. In Subsection 3.1, we state the structure of an optimal policy for this clairvoyant MDP.
Detailed economic intuition behind this structure is provided in Subsection 3.2. A streamlined
version of the value iteration algorithm, which exploits this optimal policy structure, is proposed
in Subsection 3.3. This algorithm is implemented on several numerical examples in Section 4.
Specifically, in Subsection 4.1, our examples focus on a Poisson-distributed number of bidders with
Beta-distributed valuations. In Subsection 4.2, we conduct sensitivity analyses for these examples:
we explore the directional dependence of optimal minimum bids and of optimal scrapping thresholds
on the mean demand, the holding cost, and the scrapping price. Our Bayesian model for learning
the Poisson demand is developed in Section 5. The relevant Bayesian update formulas for a mixture-
of-Gamma prior on the mean Poisson demand are introduced in Subsection 5.1. These formulas are
utilized in the development of our Bayesian MDP formulation in Subsection 5.2. Exact solution of
this MDP is intractable; we therefore propose two approximation methods in Subsections 5.3 and
5.4. These two methods are compared via computational experiments in Section 6. Finally, we
conclude by discussing some of our modeling assumptions, and outline directions for future research
in Section 7. Proofs of all results are provided in four appendices as supplementary material.

2 Literature review and our contributions

Our work relates to two distinct streams of research in operations management: the first is about
optimal design of online auctions, and the second is about demand learning in inventory control
and dynamic pricing problems. We attempt to review only the most relevant papers from this vast
literature here.

Yu et al. [50] studied the problem of selling a single unit in a single eBay-like auction, and
derived an implicit first order necessary condition for an optimal minimum bid. An extension of
this problem, where the seller can reauction the unit if it did not sell in previous auctions, was
also discussed. One contribution of Yu et al. was that they incorporated the effect of the so-
called insertion fee that the seller incurs for conducting an online auction on eBay into the classic
single-auction model of Riley and Samuelson [39] for traditional auctions. In addition, Yu et al.
also enhanced Riley and Samuelson’s classic model, which assumed a fixed number of bidders, by
allowing a Poisson distributed number of bidders with a known mean. Yu et al. did not consider
sequential auctions and also did not consider inventory costs, scrapping, or demand learning.

Chapter 6 in the doctoral dissertation of Hawkins [19] pursued a data-driven approach to optimal
design of sequential, online auctions. Hawkins sought to make as few assumptions about bidder
behavior as possible, and to simultaneously optimize multiple auction-design variables such as
minimum bid, buy-it-now price, and auction-duration, with models built using publicly available
online data from eBay. Owing to the complexity of the resulting models, analytical results were not
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possible. An experimental, approximate dynamic programming approach was instead employed to
numerically obtain good values of design variables. Hawkins did not model demand learning.

Vulcano et al. [49] presented a sequential allocation model where the seller determines the
number of units to release from her inventory after observing submitted bids. Each unit has a
hidden reserve price that depends on the inventory on hand. The seller is better-off by providing
herself with this additional flexibility whereby she does not commit to allocation decisions until
after seeing all bids in each auction. However, Hawkins [19], Odegaard and Puterman [34], and
Pinker et al. [36] have noted the somewhat peculiar nature of this non-committing mechanism;
Pinker et al. [36] observed that it had not been used in online retail auctions. This non-committing
setting in Vulcano et al. was motivated by airline ticket allocation websites such as Priceline.com.
Consistent with this motivating application from airline revenue management, Vulcano et al. did
not consider inventory costs or scrapping. A special case of our clairvoyant model in Section 3 with
no inventory holding costs and zero salvage value of scrapping is similar to a special case of the
setting in Vulcano et al. with single-unit, Vickrey auctions. Note, however, the subtle point that
the seller in Vulcano et al. needs to use a modified Vickrey mechanism to induce the bidders to
bid their true valuations (see their Theorem 2 on page 1396). The model in Vulcano et al. was
generalized to include inventory holding and ordering over an infinite horizon in van Ryzin and
Vulcano [47]. Again, neither of these two papers incorporated demand learning.

There is a parallel body of literature on sequential auctions, where the seller does not use a
minimum bid but instead optimizes the lot-size in each auction [10, 36, 44]. There, again, either the
number of bidders in each auction is assumed to be a fixed constant known to the seller [36, 44], or
the seller is assumed to know the distribution of the number of bidders in each auction [10]. In the
fixed constant demand setting, Pinker et al. [36] considered a seller that uses a Bayesian approach
to learn the spread of the bidders’ uniformly distributed private valuations over multiple auctions.

Several models in the inventory control and dynamic pricing areas have incorporated demand
learning. Examples of early work on Bayesian learning in inventory models include Dvoretskey et al.
[12], Scarf [43], Karlin [24], and Iglehart [21]. For instance, Scarf generalized the classic inventory
model of Arrow et al. [4] to the case where the demand distribution belongs to an exponential
family characterized by an unknown parameter. Karlin [24] and Iglehart [21] considered the case
where the demand distribution belongs to the range family. Variations of these early works were
later studied by Azoury [7], Lovejoy [32], Lariviere and Porteus [29], and others.

Some of the recent literature on demand learning in dynamic pricing problems is more closely
related (than the aforementioned inventory control papers) to our approach here. This literature
is reviewed in detail in Araman and Caldentey [3] and here we only mention three most relevant
papers. Aviv and Pazgal [6] incorporated demand learning in the Poisson intensity control model
of Gallego and van Ryzin [16]. They assumed that the seller’s prior belief distribution about the
Poisson rate parameter is Gamma. Araman and Caldentey [3] also considered a variation of the
Poisson intensity control model where the Poisson demand intensity was scaled by an unknown
parameter θ that represented the market size. Following a Bayesian approach, they assumed that
the seller has a prior belief about two (or, more generally, finite) possible values of θ: θlow and
θhigh, indicating a small and a large market size, respectively. More recently, Farias and Van Roy
[14] studied an extension of the Poisson intensity control problem, where the seller’s prior belief on
the Poisson rate parameter is a mixture-of-Gamma distributions. They introduced a new heuristic
called decay balancing, which outperformed the certainty equivalent and greedy heuristics studied
by Aviv and Pazgal [6], and by Araman and Caldentey [3].

In the context of this literature, we make the following contributions:

1. a clairvoyant MDP model for making optimal minimum bid and scrapping decisions in se-
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quential, single-unit, online Vickrey auctions of retail goods is provided;

2. a complete characterization of the structure of optimal minimum bid and scrapping decisions
is derived;

3. detailed analytical as well as numerical sensitivity analyses are included to gain managerial
insights into the effect of model parameters on optimal policies;

4. a Bayesian MDP model for learning demand in dynamic auctions is developed;

5. and finally, two approximate solution methods for the above Bayesian MDP are proposed and
compared; both these methods utilize our structured solution of the clairvoyant problem.

3 A clairvoyant MDP

We consider a seller who initially holds I ≥ 1 units in her inventory. The seller uses a sequence
of online, single-unit auctions of equal durations4 to clear inventory and generate revenue. Before
each auction, she can scrap some of the units from her inventory for a scrap price of s ≥ 0 per unit
scrapped. A single unit is then put up for auction and the minimum bid requirement is announced
on the website. As in [36, 50], we assume that the seller uses the Vickrey5, that is, the second-
price-sealed-bid mechanism, as this is essentially the format used by eBay [25]. Remaining units
are held in inventory during the auction. A cost of h ≥ 0 is incurred per unit held in inventory
over the duration of the auction and is charged at the beginning of the auction. At the end of each
auction, inventory level either drops by one (if at least one bid is posted) or stays the same (if no
bids are posted). This process continues until all inventory is cleared6. The discount factor over
the duration of each auction is 0 < δ < 1. The seller’s goal is to find a rule for inventory-scrapping
and minimum bid decisions to maximize total discounted expected profit over all auctions. We
acknowledge that, as is common in all such models, it would be difficult to come up with a risk-
adjusted discount rate. Calculation of this rate is beyond the scope of this paper, and we refer
the reader to the literature in finance and accounting regarding this issue (see [20] and references
therein, for instance).

Our assumptions regarding the information structure are identical to a vast majority of the
analytical literature on traditional as well as online auctions both in the single auction and the
sequential auctions settings. In particular, we assume that bidders across different auctions are
independent; each bidder is risk-neutral and has a private valuation for a single item; private
valuations of different bidders in any one auction and across auctions are independent and identically
distributed (iid) random variables; the distributions of these private valuations are known to the
seller; and finally, the numbers of potential bidders in all auctions are iid random variables. A

4Based on data collected for sequential, online auctions, Goes et al. [17] found that durations of successive auctions of
identical items remained almost constant. The equal durations assumption is ubiquitous in the sequential auctions literature
[10, 36, 44].

5In some online auctions, sellers can use a hidden reserve price — a closing price below which the seller is not
obligated to sell. This option is available to sellers, for example, on eBay, and then the seller is required to (i) commit
to a reserve price before the auction begins by submitting it to eBay, and (ii) announce that a reserve price is being
used, but is not required to disclose its value to the bidders. In Vickrey auctions, the seller is indifferent between
public and hidden reserve prices because it is optimal for risk-neutral bidders to simply bid their valuations under the
iid private valuations assumption [26, 31, 35, 39, 48]. In other words, hidden and public reserve prices are equivalent
in our setting.

6Our model and results can be easily extended, with minimal notational change, when the seller only conducts a
fixed number of auctions T and fetches a concave salvage value for remaining units at the end of these auctions.
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discussion about the validity of these assumptions and their limitations is included, for example,
in [10, 26, 33, 36, 39, 47, 48, 49], and we do not repeat it here.

The random number of potential bidders in any auction is denoted by N . Let p(n) be the
probability mass function of N with support7 {0, 1, 2, . . .} and mean 0 < λ < ∞. Here, as in the
existing literature on sequential auctions, we assume that this probability mass function does not
depend on the auction index. This assumption can in fact be relaxed by developing a non-stationary
MDP model that includes the auction index in its state, especially if the dependence of p(n) on the
auction index can be characterized by a simple functional form (see Chen et al. [10]). In this and
the next few sections, we model and analyze the problem where the seller is assumed to know the
probability mass function p(n) entirely (hence the name clairvoyant). In a subsequent variation in
Sections 5 and 6, we assume that the demand is Poisson8 distributed and that the seller knows this
but she does not know its mean λ. Instead, we assume, following a Bayesian approach, that the
seller has a prior belief distribution on λ and that she updates this belief over multiple auctions by
observing the number of posted bids.

We let Ω denote the distribution function of bidder valuations. Following standard practice in
this area (see, for example, [33, 39, 49, 47])9, we assume that Ω(0) = 0, Ω(1) = 1, and that Ω is
continuously differentiable over the interval [0, 1] with a density function θ that satisfies θ(v) > 0 for
all v ∈ (0, 1). Differentiability of Ω over the open interval (0, 1), continuity of Ω at the end-points
0 and 1, and the fact that θ(v) > 0 for all v ∈ (0, 1) together imply by Theorem 5.14 (a) in [2] that
Ω is strictly increasing over [0, 1]. To avoid trivialities, we assume that the scrap-price is strictly
smaller than the largest private valuation; that is, s < 1. If not, then it is optimal to simply scrap
all units, because, in a Vickrey auction, the seller will never receive a bid higher than the largest
private valuation.

Our first task is to obtain an expression for the expected revenue in a single auction with
minimum bid b. As noted earlier, since the Vickrey mechanism is truth-revealing, bidders bid their
valuations. Thus bidders whose valuations are less than b will not post a bid, whereas others will;
of course, no bidder will bid higher than 1. Thus, b ∈ [0, 1] without loss of optimality. As in [50], we
invoke Proposition 1 in [39], which implies that in a Vickrey auction where the number of potential
bidders is fixed at n ≥ 1 and the minimum bid is b, the seller’s expected revenue equals

ψn(b) , n

1∫
b

(vθ(v) + Ω(v)− 1)Ω(v)n−1dv. (1)

Thus, with a random number N of bidders, the expected revenue is given by

φ(b) ,
∞∑
n=1

ψn(b)p(n) =

∞∑
n=1

(
np(n)

1∫
b

(vθ(v) + Ω(v)− 1)Ωn−1(v)dv
)
, for all b ∈ [0, 1]. (2)

Since the expected revenue function is given by an infinite series, we first need to establish

Lemma 3.1. The expected revenue φ in (2) is continuous over b ∈ [0, 1].

Recall from [33, 39, 47, 49] and others that the function J(v) , v − (1 − Ω(v))/θ(v) is called
bidders’ virtual value. Using this, we rewrite φ in a compact and insightful form as described next.
The probability that no bids are posted, and hence that the inventory remains unchanged, equals

7Our analysis goes through without change when the support is a finite set.
8See [13, 35, 46] for an empirical justification for this Poisson demand assumption.
9The support of θ was in fact [v, v̄] in these papers; here we instead use [0, 1] for simplicity of notation.
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p(0) +
∞∑
n=1

Ωn(b)p(n) =
∞∑
n=0

Ωn(b)p(n). We denote this probability by q(0, b). The probability that

at least one bid is posted, and hence that the inventory drops by one, equals 1− q(0, b). Since the
probability q(0, b) is given by an infinite series, we need to establish

Lemma 3.2. The probability q(0, b) = p(0) +
∞∑
n=1

Ωn(b)p(n) is continuous over b ∈ [0, 1]. More

strongly, it is continuously differentiable10 over [0, 1] and its derivative is given by

dq

db
=

∞∑
n=1

nΩn−1(b)θ(b)p(n), for all b ∈ [0, 1]. (3)

Since the expected revenue function is given by an infinite series, we also need to establish

Lemma 3.3. The expected revenue φ in (2) can be rewritten as

φ(b) =

1∫
b

J(v)
dq

dv
dv for all b ∈ [0, 1]. (4)

The function q has another nice interpretation — it is the distribution of the highest valuation
in one auction. As a result, the derivative in (3) is the density function of this highest valuation.
Expression (4) can then be interpreted as saying that the expected revenue from one auction with
minimum bid b equals the expected virtual value of the bidder with the highest valuation as long
as this valuation is over b. Finally, since the integrand in (4) is given by an infinite series, we need
to establish

Lemma 3.4. The expected revenue φ in (2) is continuously differentiable over (0, 1) with derivative
given by

dφ

db
= −J(b)

dq

db
for all b ∈ (0, 1). (5)

We are now ready to model the seller’s decision problem as a stationary, discounted MDP
[38, 40] whose state equals the inventory on hand. Recall that for such an MDP, a stationary
policy is optimal. That is, it suffices to find, irrespective of the stochastic history of inventory
evolution and of the auction number, (i) the number yi of units to be scrapped from each inventory
level 1 ≤ i ≤ I, and (ii) the minimum bid bj ∈ [0, 1] in each post-scrapping inventory 1 ≤ j ≤ I.
For 0 ≤ i ≤ I, we let F (i) denote the maximum total discounted expected profit earned from all
future auctions starting with inventory i on hand. Function F is called the optimal value function.
Finally, for any 1 ≤ i ≤ I, we use ∆F (i − 1) , F (i) − F (i − 1) to denote the marginal value11 of
the ith unit.

The optimal values F (i) uniquely satisfy Bellman’s equations given by

F (i) = max
0≤y≤i

{
sy +G(i− y)

}
, for 0 ≤ i ≤ I, where (6)

G(j) = max
b∈[0,1]

{
− hj + δφ(b) + δq(0, b)F (j)︸ ︷︷ ︸

no bids posted

+ δ(1− q(0, b))F (j − 1)︸ ︷︷ ︸
at least one bid posted

}
(7)

10Derivatives at end-points of closed intervals are interpreted as the appropriate one-sided limits as on page 108 of
[2] and on page 78 of [23].

11We use this notation ∆ to denote marginal values of all functions of non-negative integers throughout this paper.
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= max
b∈[0,1]

{
− hj + δφ(b) + δF (j − 1) + δq(0, b)∆F (j − 1)

}
, for 1 ≤ j ≤ I, and (8)

G(0) = 0. (9)

Here, the right hand side of (6) includes two terms. The first term, sy, accounts for the revenue
earned by scrapping y units for a price of s each. The second term, G(i − y), accounts for the
optimal discounted expected revenue generated through all remaining auctions. The right hand
side of (7) includes four terms. The first term, −hj, accounts for the holding cost incurred for j
units in the inventory. The second term, δφ(b) corresponds to the discounted expected revenue
earned through a single-unit Vickrey auction with minimum bid b. The third and the fourth terms
account for the optimal discounted expected revenue generated through all remaining auctions.
The first of these terms corresponds to the case where the auction is unsuccessful as no bids are
posted. In our notation, the probability of this event is q(0, b) and the next inventory is remains at
j. The second of these terms corresponds to the case where the auction is successful as at least one
bid is posted. Again, in our notation, the probability of this event is 1− q(0, b) and the inventory
drops to j − 1. The expression on the right hand side of (8) is obtained after a minor algebraic
simplification of (7).

These Bellman’s equations are a variation of formulation (3) in Vulcano et al. [49] and formu-
lation (5) in van Ryzin and Vulcano [47]. Other than the obvious differences that can be ascribed
to our inclusion of scrapping decisions, there is another subtle difference between our Bellman’s
equations here and those from the existing literature. In the Bellman’s equations in Vulcano et al.
and in van Ryzin and Vulcano, the seller already knows the submitted bids at the time of making
allocation decisions. Consequently, the observed bids can be considered as a part of the dynamic
programming state and hence the expectation operator appears outside the maximization operator.
This is not the case in our Bellman’s equations here.

Note from the above Bellman’s equations that F (0) = 0 as expected. Moreover, the yi and bj
that achieve12 the maxima in (6) and (8) define an optimal stationary policy [38, 40].

3.1 Structure of optimal policy

Value iteration [38, 40] is a standard algorithm for solving Bellman’s equations and obtaining the
corresponding optimal policy for MDPs. For (6)-(9), value iteration would conceptually work as
follows13. We start with F 1(i) = 0 for all 0 ≤ i ≤ I, and, for k = 1, 2, 3, . . ., use the update

F k+1(i) = max
0≤y≤i

{
sy +Gk(i− y)

}
, for 0 ≤ i ≤ I, where (10)

Gk(j) = max
b∈[0,1]

{
− hj + δφ(b) + δF k(j − 1) + δq(0, b)∆F k(j − 1)

}
, for 1 ≤ j ≤ I, and (11)

Gk(0) = 0. (12)

Again note from the above equations that F k(0) = 0 for all k. We generate these updates until
max
0≤i≤I

|F k+1(i) − F k(i)| drops below a small tolerance and then stop. From the general theory of

MDPs [38, 40], we know that lim
k→∞

F k(i) = F (i) and lim
k→∞

Gk(i) = G(i) for all 0 ≤ i ≤ I. The

12The function −hj + δφ(b) + δF (j − 1) + δq(0, b)∆F (j − 1) is continuous over the compact interval [0, 1] because
both φ and q are continuous over [0, 1]. Hence (8) does have an optimal solution. This holds for problem (11) as well.

13An alternative interpretation of (10)-(12) is that they are Bellman’s equations of dynamic programming for a k-
horizon approximation of the original MDP. The decision epochs in this approximation are numbered t = k+1, k, . . . , 2,
with a boundary at t = 1.
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function F k+1 thus provides an approximation of the optimal value function F and we obtain an
approximate optimal policy by substituting F k as a surrogate for F in the right hand side of (6)-(8)
on termination.

However, in our case, exact implementation of value iteration appears to face several hurdles
at first glance. The integral and the infinite sums in the definitions of φ(b) and q(0, b) may not
be easy to evaluate. Even if these were available in closed-form, (11) is a constrained, non-linear
optimization problem. Thus, its analytical solution may be non-trivial or even impossible. In
general, we may have to resort to discretization of the interval [0, 1], numerical evaluation of the
integral, truncation of the infinite sum, and a numerical search procedure for solving (11) in each
iteration.

Fortunately, with a careful analysis of the structure of solutions to (10)-(11), we are able to
simplify value iteration considerably. Furthermore, these structural properties are inherited by
solutions of Bellman’s equations (6)-(8) for our clairvoyant MDP, and hence they are of theoretical
interest and provide economic insights as well. To begin this analysis, for functions of non-negative
integers such as F , we say that F is concave if ∆F (i) ≤ ∆F (i− 1) for i ≥ 1. The terms increasing
and decreasing are used in the weak sense to mean non-decreasing and non-increasing, respectively.

Theorem 3.5. Consider the value iteration scheme (10)-(12) that starts with F 1(i) = 0 for all
0 ≤ i ≤ I. In each iteration k = 1, 2, . . ., we have,

claim 1: non-negative lower bound on pre-scrapping marginal values: ∆F k(i− 1) ≥ s ≥ 0;

claim 2: concavity of the post-scrapping optimal value function: Gk is concave;

claim 3: optimality of a threshold scrapping policy: let j∗k (called the scrapping threshold) be the
smallest post-scrapping inventory 0 ≤ j ≤ I − 1 for which s ≥ ∆Gk(j) (if such an inventory
does not exist14, set j∗k = I + 1 as a convention); then, in any inventory 1 ≤ i ≤ I, it is
optimal to scrap yki = max{0, i− j∗k} units;

claim 4: concavity of the pre-scrapping optimal value function: F k is concave;

claim 5: scrapping thresholds satisfy j∗1 = 0 or j∗1 = 1, and j∗k ≤ j∗k−1 + 1 ≤ k;

claim 6: upper bound on pre-scrapping marginal values: ∆F k(i− 1) ≤ max{s,−h+ δ} < 1;

claim 7: optimality of interior minimum bids: it is not optimal to set the minimum bid at 0 or 1
in any post-scrapping inventory j ≥ 1;

claim 8: first order necessary condition for interior optimal minimum bids: if minimum bid bkj ∈
(0, 1) is optimal in post-scrapping inventory j ≥ 1, then the bidders’ virtual value15 at bkj
equals the seller’s marginal profit; that is,

J(bkj ) = ∆F k(j − 1); (13)

claim 9: first order sufficient condition for a unique interior optimal minimum bids: if J is strictly
increasing, then (13) has a unique solution bkj in the interval (0, 1) and this minimum bid bkj
is optimal in post-scrapping inventory j;

14In fact, we show below in claim 5 that a finite j∗k always exists. However, it may not be smaller than I and in
that case is not relevant for a seller who starts with I units because then the seller will not scrap any units.

15The term (1− Ω(bkj ))/θ(bkj ) in the definition of J(bkj ) is well-defined for any bkj ∈ (0, 1) because θ(bkj ) > 0.
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claim 10: monotonicity of optimal minimum bids: if J is strictly increasing, then the optimal
minimum bids bkj given by (13) are decreasing in post-scrapping inventory j;

claim 11: if J is strictly increasing, then, for all j ≥ 1, the optimal minimum bids bkj given by (13)
are larger than the optimal minimum bid in a classic single-unit auction where the seller’s
valuation for the unit is s (see Proposition 3 in [39]);

claim 12: if J is strictly increasing, and if bkj denote the optimal minimum bids obtained as unique
solutions of (13), then we have,

Gk(j) = −hj + δ

[∫ 1

bj

J(v)
dq

dv
dv + F k(j − 1) + q(0, bkj )∆F

k(j − 1)

]
, for j ≥ 1. (14)

Claims 1-4 and 6-12 in Theorem 3.5 also hold16 for the pre-scrapping optimal value function F ,
the post-scrapping optimal value function G, optimal scrapping policy yi, and optimal minimum
bid policy bj in the Bellman’s equations (6)-(9). Depending on the claim, the conclusion can be
established either by arguments identical to that in Theorem 3.5 or through a limiting argument
that uses the fact that F k and Gk converge to F and G, respectively, as k → ∞. We omit the
details to avoid repetition, but summarize the key conclusion as

Corollary 3.6. Let j∗ be the smallest inventory j ≥ 0 such that s ≥ ∆G(j). It is optimal to scrap
all inventory above j∗ and bring the inventory down to j∗ at the first decision epoch. Moreover, if
J is strictly increasing, then, in any remaining inventory 1 ≤ j ≤ j∗ at the first or any subsequent
decision epoch, it is optimal to set the minimum bid at the unique solution of J(v) = ∆F (j − 1) in
the open interval (0, 1).

3.2 Economic intuition behind optimal policy structure

Economic intuition behind various claims in Theorem 3.5 is outlined here. Detailed proofs are
provided in the next section.

By scrapping each additional unit, the seller can make a profit of s ≥ 0. Hence the marginal
values ∆F k(i− 1) are at least s. This is claim 1. Note that, when h > 0, marginal values could be
negative if the seller did not have the flexibility to scrap and this would be undesirable.

The marginal benefit of each additional post-scrapping unit decreases because the seller has to
wait longer to auction it off. This is claim 2.

The seller should scrap a unit only if its scrap-price s is more than the marginal benefit of
keeping the unit. Moreover, once this marginal benefit drops below s, it remains that way for all
larger inventory levels, by concavity. These observations lead to optimality of a threshold scrapping
policy whereby the seller scraps all units over and above a threshold and does not scrap any units
below this threshold. This is claim 3.

Claims 2 and 3 imply claim 4. For instance, below the scrapping threshold, the pre-scrapping
marginal values equal the post-scrapping marginal values, which are decreasing by claim 2.

Since value iteration starts with F 1(i) = 0 for all i, and since at most one unit can be sold in
one auction, in the first iteration it is optimal either to scrap all units or to scrap all except one
unit. This is the first half of claim 5. Since the seller holds exactly j∗k−1 units after scrapping in
iteration k− 1, and since at most one unit can be sold in one auction, the seller will not hold more
than j∗k−1 + 1 after scrapping in iteration k. This is the second half of claim 5.

16Note that claim 5 is not relevant.
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The pre-scrapping marginal value is derived from one of two sources: scrapping the unit or
auctioning the unit. Since the revenue generated from auctioning the unit is at most one and is
earned at the end of the auction after incurring inventory cost, the marginal value is bounded above
by the larger of s and −h+ δ. This is claim 6.

A part of claim 7, which says that a positive minimum bid is optimal is consistent with classic
results on single auctions (see, for example, Riley and Samuelson [39]). In addition, observe that
by using a minimum bid of 1, the seller excludes all bidders. Thus the seller must either scrap some
units or use a minimum bid strictly smaller than 1 at some future decision epoch. But the seller is
better-off by scrapping those many units or by using that smaller minimum bid right away rather
than in the future. Hence it is not optimal to set the minimum bid at 1.

Proposition 3 of Riley and Samuelson [39] implies that if minimum bid b∗ ∈ (0, 1) is optimal in
one single-unit auction in which the seller’s valuation of the unit is s, then J(b∗) = s. Claim 8, and
in particular, Equation (13), is a generalization of this to sequential auctions. Equation (13) is also
similar in principle to Equation (9) in [49] and to Equation (15) in [47] subject to the differences in
our problem settings. Specifically, in their multi-unit sequential auction settings, those two papers
show that the seller has a reserve price for releasing each unit from inventory — the reserve price
for a unit is obtained by equating the virtual value to the marginal profit of that unit as in our
Equation (13).

The function η(v) , θ(v)/(1−Ω(v)) is called the hazard rate of Ω. Since the virtual value can
be expressed as J(v) = v − 1/η(v), it is strictly increasing if the hazard rate is increasing. Several
common distributions such as Normal, Logistic, Exponential, and a large family of Beta distri-
butions that includes the Uniform distribution, have increasing hazard rates. Thus the regularity
condition in claims 9-12 that J be strictly increasing is not particularly restrictive. In fact, this
regularity condition is ubiquitous in the literature17. If it is not met, then (13) can have multiple
solutions, and the right hand side in (11) must be evaluated at each solution to find an optimal
minimum bid. Riley and Samuelson [39] also noted this in their single-auction context.

Claim 9 is a straightforward, algebraic consequence of claim 8.
Claim 10 follows from claims 4 and 9. Intuitively, as the marginal value of each additional

unit declines with increasing inventory, the seller is willing to accept lower closing prices and hence
reduces the minimum bid.

In sequential auctions, the seller gets repeated opportunities in the future to scrap or auction
each unit. That is why the seller benefits from a more aggressive minimum bid policy, and in
particular, uses higher minimum bids than that in a single auction. This is claim 11.

Finally, claim 12 follows by substituting the optimal minimum bids bkj in the definition of Gk(j).

3.3 Computational benefits offered by optimal policy structure

An important benefit of the various claims in Theorem 3.5 is that they lead to the following stream-
lined version of value iteration.

Algorithm 3.7. Structured value iteration when J is strictly increasing.

1. Set iteration counter k = 1, and F 1(i) = 0 for all 0 ≤ i ≤ I. Select a small tolerance
0 < ε << 1, and set j0 = I.

2. For 1 ≤ j ≤ min{I, 1 + j∗k−1}, find bkj as unique solutions of (13) in the open interval (0, 1).

17See, for example, Assumption 1 in [47] and Assumption 1 in [49].
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3. Set Gk(0) = 0 and substitute bkj from Step 2 into (14) to compute Gk(j) for all 1 ≤ j ≤
min{I, 1 + j∗k−1}.

4. Compute ∆Gk(0) = Gk(1) and ∆Gk(j) = Gk(j + 1)−Gk(j), for 1 ≤ j ≤ min{I − 1, j∗k−1}.

5. Find j∗k as the smallest inventory 0 ≤ j ≤ min{I − 1, j∗k−1} for which s ≥ ∆Gk(j). If such a
j∗k does not exist, then set j∗k = I + 1 as a convention.

6. Set yki = max{0, i− j∗k} for 1 ≤ i ≤ I.

7. Set F k+1(0) = 0 and F k+1(i) = syki − h(i− yki ) +Gk(i− yki ), for 1 ≤ i ≤ I.

8. Stop if max
0≤i≤I

|F k+1(i)− F k(i)| < ε(1− δ)/(2δ), else set k = k + 1 and go to Step 2 above.

9. Report F k+1 as an approximation of F , j∗k as the approximation of optimal scrapping threshold
j∗, and bkj as approximate optimal minimum bids for all post-scrapping inventories 1 ≤ j ≤
min{I, j∗k}.

4 Numerical results and sensitivity analyses for the clairvoyant
MDP

Before we present our numerical experiments, we comment that it is often possible and helpful to
use integration by parts to evaluate φ(b) =

∫ 1
b J(v) dqdvdv for a fixed b ∈ (0, 1). See, for example,

Theorem 7.5 on page 178 of [15] for sufficient conditions on J under which such integration by
parts is allowed; it suffices, for instance, for J to be continuous at 1 and to have a bounded and
continuous derivative over the open interval (b, 1). When this is the case, formula (14) derived in
claim 12 of Theorem 3.5 simplifies as follows. First, integration by parts yields,

φ(b) = J(1)q(0, 1)− J(b)q(0, b)−
∫ 1

b

dJ

dv
q(v)dv = J(1)− J(b)q(0, b)−

∫ 1

b

dJ

dv
q(v)dv, (15)

because q(0, 1) = 1. Now, for any fixed j ≥ 1, we have, Gk(j) = Qk2(j, bkj ) = −hj+δ
(
φ(bkj )+F k(j−

1) + q(0, bkj )∆F
k(j − 1)

)
. By substituting J(bkj ) for ∆F k(j − 1) from (13), the above simplifies to

−hj + δ
(
φ(bkj ) + F k(j − 1) + q(0, bkj )J(bkj )

)
. Then substituting from (15) for φ(bkj ) yields

Gk(j) = −hj + δ

[
J(1) + F k(j − 1)−

∫ 1

bkj

dJ

dv
q(v)dv

]
. (16)

When such integration by parts is possible, formula (16) can be used in place of (14) in Step 3 of
our structured value iteration algorithm. Then, in essence, the key steps in this algorithm involve
solution of the equation J(bkj ) = ∆F k(j − 1) and evaluation of the integral

∫
dJ
dv q(v)dv in formula

(16). We illustrate this in our examples below.

4.1 Examples with Poisson demand and Beta valuations

In our examples in this section, we assume that the distribution of the number of bidders N in each
auction is Poisson(λ) for some λ > 0. Thus, pn = e−λλn

n! for n = 0, 1, 2, . . .. This Poisson demand
assumption is common in the literature and has been supported empirically [13, 35, 46]. By Poisson
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thinning [41], the random number of posted bids has a Poisson(λ(1 − Ω(b))) distribution because
the probability that a bidder’s valuation is more than b equals (1 − Ω(b)). Thus the probability
q(0, b) that no bids are posted equals e−λ(1−Ω(b)). For private valuations, we consider the Beta
distribution whose probability density function is given by

θ(v) =
vp−1(1− v)r−1

B(p, r)
, for 0 ≤ v ≤ 1, (17)

where p > 0, r > 0 are constants and B(p, r) =
∫ 1

0 v
p−1(1 − v)r−1dv is the beta function [1]. It is

shown in [18] that the Beta distribution has a strictly increasing hazard rate if p ≥ 1 and r ≥ 1.
Thus the regularity condition in claims 9, 10, 11, and 12 of Theorem 3.5 that J be strictly increasing,
holds for this large family of distributions that encompasses a broad variety of shapes. To illustrate,
we perform numerical experiments with three special cases from this family: p = 1, r = 2, which
is the linear distribution with negative slope; p = r = 1, which is the Uniform[0, 1] distribution;
and p = 2, r = 1, which is the linear distribution with positive slope. In each case, we obtain a
closed-form solution of (13), and evaluate the integral

∫
dJ
dv q(v)dv. Substituting these in (16) leads

to an efficient implementation of structured value iteration.

4.1.1 Linearly distributed private valuations with negative slope

In this special case of (17) with p = 1, r = 2, we have, θ(v) = 2(1 − v), Ω(v) = 2v − v2, and

hence J(v) = v − 1−(2v−v2)
2(1−v) = (3v − 1)/2. Thus, (13), which is J(bkj ) = ∆F k(j − 1), reduces to

(3bkj − 1)/2 = ∆F k(j − 1) and hence minimum bids

bkj = (1 + 2∆F k(j − 1))/3

are optimal. Also note that q(0, b) = e−λ(1−Ω(b)) reduces to e−λ(1−2b+b2). Then, for any b ∈ (0, 1),∫ 1

b

dJ

dv
q(v)dv =

∫ 1

b

3

2
e−λ(1−v)2

dv =
3

2

∫ 1−b

0
e−λx

2
dx =

3

4

√
π

λ
erf
(√

λ(1− b)
)
,

where erf denotes the error function (see Chapter 7 in [1]) given by erf(x) = (2/
√
π)
∫ x

0 e
−t2dt.

4.1.2 Uniformly distributed private valuations

In this special case of (17) with p = r = 1, we have, θ(v) = 1, Ω(v) = v, and hence J(v) =
v − (1 − v) = 2v − 1. Thus, (13), which is J(bkj ) = ∆F k(j − 1), reduces to 2bkj − 1 = ∆F k(j − 1)
and hence minimum bids

bkj = (1 + ∆F k(j − 1))/2 (18)

are optimal. Also note that q(0, b) = e−λ(1−Ω(b)) reduces to e−λ(1−b). Then, for any b ∈ (0, 1),∫ 1

b

dJ

dv
q(v)dv =

∫ 1

b
2e−λ(1−v)dv =

2

λ

(
1− e−λ(1−b)

)
.

4.1.3 Linearly distributed private valuations with positive slope

In this special case with p = 2, r = 1, we have, θ(v) = 2v, Ω(v) = v2, and hence J(v) = v− 1−v2

2v =
(3v2 − 1)/2v. Thus, (13) reduces to 3(bkj )

2 − 2(bkj )∆F
k(j − 1)− 1 = 0 and hence minimum bids

bkj =

(
∆F k(j − 1) +

√
[∆F k(j − 1)]2 + 3

)/
3
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are optimal. Also note that q(0, b) = e−λ(1−Ω(b)) reduces to e−λ(1−b2). Then, for any b ∈ (0, 1),∫ 1

b

dJ

dv
q(v)dv =

∫ 1

b

(
3

2
+

1

2v2

)
e−λ(1−v2)dv =

3e−λ

2

∫ 1

b
eλv

2
dv +

e−λ

2

∫ 1

b

d(−1/v)

dv
eλv

2
dv

= e−λ

{
− 3i

4

√
π

λ
erf
(
iv
√
λ
)∣∣∣∣1
b

− eλv
2

2v

∣∣∣∣1
b

− λi

2

√
π

λ
erf
(
iv
√
λ
)∣∣∣∣1
b

}
, (19)

where i =
√
−1 and we have used integration by parts to obtain (19). After further algebraic

simplification, this yields,∫ 1

b

dJ

dv
q(v)dv =

e−λ(1−b2)

2b
− 1

2
− ie−λ

(
3

4
+
λ

2

)√
π

λ

(
erf
(
i
√
λ
)
− erf

(
i
√
λb
))
.

4.2 Sensitivity analyses

We implemented Algorithm 3.7 on several numerical instances in order to gain insight into the effect
of problem parameters on the structured optimal policy given by Theorem 3.5. In all instances, we
used I = 100, δ = 0.99, and set the tolerance ε = 0.001. For simplicity, we fixed the scrap-price at
s = 0 (it may be optimal to scrap even when scrap-price is zero because scrapping saves holding
costs). We investigated the effect of h and λ on the optimal scrapping threshold and the optimal
minimum bid policy for all three examples of private valuations above.

Table 1 illustrates the optimal scrapping threshold j∗ for different values of h and λ. It suggests
that the threshold increases in λ and decreases in h. This is intuitive because the number of
bidders is stochastically increasing18 in λ and hence it should be better to hold more inventory as
λ increases (although a rigorous proof of this observation has eluded us). The effect of holding cost
is the opposite; we prove this for our general clairvoyant MDP in Proposition 4.1.

Proposition 4.1. Suppose J is strictly increasing. Let h1 > h2 ≥ 0 be any two inventory holding
costs, and j∗h1

, j∗h2
be the corresponding optimal scrapping thresholds. Then, j∗h1

≤ j∗h2
. Let b∗j (h1)

and b∗j (h2) denote the corresponding optimal minimum bids in any post-scrapping inventory level
j ≤ j∗h1

. Then, b∗j (h1) ≤ b∗j (h2).

Table 1 also suggests that the scrapping thresholds for uniform valuations are higher than
those for linear valuations with negative slope. The scrapping thresholds for linear valuations
with positive slope are in turn higher than those for uniform valuations. This behavior can be
informally explained as follows. One can show that bidder valuations stochastically increase in this
order. Therefore, marginal values should also increase in that order. Since the post-scrapping value
function is concave, scrapping threshold should increase in this order.

Figures 1(a), (b), and (c) illustrate the sensitivity of optimal minimum bids to h when λ = 5.
The figures suggest that for any fixed post- scrapping inventory level, the optimal minimum bid is
decreasing in h. This can be explained with the help of formula (13) because intuitively, for any
fixed j, the marginal value decreases as h increases (we proved this in Proposition 4.1).

Figures 2 (a), (b), (c) illustrate the sensitivity of optimal minimum bids to λ when h = 0.01.
The figures suggest that for any fixed post-scrapping inventory level, the optimal minimum bid is
increasing in λ. Again, this can be explained with formula (13), because the marginal value should
(again, a rigorous proof of this observation has eluded us) increase with λ as the number of bidders
is stochastically increasing in λ.

18Let X1 ∼ Poisson(λ1) and X2 ∼ Poisson(λ2), where λ1 ≥ λ2 > 0. Then, for any real number x, P (X1 > x) ≥
P (X2 > x). That is, X1 stochastically first order dominates X2. This can be shown by using a coupling argument
(see Sections 10.1 and 10.2 in [42]).
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linear private valuations (negative slope)
λ

1 2 3 4 5 6 7 8 9 10

h

0.01 10 18 24 29 33 36 39 41 43 44
0.02 5 10 13 16 18 20 21 23 24 25
0.03 4 7 9 11 12 14 15 16 16 17
0.04 3 5 7 8 9 10 11 12 12 13
0.05 2 4 5 7 8 8 9 10 10 10
0.06 2 3 4 5 6 7 7 8 8 9
0.07 1 3 4 5 5 6 6 7 7 7
0.08 1 2 3 4 5 5 6 6 6 6
0.09 1 2 3 4 4 5 5 5 5 6
0.10 1 2 3 3 4 4 4 5 5 5

uniform private valuations
λ

1 2 3 4 5 6 7 8 9 10

h

0.01 16 27 36 42 46 50 52 54 56 57
0.02 9 15 20 24 26 28 30 31 32 33
0.03 6 11 14 16 18 20 21 22 22 23
0.04 4 8 11 12 14 15 16 17 17 18
0.05 4 6 8 10 11 12 13 13 14 14
0.06 3 5 7 8 9 10 11 11 12 12
0.07 2 5 6 7 8 9 9 10 10 10
0.08 2 4 5 6 7 8 8 8 9 9
0.09 2 3 5 6 6 7 7 7 8 8
0.10 2 3 4 5 6 6 6 7 7 7

linear private valuations (positive slope)
λ

1 2 3 4 5 6 7 8 9 10

h

0.01 23 37 46 51 55 58 60 61 62 63
0.02 13 21 26 29 31 33 34 35 36 36
0.03 9 14 18 20 22 23 24 25 25 25
0.04 7 11 14 16 17 18 18 19 19 19
0.05 5 9 11 13 14 14 15 15 16 16
0.06 4 7 9 11 11 12 12 13 13 13
0.07 4 6 8 9 10 10 11 11 11 11
0.08 3 5 7 8 9 9 9 10 10 10
0.09 3 5 6 7 8 8 8 9 9 9
0.10 2 4 6 6 7 7 7 8 8 8

Table 1: Optimal scrapping thresholds j∗ for different values of h and λ with uniform and linear
private valuations.

15



0 5 10 15 20 25 30 35

0.4

0.5

0.6

0.7

0.8

0.9

1

post−scrapping inventory (j)

o
p
ti
m

a
l 
m

in
im

u
m

 b
id

 (
b

* j)

 

 

h=0.01

h=0.02

h=0.03

h=0.04

h=0.05

h=0.06

h=0.07

h=0.08

h=0.09

h=0.1

(a)

0 5 10 15 20 25 30 35 40 45 50
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

post−scrapping inventory (j)

o
p
ti
m

a
l 
m

in
im

u
m

 b
id

 (
b

* j)

 

 

h=0.01
h=0.02
h=0.03
h=0.04
h=0.05
h=0.06
h=0.07
h=0.08
h=0.09
h=0.1

(b)

0 10 20 30 40 50 60
0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

post−scrapping inventory (j)

o
p
ti
m

a
l 
m

in
im

u
m

 b
id

 (
b

* j)

 

 

h=0.01
h=0.02
h=0.03
h=0.04
h=0.05
h=0.06
h=0.07
h=0.08
h=0.09
h=0.1

(c)

Figure 1: An illustration of the optimal minimum bid policy for different values of h when λ = 5
for (a) linear valuations with negative slope, (b) uniform valuations, and (c) linear valuations with
positive slope.
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Figure 2: An illustration of the optimal minimum bid policy for different values of λ when h = 0.01
when private valuations are (a) linear with negative slope, (b) uniform, and (c) linear with positive
slope.
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A closer look at Figure 1 and Figure 2 reveals that for any fixed h, λ combination, optimal
minimum bids are smallest for linear valuations with negative slope, higher for uniform valuations,
and highest for linear valuations with positive slope. This can be informally explained with the
help of formula (13) as follows. As noted earlier, one can show that bidder valuations stochastically
increase in this order. Therefore, marginal values should also increase in that order. Simple algebra
shows that virtual values decrease in this order. Consequently, solutions of (13) should increase
in this order. This trend of increasingly aggressive minimum bids is consistent with increasing
scrapping thresholds noted in Table 1.

Figures 1 and 2 show that optimal minimum bids decrease as post-scrapping inventory levels
increase. This was established in claim 10 of Theorem 3.5. Figures 1 and 2 also show that optimal
minimum bids are more than 1/3, 1/2, and

√
3/3, for linear valuations with negative slope, uniform

valuations, and linear valuations with positive slope, respectively. These numbers satisfy J(b) = 0
for the three corresponding valuation distributions and hence are the optimal minimum bids in
one single-unit auction where the seller’s valuation is s = 0 as in Riley and Samuelson [39]. This
property and the economic intuition behind it were established in claim 11 of Theorem 3.5 — since
the seller gets repeated opportunities to auction each unit, she uses the more aggressive policy of
using higher minimum bids than those in the single-auction setting of Riley and Samuelson [39].

We conclude this section by rigorously establishing sensitivity to the scrap-price s in our general
clairvoyant MDP.

Proposition 4.2. Consider any fixed post-scrapping inventory level j. Let b∗j be an optimal mini-
mum bid for this post-scrapping inventory level. Then b∗j does not depend on the scrap-price s. Let
s1 > s2 ≥ 0 be any two scrap prices, and j∗s1 , j

∗
s2 be the corresponding optimal scrapping thresholds.

Then, j∗s1 ≤ j
∗
s2.

5 Bayesian demand learning

We now investigate a variation of the above clairvoyant problem, where we assume that the number
N of potential bidders in each auction is Poisson distributed and that the seller knows this, but
the seller is uncertain about the sole parameter 0 < λ <∞ of this distribution. To emphasize the
dependence of quantities such as q(0, b) from Section 3 on λ, we denote them instead by qλ(0, b) in
the rest of this paper. In particular, we have,

qλ(0, b) = e−λ(1−Ω(b)), (20)

dqλ
db

= θ(b)λe−λ(1−Ω(b)), and from (4),

φλ(b) =

1∫
b

λθ(v)J(v)e−λ(1−Ω(v))dv. (21)

We similarly write the clairvoyant value functions as Fλ and Gλ.

5.1 A mixture-of-Gamma prior

To tackle the difficulty that the seller does not know λ, we follow the lead of Farias and Van Roy
[14] from their work on Bayesian demand learning in the Poisson intensity control problem for
dynamic pricing. Specifically, we assume that (i) the seller views λ as a random variable, which we
denote by Λ, (ii) the seller has a prior belief about Λ, and (iii) the seller’s prior belief about Λ is an
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M -component mixture-of-Gamma distributions. The shape and rate parameters of, and the weight
assigned to the mth component in this mixture are denoted by αm, βm, and wm, respectively, for

m = 1, 2, . . . ,M . Note that wm ≥ 0 for all m, and
M∑
m=1

wm = 1. Throughout this paper, we use the

shorthand w, α, and β, to denote the M -dimensional vectors (w1, w2, . . . , wM ), (α1, α2, . . . , αM ),
and (β1, β2, . . . , βM ), respectively. In particular, the seller believes a priori that the probability
density function f(λ;w,α, β) of Λ is given by

f(λ;w,α, β) =
M∑
m=1

wmg(λ;αm, βm), (22)

where

g(λ;αm, βm) =
βαmm

Γ(αm)
λαm−1e−βmλ.

Here, Γ : <++ → < is the Gamma function [1] defined by Γ(z) =
∞∫
0

e−ttz−1dt, where <++ denotes

the set of positive real numbers. As noted by Farias and Van Roy [14] based on the theory developed
in Dalal and Hall [11], a mixture-of-Gamma prior can arbitrarily well-approximate any prior with a
continuous and bounded probability density. Another major benefit is that the mixture-of-Gamma
prior is conjugate to Poisson. That is, the seller’s posterior belief about the unknown mean of the
Poisson number of potential bidders after observing the number of bids posted in one auction is
also a mixture of M Gamma distributions. Specifically, if n ≥ 0 bids are posted in an auction, then
the seller’s belief about Λ is updated according to

αnm ← αm + n, (23)

βnm ← βm + 1− Ω(b), and (24)

wnm ← cn
wmΓ(αnm)

(βnm)αnm
, (25)

where cn is a constant such that
M∑
m=1

wnm = 1. This conjugate property and the resulting straightfor-

ward parameter update (23)-(25) considerably simplify the MDP formulation of the seller’s decision
problem as we describe next.

5.2 Bayesian MDP formulation

We use z , (w,α, β) ∈ <3×M to denote the information state at the beginning of an auction. The
seller’s decision problem can now be formulated as a Bayesian MDP [28].

Given the information state z, the seller believes that her expected revenue from one auction
with minimum bid b is given by

φ(b; z) ,

∞∫
0

φλ(b)f(λ; z)dλ, (26)

where φλ(b) is defined in (21) and f(λ; z) ≡ f(λ;w,α, β) is the probability density function that
the seller assigns to Λ as defined in (22). Lemma 3.1 implies that the expected revenue φ(b; z) in
(26) is continuous over b ∈ [0, 1] for every fixed information state z.
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Generalizing qλ(0, b) from (20), the expression e−λ(1−Ω(b))λn(1−Ω(b))n

n! represents the probability
qλ(n, b) that the number of posted bids is n ≥ 0. Moreover, let q(n, b; z) be the probability that
the seller assigns to the event that n ≥ 0 bids will be posted when the information state is z. We
have,

q(n, b; z) =

∫ ∞
0

qλ(n, b)f(λ; z)dλ.

For all 0 ≤ i ≤ I and all z ∈ <3×M , let the optimal value function F(i; z) denote the maximum
total discounted expected profit earned from all future auctions and scrapping decisions when the
pre-scrapping inventory at the beginning of an auction is i and the information state is z. Similarly,
for all 0 ≤ j ≤ I and z ∈ <3×M , let G(j; z) denote the maximum total discounted expected profit
earned from all future auctions and scrapping decisions when the post-scrapping inventory at the
beginning of an auction is j and the information state is z. Finally, we use zn to denote the
information state (wn, αn, βn) as obtained from the information state z = (w,α, β) according to
the update formulas (23)-(24), when n ≥ 0 is the number of bids posted in an auction. Then,
Bellman’s equations for the seller’s Bayesian MDP are given by

F(i; z) = max
0≤y≤i

{
sy + G(i− y; z)

}
, for 0 ≤ i ≤ I and z ∈ <3×M , where

G(j; z) = max
b∈[0,1]

{
− hj + δφt(b; z) + δq(0, b; z)F(j; z0) + δ

∞∑
n=1

q(n, b; z)F(j − 1; zn)
}
, 1 ≤ j ≤ I,

(27)

G(0; z) = 0.

Note again from the above equations that F(0; z) = 0 for all z ∈ <3×M . Exact solution of this MDP
by value iteration is computationally intractable owing to the multi-dimensional, mixed discrete-
continuous state-space, and in particular, it is not amenable to grid-based discretization [9]. We
therefore propose two approximation methods, namely, certainty equivalent control and Q-function
approximation, that utilize our results from the clairvoyant model in Section 3.

5.3 Certainty equivalent control

In (semi-stochastic) certainty equivalent control (CEC), (some of) the random variables in a decision
problem are replaced by their expected values [9]. In our context, we apply this approach to the
random variable Λ as in [6]. In particular, if the information state is z, then the seller makes
scrapping and minimum bid decisions by assuming that the number of potential bidders is Poisson

distributed with mean µ(z). It is easy to see that µ(z) =
M∑
m=1

wmαm/βm because the expected value

of a Gamma random variable with shape and rate parameters αm, βm is αm/βm. The inventory
level and the information state then stochastically evolve to their new values and this process
repeats until the end of all auctions. In particular, in pre-scrapping state (i, z) at the beginning of
an auction, the seller’s scrapping decision is obtained by solving

max
0≤y≤i

sy +Gµ(z)(i− y).

Here, Gµ(z) is the post-scrapping optimal value function for the clairvoyant model in Section 3 when
the potential number of bidders is Poisson distributed with mean µ(z). The seller’s minimum bid
decision in post-scrapping inventory j and information state z is obtained by solving

Gµ(z)(j) = max
b∈[0,1]

−hj + δφµ(z)(b) + δFµ(z)(j) + δqµ(z)(0, b)∆Fµ(z)(j − 1).
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Here, Fµ(z) is the pre-scrapping optimal value function for the clairvoyant model in Section 3 when
the potential number of bidders is Poisson distributed with mean µ(z). The certainty equivalent
policy possesses the same structural properties as the clairvoyant policy in Corollary 3.6. We state
this without proof as

Corollary 5.1. Let j∗(z) be the smallest inventory j ≥ 0 such that s ≥ ∆Gµ(z)(j). It is optimal
to scrap all inventory above j∗(z) and bring the inventory down to j∗(z) at any decision epoch
with information state z. Moreover, if J is strictly increasing, then, in any remaining inventory
1 ≤ j ≤ j∗(z) at any decision epoch with information state z, it is optimal to set the minimum bid
at the unique solution of J(v) = ∆Fµ(z)(j − 1) in the open interval (0, 1).

Note here that the scrapping threshold may depend on the information state and thus it may
not be optimal to only scrap at the first decision epoch unlike the clairvoyant MDP.

The certainty equivalent policy depends on the seller’s belief about Λ only through its ex-
pectation µ(z). Hence this policy may not be able to adequately balance the tradeoff between
optimization and learning (this limitation is well-known; see, for example, Farias and Van Roy
[14]). One possible remedy for this is to approximate the pre-scrapping optimal value F(i; z) on
the right hand side of Bellman’s equations (27) as

F(i; z) ≈
∫ ∞

0
Fλ(i)f(λ; z)dλ,

and then use a policy that is greedy with respect to this approximation. This approach was used by
Araman and Caldentey [3] in their dynamic pricing problem. Although this can in principle be done
in our problem as well, it turns out that the resulting Bellman’s equation is somewhat unwieldy
and hence tedious to implement. In particular, it does not appear to be amenable to a structural
analysis. We therefore present next a similar alternative called Q-function approximation. As we
shall see, our structural results for the clairvoyant model and for the CEC approach above carry
over at least partially to this Q-function approximation method.

5.4 Q-function approximation

For any 1 ≤ j ≤ I, any information state z ∈ <3×M , and any minimum bid b ∈ [0, 1], we define the
Q-function of the Baysian MDP as

Q2((j; z), b) , −hj + δφ(b; z) + δq(0, b; z)F(j; z0) + δ
∞∑
n=1

q(n, b; z)F(j − 1; zn),

and note that the post-scrapping value function G is given by G(j; z) = max
b∈[0,1]

Q2((j; z), b). We

approximate this Q-function as

Q2((j; z), b) ≈
∞∫

0

Qλ2(j, b)f(λ; z)dλ , Q̃2((j; z), b),

where Qλ2(j, b) is the Q-function of the clairvoyant problem that is defined similar to (43) as

Qλ2(j, b) , −hj + δφλ(b) + δFλ(j − 1) + δqλ(b)∆Fλ(j − 1)

= −hj + δφλ(b) + δ(1− qλ(b))Fλ(j − 1) + δqλ(b)Fλ(j).
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This then induces the approximation

G(j; z) ≈ G̃(j; z) = max
b∈[0,1]

Q̃2((j; z), b) (28)

of the post-scrapping optimal value function G(j; z). Thus, the seller’s scrapping decision is obtained
by solving

max
0≤y≤i

sy + G̃(i− y; z).

As in the clairvoyant model, a necessary condition for optimality in problem (28) is that the
derivative of the approximate Q-function vanishes. That is,

dQ̃λ2
db

=

∞∫
0

dQλ2
db

f(λ; z)dλ =

∞∫
0

δ
dqλ(0, b)

db
(∆Fλ(j − 1)− J(b))f(λ; z)dλ

=

∞∫
0

δθ(b)λe−λ(1−Ω(b))(∆Fλ(j − 1)− J(b))f(λ; z)dλ = 0.

We now define a probability density function ρ(λ; b) parameterized by b as

ρ(λ; b) ,
λe−λ(1−Ω(b))f(λ; z)

∞∫
0

λe−λ(1−Ω(b))f(λ; z)dλ

.

Furthermore, the expected value of ∆Fλ(j − 1) with respect to this density function is denoted by
Eρ(λ;b)[∆Fλ(j − 1)]. Then, after algebraic simplification, the necessary condition for minimum bid
b∗ ∈ (0, 1) to be optimal to problem (28) is given by

J(b∗) = Eρ(λ;b∗)[∆Fλ(j − 1)]. (29)

In particular, this condition is similar to (13) from the clairvoyant model.

Corollary 5.2. Let j∗(z) be the smallest inventory j ≥ 0 such that s ≥ ∆G̃(z; j). It is optimal to
scrap all inventory above j∗(z) and bring the inventory down to j∗(z) at any decision epoch with
information state z. Moreover, suppose minimum bid b∗j (z) ∈ (0, 1) is optimal in post-scrapping
inventory j in information state j. Then, this minimum bid satisfies J(b∗j (z)) = Eρ(λ;b∗j (z))[∆F (j−
1)].

Note, however, a difference between our earlier Corollaries 3.6, 5.1 and the new Corollary 5.2.
Even when J is strictly increasing, it is not clear whether or not the first order necessary condition
in Corollary 5.2 is sufficient for optimality of minimum bids. In particular, even when J is strictly
increasing, it is not clear whether or not the implicit equation J(b) = Eρ(λ;b)[∆Fλ(j − 1)] has
a unique solution b∗ (a sufficient condition for this is that Eρ(λ;b)[∆Fλ(j − 1)] is decreasing in b
and then b∗ would also have the correct directional dependence on j). For this reason, one may
have to numerically solve for all solutions of (29) and identify one that yields the largest Q̃2 value
(note that both these steps require numerical evaluation of integrals). There is, however, a further
approximation that may help avoid this somewhat unsatisfactory numerical procedure in some
cases as we describe next.

This additional approximation is rooted in our intuitive understanding of the properties of the
clairvoyant pre-scrapping value function Fλ. We first show below that it is increasing in λ.
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Lemma 5.3. The clairvoyant values Fλ(i) are increasing in λ for every fixed i ≥ 0. Similarly for
Gλ(i).

Based on our preliminary numerical experiments that are not included in this paper, we believe
that Fλ(i) is concave in λ for every fixed pre-scrapping inventory level i (although a proof of
this result has eluded us). Moreover, motivated by the shape of Fλ(i) observed in our numerical
experiments, we propose the exponential approximation

Fλ(i) ≈ r1(i)− r2(i)e−r3(i)λ , F̃λ(i).

Values of unknown parameters r1(i) ≥ 0, r2(i) ≥ 0 and r3(i) ≥ 0 can be obtained by non-linear
regression because values Fλ(i) are available from our clairvoyant model for every λ. Here, r1(i)−
r2(i) is the intercept of the approximation when λ = 0 and r1(i) is the asymptote as λ → ∞. In
particular, we now replace the ∆Fλ(j−1) by its approximation ∆F̃λ(i) , ∆r1(i−1)−r2(i)e−r3(i)λ+
r2(i− 1)e−r3(i−1)λ to rewrite (29) as

J(b∗) =

∞∫
0

λe−λ(1−Ω(b∗))[∆r1(i− 1)− r2(i)e−r3(i)λ + r2(i− 1)e−r3(i−1)λ]f(λ; z)dλ

∞∫
0

λe−λ(1−Ω(b∗))f(λ; z)dλ

.

Both the integrals on the right hand side can now be evaluated analytically19, and this reduces the
above first order necessary condition to

J(b∗) = ∆r1(i−1)−r2(i)

M∑
m=1

wmαmβ
αm
m

(r3(i)+βm+1−Ω(b∗))αm+1

M∑
m=1

wmαmβ
αm
m

(βm+1−Ω(b∗))αm+1

+r2(i−1)

M∑
m=1

wmαmβ
αm
m

(r3(i−1)+βm+1−Ω(b∗))αm+1

M∑
m=1

wmαmβ
αm
m

(βm+1−Ω(b∗))αm+1

. (30)

We naturally denote the above right hand side by Eρ(λ;b)[∆F̃λ(j − 1)]. In particular, it might
be easier to numerically find solutions of (30) than to find solutions of (29). We illustrate this
Q-function approximation approach by example in the next section.

6 Computational experiments for the Bayesian MDP

We focus on the example with uniform valuations that we studied in Section 4.1.2 and set s = h = 0
for simplicity. Thus, the seller does not scrap and our numerical study zeros in on the exploitation
versus exploration tradeoff between minimum bids and demand learning. Specifically, Bellman’s
equations (6)-(9) for the clairvoyant model where the demand is Poisson distributed with a known
mean 0 < λ <∞ reduce to

Fλ(i) = max
b∈[0,1]

{δφλ(b) + δFλ(i− 1) + δqλ(b)∆Fλ(i− 1)}, 1 ≤ i ≤ I, (31)

with F (0) = 0. The structured value iteration in Algorithm 3.7 simplifies in this case to the fol-
lowing procedure.

19Note in contrast that the integral in the numerator of (29) cannot be evaluated analytically as an explicit
functional form for ∆Fλ(j − 1) is not available. This is precisely the benefit of using an exponential function
approximation; similar benefits might be possible through other functional forms such as power-law.
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Algorithm 6.1. Simplified structured value iteration when s = h = 0, Poisson demand
with known mean λ and uniform(0,1) valuations.

1. Set iteration counter k = 1, and F 1
λ (i) = 0 for all 0 ≤ i ≤ I. Select a small tolerance

0 < ε << 1.

2. Set bki = (1+∆F kλ (i−1))/2 as in Equation (18), and also let qλ(bki ) = e−λ(1−bki ) and φλ(bki ) =

1− (2bki − 1)e−λ(1−bki ) − 2
λ(1− e−λ(1−bki )) for 1 ≤ 1 ≤ I as explained in Section 4.1.2.

3. Set F k+1
λ (0) = 0, and F k+1

λ (i) = δφλ(bki ) + δF kλ (i− 1) + δqλ(bki )∆F
k
λ (i− 1) for 1 ≤ i ≤ I.

4. Stop if max
0≤i≤I

|F k+1
λ (i)− F kλ (i)| < ε(1− δ)/(2δ), else set k = k + 1 and go to Step 2 above.

5. Report F k+1
λ as an approximation of Fλ, and bki as approximate optimal minimum bids in

inventory levels 1 ≤ i ≤ I.

Since CEC is straightforward to implement, we now provide a detailed description of a simple
implementation of Q-function approximation.

6.1 Implementation of Q-function approximation

Our goal is to derive a good exponential approximation of the clairvoyant value function Fλ in
the spirit of Section 5.4. Although standard computational software such as MATLAB can obtain
such an approximation through non-linear regression, it often needs a good initial guess for the
parameters r1(i), r2(i), and r3(i). Toward this end, we first note that when λ = 0, Fλ(i) = 0 for
all i because there are no participating bidders (and recall that scrapping is worthless as s = 0).
We thus set r1(i) = r2(i) for all i as an initial guess. In order to obtain a good initial guess for the
asymptote r1(i), we have,

Lemma 6.2. As λ→∞, the clairvoyant value function converges as

lim
λ→∞

Fλ(i) =
δ(1− δi)

1− δ
, i ≥ 0.

The simple economic intuition behind the above result is that as λ→∞, the expected revenue
from each auction approaches 1. Since a sequence of i auctions is needed to clear inventory i, and
since the discount factor is δ, the total expected revenue approaches δ+δ2 + . . . δi = δ(1−δi)/(1−δ)
as claimed above.

Based on this discussion, we used the initial guess r1(i) = r2(i) = δ(1−δi)
1−δ for all i. We do not

have a systematic way to obtain a good initial guess for r3(i). We therefore used the initial guess
r3(i) = 0 for all i. After obtaining r1(i), r2(i), and r3(i) using MATLAB’s non-linear regression,
we used the following simple bisection procedure to numerically find solutions of (30) within our
Q-function approximation.

Algorithm 6.3. Bisection to solve (30).

1. Set iteration counter k = 1, and b1 = 0, b2 = 1. Select a small tolerance 0 < ε << 1.

2. Stop if |b2 − b1| < ε.

3. Let b∗ = (b1 + b2)/2.

4. If J(b∗) > Eρ(λ;b∗)[∆F̃λ(i− 1)], then b2 = b∗; else b1 = b∗. Go to Step 2.

In the next section, we compare the performance of CEC and Q- function approximation.
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6.2 Comparison between CEC and Q-function approximation

In this section, we investigate the effect of initial inventory I and of the mean demand λ on
the performance of CEC and Q-function approximation. Specifically, we report the fraction of the
clairvoyant optimal profit attained by each method. For simplicity of exposition, we only consider a
Gamma prior (that is, a single-component “mixture”). This does not result in any loss of generality
since the computational difficulty of implementing CEC and Q-function approximation is essentially
insensitive to M , the size of the mixture. In particular, our qualitative conclusions below should
hold for any value of M ≥ 1. The results are reported in Tables 2 and 3. The tables show that
higher mean demand and higher initial inventory enable our algorithms to attain a larger portion
of the clairvoyant optimal profit. This is intuitive because higher mean demand and higher initial
inventory should facilitate better learning and hence better algorithm performance. A cell-by-cell
comparison of the two tables shows that Q-function approximation achieves a higher revenue than
CEC for each I, λ combination listed.

λ

I 5 10 15 20 25

5 (0.1147, 0.0063) (0.1862, 0.0076) (0.2456, 0.0081) (0.2904, 0.0069) (0.3300, 0.0077)
10 (0.1215, 0.0030) (0.1989, 0.0037) (0.2647, 0.0051) (0.3127, 0.0042) (0.3541, 0.0042)
15 (0.1381, 0.0018) (0.2272, 0.0027) (0.2821, 0.0022) (0.3383, 0.0023) (0.3820, 0.0025)
20 (0.1615, 0.0015) (0.2429, 0.0021) (0.3117, 0.0021) (0.3611, 0.0017) (0.4108, 0.0020)
25 (0.1784, 0.0016) (0.2735, 0.0016) (0.3354, 0.0015) (0.3799, 0.0015) (0.4340, 0.0017)
30 (0.1988, 0.0017) (0.2831, 0.0014) (0.3587, 0.0017) (0.4071, 0.0013) (0.4569, 0.0016)
35 (0.2065, 0.0013) (0.3033, 0.0015) (0.3772, 0.0011) (0.4322, 0.0009) (0.4802, 0.0010)
40 (0.2173, 0.0013) (0.3193, 0.0009) (0.3967, 0.0012) (0.4503, 0.0010) (0.4969, 0.0009)
45 (0.2310, 0.0011) (0.3414, 0.0009) (0.4106, 0.0007) (0.4741, 0.0007) (0.5231, 0.0007)
50 (0.2348, 0.0011) (0.3503, 0.0009) (0.4305, 0.0009) (0.4962, 0.0007) (0.5438, 0.0005)

Table 2: The fraction of the clairvoyant optimal profit reached by CEC. The numbers are (average,
variance) over 100 independent simulations. Each simulation was terminated either when the
inventory was depleted or when a sufficiently large (to approximate the infinite horizon profit)
number of auctions (1000) was conducted, whichever occurred first. Here, we used the discount
factor δ = 0.99 and the tolerance parameter ε = 0.001. In all cases, parameters of the initial
Gamma prior were set as α1 = 1, β1 = 1; this is, in fact, the exponential distribution with mean 1.

The evolution of the posterior mean as a function of the auction index for various starting
inventory levels is plotted in Figures 3 (a) and (b) for the two methods, respectively. The figures
suggests that the posterior mean approaches the mean demand as the starting inventory increases.
We provide an informal argument for why this should hold true. Asymptotically, as I → ∞, the
number of auctions needed to clear all inventory also diverges to infinity. In the CEC method, for
instance, the minimum bid is bounded above by (1 + δ)/2 < 1. This follows from the fact that, in
information state z, the CEC minimum bid is obtained by solving 2v− 1 = ∆Fµ(z)(j− 1) as shown
in Corollary 5.1, and ∆Fµ(z)(j − 1) < δ by an extension of claim 6 in Theorem 3.5 as discussed
just before Corollary 3.6. This uniform upper bound away from 1 implies that the total number of
bids posted over all auctions diverges to infinity. Therefore, by a fundamental result in Bayesian
statistics (see Theorem 8.3 on page 490 in [30]), the posterior mean should converge to the mean
demand; in this sense, we say that CEC is asymptotically optimal. The figures also suggest that
the posterior mean learned by Q-function approximation is closer to the actual mean of λ = 10
than that learned by CEC especially at smaller inventory levels such as I = 10 and I = 20 (note
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λ

I 5 10 15 20 25

5 (0.1515, 0.0087) (0.2922, 0.0112) (0.3940, 0.0126) (0.4692, 0.0095) (0.5706, 0.0070)
10 (0.1902, 0.0051) (0.3421, 0.0074) (0.4601, 0.0055) (0.5525, 0.0063) (0.6360, 0.0040)
15 (0.2100, 0.0030) (0.3817, 0.0047) (0.5005, 0.0034) (0.6001, 0.0030) (0.6697, 0.0026)
20 (0.2346, 0.0031) (0.3974, 0.0039) (0.5282, 0.0031) (0.6274, 0.0019) (0.6889, 0.0018)
25 (0.2452, 0.0028) (0.4320, 0.0028) (0.5603, 0.0023) (0.6552, 0.0013) (0.7161, 0.0007)
30 (0.2625, 0.0028) (0.4490, 0.0028) (0.5757, 0.0016) (0.6626, 0.0011) (0.7254, 0.0010)
35 (0.2697, 0.0025) (0.4500, 0.0021) (0.5813, 0.0018) (0.6749, 0.0008) (0.7418, 0.0005)
40 (0.2700, 0.0018) (0.4584, 0.0021) (0.5981, 0.0010) (0.6877, 0.0006) (0.7457, 0.0006)
45 (0.2868, 0.0017) (0.4762, 0.0018) (0.6063, 0.0013) (0.6934, 0.0006) (0.7503, 0.0005)
50 (0.2873, 0.0016) (0.4821, 0.0014) (0.6085, 0.0010) (0.7009, 0.0006) (0.7555, 0.0004)

Table 3: The fraction of the clairvoyant optimal profit reached by Q-function approximation. The
numbers are (average, variance) over 100 independent simulations. Each simulation was terminated
either when the inventory was depleted or when a sufficiently large (to approximate the infinite
horizon profit) number of auctions (1000) was conducted, whichever occurred first. Here, we used
the discount factor δ = 0.99 and the tolerance parameter ε = 0.001. In all cases, parameters of
the initial Gamma prior were set as α1 = 1, β1 = 1; this is, in fact, the exponential distribution
with mean 1. For each fixed value of i, one hundred data pairs (λ, Fλ(i)) corresponding to λ =
.01, .02, . . . , 1 were used to fit the exponential approximation of the clairvoyant value function using
the non-linear regression subroutine in MATLAB, which uses the Levenberg-Marquardt algorithm
for least-squares minimization.

that learning is more difficult when inventory is limited).

7 Discussion and conclusions

In this paper, we presented a clairvoyant MDP model for making optimal minimum bid and scrap-
ping decisions in a sequence of single-unit Vickrey auctions. We showed that it is optimal to scrap
all inventory above a certain threshold and then auction the remaining units by using minimum
bids that are given by an intuitive extension of a classic result by Riley and Samuelson about a
single auction. Specifically, an optimal minimum bid was obtained by setting the bidders’ virtual
value to equal the seller’s marginal expected profit. This result significantly simplified the value
iteration procedure that is needed to recursively compute the marginal expected profit when the
virtual value is a strictly increasing function. This extension is similar in principle to that obtained
by Vulcano et al. [49] and van Ryzin and Vulcano [47] for a broad class of allocation models in the
absence of scrapping. However, owing to our simpler auction mechanism, our proofs of structural
results were more concrete and hence more transparent. Our structured value iteration algorithm
was then utilized as a subroutine in approximate solution of a more difficult problem wherein the
seller is uncertain about the mean of the Poisson bidder demand. We introduced a Bayesian MDP
model where the seller uses a mixture-of-Gamma prior on this mean Poisson demand and updates
her belief over the sequence of auctions while simultaneously optimizing minimum bids. Since exact
solution of this Bayesian MDP was intractable, we proposed two approximation algorithms. The
first one, CEC, assumed that the mean Poisson demand equals the current mean of the mixture-of-
Gamma posterior and then makes decisions using our clairvoyant value iteration procedure. The
second, Q-function approximation, was a more elaborate method that used an approximation of
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Figure 3: Evolution of the posterior mean as a function of the auction index for various starting
inventory levels for (a) CEC and (b) Q-function approximation. The mean demand was set at
λ = 10. All other parameters were identical to Tables 2 and 3.

the Q-function of the Bayesian MDP to make decisions. This approximation was built by taking an
expectation of the clairvoyant Q-function with respect to the current mixture-of-Gamma posterior.
While CEC decisions depend on the seller’s belief only through its expectation, Q-function approx-
imation utilizes the entire belief distribution in its calculations. Our numerical results suggest that
Q-function approximation can attain higher revenues than CEC.

We focused on Vickrey auctions in this paper. An alternative is to investigate first-price auctions
where the clearing price equals the winning bidder’s bid. The celebrated Revenue Equivalence
Theorem implies that Equation (1) also yields the seller’s revenue in a first-price auction with n
bidders and minimum bid b (see Propositions 1 and 2 in Riley and Samuelson [39], for instance). In
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a first-price auction, a bidder participates if and only if his private valuation exceeds the minimum
bid b also as in a Vickrey auction20. Owing to this revenue equivalence, our model and results
apply to a sequence of first-price auctions as well (this is consistent with Proposition 3 in Riley and
Samuelson [39] for a single auction).

One limitation of our model is the assumption that bidders across auctions are independent.
This assumption excludes repeat bidders. This assumption is standard in the literature reviewed
by Pinker et al. [35] who observed that the data gathered by Vakrat and Seidmann [46] supported
this assumption. Pinker et al. [35], Pinker et al. [36], Vulcano et al. [49], van Ryzin et al. [47], and
Chen et. al [10] all made this assumption and indicated that it can be justified if bidders do not
“lurk around” to bid in future auctions, if bidders are unaware of whether or not there will be any
future auctions, and if unsuccessful bidders simply leave to buy elsewhere. Indeed, Vulcano et al.
[49] commented that “such separation of buyers over time is typical in many industries that practice
revenue management.” Similarly, Pinker et al. [36] wrote “our modeling assumptions best suit a
situation in which consumers are shopping for an item, come to an auction, and if unsuccessful
go elsewhere to make the purchase. They do not know whether an auction will be repeated, or
when. They do not linger from one auction to the next because they need to make their purchase
(imagine an office manager trying to equip a new office with a computer or a fax machine).” Chen
et al. [10], based on the research in Goes et al. [17] and Pinker et al. [36], stated “unfortunately,
behavior of repeat bidders in later auctions, and in particular, the evolution of the corresponding
bid distributions is not yet well-understood” and hence did not consider repeat bidders. If and
when the behavior of repeat bidders is better-understood in the future, an extension of our model
that allows such bidders will be an interesting direction for further research. Unfortunately, we
believe that rigorous analytical results are unlikely in such a more difficult setting.

A possible direction for future research could focus on a seller who does not fully know the
bidders’ valuation distribution and wishes to learn it over a sequence of auctions while optimizing
minimum bids.
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Appendices

Appendix A Proofs of lemmas about the expected revenue func-
tion

A.1 Proof of Lemma 3.1

For n = 1, 2, . . ., we define functions χn(b) , p(n)ψn(b) = np(n)
1∫
b

(vθ(v) + Ω(v) − 1)Ωn−1(v)dv,

for all b ∈ [0, 1]. Thus, φ(b) =
∞∑
n=1

χn(b). Since θ(v) and Ω(v) are continuous over v ∈ [0, 1], the

integrand (vθ(v)+Ω(v)−1)Ωn−1(v) is continuous over v ∈ [0, 1]. Hence the integral
1∫
b

(vθ(v)+Ω(v)−

1)Ωn−1(v)dv is also continuous over b ∈ [0, 1] by Proposition 6.27 in [15]. Therefore, functions χn
are continuous over [0, 1] for each n. Note that the function |(vθ(v)+Ω(v)−1)| is continuous over the
compact interval [0, 1] and hence it is bounded. Let M̂ denote this bound. Moreover, 0 ≤ Ω(v) ≤ 1
for all v ∈ [0, 1]. Therefore, np(n)|(vθ(v)+Ω(v)−1)Ωn−1(v)| ≤ np(n)|(vθ(v)+Ω(v)−1)||Ωn−1(v)| ≤

np(n)M̂ . As a result, |χn(b)| ≤ np(n)
1∫
b

|(vθ(v) + Ω(v)− 1)Ωn−1(v)|dv ≤ np(n)M̂(1− b) ≤ np(n)M̂

for all b ∈ [0, 1]. Thus, as the series
∞∑
n=1

np(n)M̂ converges to M̂λ, the series φ(b) =
∞∑
n=1

χn(b)

converges uniformly over b ∈ [0, 1] by the Weierstrass M -test [2]. Then Theorem 31 on page 414
of [23] about continuity of uniformly convergent series of continuous functions implies that φ(b) is
continuous over [0, 1].

A.2 Proof of Lemma 3.2

Define ξn(b) , Ωn(b)p(n) for n = 1, 2, . . . and note that q(0, b) = p(0) +
∞∑
n=1

ξn(b). Notice that ξn(b)

is continuously differentiable over [0, 1] for each n, with un(b) , dξn
db = θ(b)nΩn−1(b)p(n). Now

consider the series
∞∑
n=1

un(b) of derivatives of ξn(b). Let 0 < M̄ < ∞ denote a bound on θ(b) over

b ∈ (0, 1). Such an M̄ exists and is finite because θ is continuous and [0, 1] is compact. Then each
term in the above series is non-negative, and is bounded above by M̄np(n) because 0 ≤ Ω(b) ≤ 1 for

all b ∈ [0, 1]. Furthermore,
∞∑
n=1

M̄np(n) = M̄λ. Thus the series of derivatives converges uniformly

over (0, 1) by the Weierstrass M -test (see Theorem 9.6 in [2]). Then by Theorem 33 on page 417 of

[23], q(0, b) = p(0)+
∞∑
n=1

ξn(b) is differentiable over the closed interval [0, 1] and its derivative equals

the series of derivatives. That is, (3) holds. The fact that this derivative is continuous over [0, 1]
follows by Theorem 31 on page 414 of [23] because each derivative in this uniformly convergent
series is a continuous function as θ and Ωn−1 are continuous.

A.3 Proof of Lemma 3.3

Recall from the proof of Lemma 3.1 that np(n)|(vθ(v)+Ω(v)−1)Ωn−1(v)| ≤ np(n)|(vθ(v)+Ω(v)−
1)||Ωn−1(v)| ≤ np(n)M̂ , and also that

∞∑
n=1

np(n)M̂ = M̂λ. Therefore, the series
∞∑
n=1

(vθ(v) + Ω(v)−
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1)nΩn−1(v)p(n) converges uniformly over v ∈ [0, 1], again, by Weierstrass M -test. As a result,
by Theorem 32 on page 415 in [23], we are allowed to interchange the order of summation and
integration in (2), and we get,

φ(b) =

1∫
b

(vθ(v) + Ω(v)− 1)

( ∞∑
n=1

nΩn−1(v)p(n)

)
dv

=

1∫
b

(
v − 1− Ω(v)

θ(v)

)( ∞∑
n=1

nΩn−1(v)θ(v)p(n)

)
dv =

1∫
b

J(v)
dq

dv
dv.

Here, the last equality follows from Lemma 3.2. This proves (4).

A.4 Proof of Lemma 3.4

The integrand J(v) dqdv in (4) equals (vθ(v) + Ω(v) − 1)

(
∞∑
n=1

nΩn−1(v)p(n)

)
and hence, again by

WeierstrassM -test, is a uniformly convergent series of continuous functions over [0, 1]. It is therefore
continuous over [0, 1]. Hence, by (a corollary of) the Second Fundamental Theorem of Calculus
(see Corollary 6.30 on page 170 of [15]), we get (5).

Appendix B Proof of Theorem 3.5

Proof of claim 1: The claim is trivially true for k = 1 because F 1(i) = 0 for all 0 ≤ i ≤ I.
Now consider the kth iteration. Suppose it is optimal to scrap y units in problem (10) when the
available inventory is i− 1. Then it is feasible to scrap y + 1 units when the available inventory is
i. Hence F k+1(i) ≥ s(y + 1) + Gk(i − y − 1) = s + sy + Gk(i − 1 − y) = s + F k+1(i − 1), since it
is optimal to scrap y units from i−1. This shows that ∆F k+1(i−1) = F k+1(i)−F k+1(i−1) ≥ s ≥ 0.

Proof of claims 2, 3, and 4: Note that F 1 is trivially concave because F 1(i) = 0 for all i. We
first prove that if F k is concave, then Gk is also concave. Then we establish that if Gk is concave,
then the threshold policy defined in claim 3 is optimal. Finally, we show that if this threshold
policy is optimal, then F k+1 is concave, thus completing the proof by induction.

For the first part, we need to show that ∆Gk(j) ≤ ∆Gk(j − 1) for all j ≥ 1. For j = 1, this
requires that Gk(2) ≤ 2G(1). To see that this holds, suppose minimum bid b∗ is optimal when
post-scrapping inventory is 2. Then

Gk(2) = −2h+ δφ(b∗) + δF k(1) + δq(0, b∗)∆F k(1)

≤ −2h+ δφ(b∗) + δF k(1) + δq(0, b∗)∆F k(0), (32)

where the inequality holds because ∆F k(1) ≤ ∆F k(0) as F k is concave. By using minimum bids
b∗ and 1 when post-scrapping inventory is 1, we respectively get,

Gk(1) ≥ −h+ δφ(b∗) + δq(0, b∗)∆F k(0), and

Gk(1) ≥ −h+ δφ(1) + δF k(0) + δq(0, 1)∆F k(0) = −h+ δF k(1),

because φ(1) = 0, F k(0) = 0, q(0, 1) = 1, and ∆F k(0) = F k(1). Adding the above two, we get,

2Gk(1) ≥ −2h+ δφ(b∗) + δF k(1) + δq(0, b∗)∆F k(0). (33)
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Comparing (32) and (33) we see that Gk(2) ≤ 2Gk(1). Now consider any post-scrapping inventory
level j ≥ 2. We need to show that ∆Gk(j) ≤ ∆Gk(j − 1). Suppose minimum bid b∗ is optimal in
j + 1 and minimum bid a∗ is optimal in j − 1. Then we have,

Gk(j + 1) = −h(j + 1) + δφ(b∗) + δF k(j) + δq(0, b∗)∆F k(j)

≤ −h(j + 1) + δφ(b∗) + δF k(j) + δq(0, b∗)∆F k(j − 1), (34)

Gk(j) ≥ −hj + δφ(b∗) + δF k(j − 1) + δq(0, b∗)∆F k(j − 1), (35)

Gk(j) ≥ −hj + δφ(a∗) + δF k(j − 1) + δq(0, a∗)∆F k(j − 1), and (36)

Gk(j − 1) = −h(j − 1) + δφ(a∗) + δF k(j − 2) + δq(0, a∗)∆F k(j − 2). (37)

Subtracting (35) from (34) yields

∆Gk(j) ≤ δ∆F k(j − 1), (38)

and subtracting (37) from (36) yields

∆Gk(j − 1) ≥ δ∆F k(j − 2)(1− q(0, a∗)) + δq(0, a∗)∆F k(j − 1)

≥ δ∆F k(j − 1)(1− q(0, a∗)) + δq(0, a∗)∆F k(j − 1) = δ∆F k(j − 1). (39)

Inequalities (38) and (39) imply that ∆Gk(j) ≤ ∆Gk(j − 1) as required.
Given that Gk is concave, the proof of existence of an optimal threshold scrapping policy as

defined in claim 3 and the proof of concavity of F k+1 are similar to the proofs of Lemma 3.10 and
Proposition 3.11 in [10]. We briefly reproduce them here using our notation for completeness.

To establish optimality of a threshold scrapping policy, it is convenient to define the Q-function
of dynamic programming as

Qk1(i, y) = sy +Gk(i− y),

for all 1 ≤ i ≤ I and all 0 ≤ y ≤ i. From (10) we know that F k+1(i) = max
0≤y≤i

Qk1(i, y). We consider

j∗k as defined in claim 3 and proceed in two steps. First, we prove that it is optimal to scrap zero
units from inventories j∗k −m ≤ j∗k for all 0 ≤ m ≤ j∗k − 1. Second, we show that it is optimal to
scrap n units from inventories j∗k +n ≤ I for 1 ≤ n ≤ I − j∗k . For the first part, let 1 ≤ y ≤ j∗k −m.
We have, Qk1(j∗k −m, y) = sy + Gk(j∗k −m − y), and Qk1(j∗k −m, 0) = Gk(j∗k −m). Notice that,
s ≤ Gk(j∗k −m− n)−Gk(j∗k −m− (n+ 1)), for 0 ≤ n ≤ y − 1 by definition of j∗k . Therefore,

Qk1(j∗k −m, 0)−Qk1(j∗k −m, y) = Gk(j∗k −m)−Gk(j∗k −m− y)− sy

≥ Gk(j∗k −m)−Gk(j∗k −m− y)−
y−1∑
n=0

[Gk(j∗k −m− n)−Gk(j∗k −m− (n+ 1))] = 0,

where the last equality follows because the sum is telescoping and equals Gk(j∗k−m)−Gk(j∗k−m−y).
This proves that Qk1(j∗k −m, 0) ≥ Qk1(j∗k −m, y) and hence it is optimal to scrap zero units. Now,
for the second part, let 0 ≤ m ≤ n− 1. We have, Qk(j∗k +n, n) = sn+Gk(j∗k) and Qk(j∗k +n,m) =
sm + Gk(j∗k + n − m). Now note that s ≥ Gk(j∗k + 1) − Gk(j∗k) ≥ Gk(j∗k + y) − Gk(j∗k + y − 1),
for all 1 ≤ y ≤ n −m. Here, the first inequality follows from the definition of j∗k and the second
inequality holds because Gk is concave. Therefore,

Qk1(j∗k + n, n)−Qk1(j∗k + n,m) = s(n−m) +Gk(j∗k)−Gk(j∗k + n−m)

≥
n−m∑
y=1

[Gk(j∗k + y)−Gk(j∗k + y − 1)] +Gk(j∗k)−Gk(j∗k + n−m) = 0,
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where the last equality follows because the sum is telescoping and equals Gk(j∗k +n−m)−Gk(j∗k).
This shows that

Qk1(j∗k + n, n) ≥ Qk1(j∗k + n,m), for m = 0, 1, . . . , n− 1. (40)

Now21 let 1 ≤ m ≤ j∗k and note that Qk1(j∗k + n, n + m) = s(n + m) + Gk(j∗k −m). Also observe
that s < Gk(j∗k − y)−Gk(j∗k − y − 1) for 0 ≤ y ≤ m− 1 by definition of j∗k . Therefore,

Qk1(j∗k + n, n)−Qk1(j∗k + n, n+m) = sn+Gk(j∗k)− s(n+m)−Gk(j∗k −m)

= Gk(j∗k)−Gk(j∗k −m)− sm > Gk(j∗k)−Gk(j∗k −m)−
m−1∑
y=0

[Gk(j∗k − y)−Gk(j∗k − y − 1)] = 0.

Thus, we have shown that

Qk1(j∗k + n, n) > Qk1(j∗k + n, n+m) for m = 1, 2, . . . , j∗k . (41)

Inequalities (40) and (41) imply that it is optimal to scrap n units from inventory j∗k + n. This
proves optimality of a threshold policy.

To establish concavity of F k+1, we need to prove that ∆F k+1(i) ≤ ∆F k+1(i− 1) for all i ≥ 1.
Consider any i ≥ 1 and the following two possibilities: (i) y = 0 is optimal in i− 1, and (ii) y > 0
is optimal in i− 1. Because a threshold policy is optimal, there are three sub-cases under the first
possibility: the first, where y = 0 is optimal in both i and i+ 1; the second, where y = 0 is optimal
in i but y = 1 is optimal in i + 1; and the third, where y = 1 is optimal in i and y = 2 is optimal
in i+ 1. In the first sub-case,

F k+1(i+ 1)− F k+1(i) = Gk(i+ 1)−Gk(i) ≤ Gk(i)−Gk(i− 1) = F k+1(i)− F k+1(i− 1).

In the second sub-case,

F k+1(i+ 1)− F k+1(i) = s+Gk(i)−Gk(i) = s ≤ Gk(i)−Gk(i− 1) = F k+1(i)− F k+1(i− 1),

where the inequality follows because y = 0 is optimal in i. In the third sub-case,

F k+1(i+ 1)− F k+1(i) = 2s+Gk(i− 1)− [s+Gk(i− 1)] = s = s+Gk(i− 1)−Gk(i− 1)

= F k+1(i)− F k+1(i− 1).

Because a threshold policy is optimal, there is only one sub-case under the second possibility,
wherein y + 1 is optimal in i and y + 2 is optimal in i+ 1. Therefore,

F k+1(i+ 1)− F k+1(i) = 2s+ sy +Gk(i− y − 1)−
[
s+ sy +Gk(i− y − 1)

]
= s

= s+ sy +Gk(i− y − 1)−
[
sy +Gk(i− y − 1)

]
= F k+1(i)− F k+1(i− 1).

This shows that F k+1 is concave and completes our proof of claims 2, 3, and 4.

Proof of claim 5: Consider the first iteration and any post-scrapping inventory j ≥ 1. Suppose
minimum bid b∗ is optimal in post-scrapping inventory j + 1. Then, since F 1 is identically zero,
we have,

G1(j + 1) = −h(j + 1) + δφ(b∗), and

21It suffices to only focus on j∗k ≥ 1 because if j∗k = 0, then (40) covers all possibilities.
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G1(j) ≥ −hj + δφ(b∗).

These two imply that ∆G1(j) ≤ −h < s, and therefore, the smallest inventory j ≥ 0 for which
∆G1(j) < s is either 0 or 1. That is, j∗1 equals either 0 or 1 as claimed. Now consider any iteration
k ≥ 2 and any post-scrapping inventory j ≥ 1. As before, suppose minimum bid b∗ is optimal in
post-scrapping inventory j + 1. Then

Gk(j + 1) = −h(j + 1) + δφ(b∗) + δF k(j) + δq(0, b∗)∆F k(j)

≤ −h(j + 1) + δφ(b∗) + δF k(j) + δq(0, b∗)∆F k(j − 1), and

Gk(j) ≥ −hj + δφ(b∗) + δF k(j − 1) + δq(0, b∗)∆F k(j − 1).

Subtracting, we get
∆Gk(j) ≤ −h+ δ∆F k(j − 1). (42)

Owing to the optimality of a threshold scrapping policy with threshold j∗k−1 in iteration k − 1, we

have, F k(j) = smax{0, j − j∗k−1}+Gk−1(j −max{0, j − j∗k−1}), and F k(j − 1) = smax{0, j − 1−
j∗k−1}+Gk−1(j− 1−max{0, j− 1− j∗k−1}) for all j ≥ 1. For all j ≥ j∗k−1 + 1, the above two reduce

to F k(j) = s(j − j∗k−1) +Gk−1(j∗k−1), and F k(j − 1) = s(j − 1− j∗k−1) +Gk−1(j∗k−1). Therefore, for

all such j, we have, ∆F k(j − 1) = s. Substituting this in (42) we have, ∆Gk(j) ≤ −h+ δs < s, for
all j ≥ j∗k−1 + 1. This shows that j∗k ≤ j∗k−1 + 1 as claimed. Finally, since j∗1 ≤ 1, this inductively
implies that j∗k ≤ k.

Proof of claim 6: The proof proceeds by induction on k. The claim trivially holds for k = 1
because F 1(i) = 0 for all i. Suppose the claim holds for some k. Let b∗ be an optimal minimum
bid in post-scrapping inventory 1 in iteration k. Then we have,

∆F k+1(0) = F k+1(1) = max{s,Gk(1)} = max{s,−h+ δφ(b∗) + δq(0, b∗)∆F k(0)}
≤ max{s,−h+ δ(φ(b∗) + q(0, b∗))},

where the inequality holds because F k(0) ≤ 1 by the inductive hypothesis. Now observe that
φ(b∗) ≤ 1−q(0, b∗) because the probability that at least one bidder with private valuation more than
b∗ posts a bid is 1−q(0, b∗) and the expected revenue from an auction with at least one posted bid is
at most 1. Substituting this in the above upper bound, we get ∆F k+1(0) ≤ max{s,−h+δ} < 1. Fi-
nally, since F k+1 is concave by claim 4, we know that ∆F k+1(i−1) ≤ ∆F k+1(0) ≤ max{s,−h+δ} <
1 for all i ≥ 1. This restores the inductive hypothesis thus completing the proof.

Proof of claim 7: For all 1 ≤ j ≤ I, we define the Q-function of dynamic programming as

Qk2(j; b) , −hj + δφ(b) + δF k(j − 1) + δq(0, b)∆F k(j − 1), (43)

and note from (11) that Gk(j) = max
b∈[0,1]

Qk2(j; b). We first prove an intermediate lemma.

Lemma B.1. For each fixed 1 ≤ j ≤ I, the Q-function defined in (43) above is continuous over
[0, 1] and continuously differentiable with respect to b over (0, 1). Its derivative is given by

dQk2
db

= δ
dq

db

(
∆F k(j − 1)− J(b)

)
. (44)
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Proof. Continuity over [0, 1] and continuous differentiability over (0, 1) follows from (43) and Lem-
mas 3.2 and 3.4. Also note from (5) and (43) that

dQk2
db

= δ
dφ

db
+ δ

dq

db
∆F k(j − 1) = −δJ(b)

dq

db
+ δ

dq

db
∆F k(j − 1). (45)

That is, (44) holds.

Now we return to the proof of claim 7. Fix any post-scrapping inventory 1 ≤ j ≤ I. As Ω is
strictly increasing over [0, 1], Ω(0) = 0, and Ω(1) = 1, we know that 0 < Ω(b) < 1 for all b ∈ (0, 1).

Moreover, since θ(b) > 0 for all b ∈ (0, 1), 1−Ω(b)
θ(b) > 0. Therefore, J(b) = b − 1−Ω(b)

θ(b) < b. Since

θ(b)
∞∑
n=1

npnΩn−1(b) > 0 for all b ∈ (0, 1), we have, from (3) and (44) that

dQk2
db

> δ[∆F k(j − 1)− b]
(
θ(b)

∞∑
n=1

npnΩn−1(b)
)
, for all b ∈ (0, 1).

Thus, there exists a closed interval, say [0,∆F k(j − 1)/2], such that Q2k2(j, ·) is continuous at

the end-points of this interval, and
dQk2
db strictly positive in the interior of this interval. Thus, by

Theorem 5.14 (a) in [2], Q2k2(j, ·) is strictly increasing over this closed interval. In particular, it is
strictly increasing at b = 0 and hence b = 0 cannot maximize Qk2(j, b).

Now we show that a minimum bid of 1 cannot be optimal. First assume that at least one of
s and h is strictly positive. Suppose there is an inventory level i ≥ 1 from which we scrap y < i
units, and then set the minimum bid at 1. Let Ak+1(i) be the corresponding discounted expected
profit. Then substituting this scrapping decision in the right hand side of (10), and substituting
b = 1, φ(1) = 0 from (2), and Ω(1) = 1 in the right hand side of (11), we get

Ak+1(i) = sy − h(i− y) + δF k(i− y). (46)

Let k −m < k be the most recent iteration in which it was optimal either (i) to scrap a positive
number of units (call this number z > 0) from inventory i−y, or (ii) to scrap 0 units from inventory
i − y and then use a minimum bid strictly smaller than 1 (call this minimum bid b). Note that
such an iteration does exist because, owing to the fact that F 1(j) = 0 for all j, it is optimal either
to scrap a positive number of units or to use a minimum bid strictly smaller than 1 in inventory
i− y in the first iteration. In the first case, it is optimal to scrap 0 units and then set the minimum
bid at 1 in inventory i − y in iterations k − 1, k − 2, . . . , k −m + 1. Substituting this sequence of
decisions in (46), we get,

Ak+1(i) = sy − h(i− y)(1 + δ + δ2 + . . .+ δm−1) + δm(sz +Gk−m(i− y − z)). (47)

Now consider an alternative sequence of decisions whereby y+ z units are scrapped from inventory
i in iteration k, minimum bid22 is set to 1 in post-scrapping inventory i − y − z in iterations
k, k−1, . . . , k−m, and no units are scrapped from inventory i−y−z in iterations k, k−1, . . . , k−m.
This implies that

F k+1(i) ≥ s(y + z)− h(i− y − z)(1 + δ + δ2 + . . .+ δm−1) + δmGk−m(i− y − z)
> sy − h(i− y)(1 + δ + δ2 + . . .+ δm−1) + δm(sz +Gk−m(i− y − z)) = Ak+1(i),

22This assumes that i−y−z > 0. If not, the strict inequality below still holds because in that case, Gk(i−y−z) =
Gk(0) = 0.
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where the last strict inequality holds because at least one of s and h is strictly positive. This shows
that scrapping y < i units from inventory i and then setting the minimum bid at 1 cannot be
optimal. In order to investigate the second case, we need an intermediate lemma.

Lemma B.2. For any k = 1, 2, . . ., we have, ∆F k+1(i− 1) ≥ −h+ δ∆F k(i− 1) for all i ≥ 1.

Proof. Consider iteration k. Let i ≥ 2 and suppose it is optimal to scrap y−1 ≥ 0 units in inventory
i− 1. Then it is feasible to scrap y − 1 units in inventory i. Hence, we have, F k+1(i) ≥ s(y − 1) +
Gk(i−y+1), and F k+1(i−1) = s(y−1)+Gk(i−y). Thus, ∆F k+1(i−1) ≥ ∆Gk(i−y) ≥ ∆Gk(i−1),
where the last inequality holds because Gk is concave by claim 2. Now suppose that minimum bid
b is optimal in post-scrapping inventory i− 1. Then,

Gk(i) ≥ −hi+ δφ(b) + δF k(i− 1) + δq(0, b)∆F k(i− 1), and (48)

Gk(i− 1) = −h(i− 1) + δφ(b) + δF k(i− 2) + δq(0, b)∆F k(i− 2). (49)

Subtracting (49) from (48) we get,

∆Gk(i− 1) ≥ −h+ δ∆F k(i− 2)(1− q(0, b)) + δq(0, b)∆F k(i− 1) ≥ −h+ δ∆F k(i− 1),

where the last inequality holds because ∆F k(i− 2) ≥ ∆F k(i− 1) as F k is concave. Consequently,
∆F k+1(i − 1) ≥ −h + δ∆F k(i − 1). Finally, by using minimum bid 1 in post-scrapping inventory
1, we get, ∆F k+1(0) = F k+1(1) ≥ Gk(1) ≥ −h+ δφ(1) + δF k(0) + δ∆F k(0) = −h+ δ∆F k(0).

In the second case, it is optimal to scrap 0 units from inventory i − y in iterations k − 1, k −
2, . . . , k −m + 1, k −m, set the minimum bid at 1 in post-scrapping inventory i − y in iterations
k − 1, k − 2, . . . , k − m + 1, and set the minimum bid at b in post-scrapping inventory i − y in
iteration k −m. Substituting this in (46) we get,

Ak+1(i) = sy−h(i−y)(1+δ+. . .+δm)+δm+1(φ(b)+F k−m(i−y−1)+q(0, b)∆F k−m(i−y−1)). (50)

Now consider an alternate decision where the minimum bid is set at b in post-scrapping inventory
i− y in iteration k. We then get,

F k+1(i) ≥ sy − h(i− y) + δφ(b) + δF k(i− y − 1) + δq(0, b)∆F k(i− y − 1). (51)

By repeated application of Lemma B.2, we obtain,

∆F k(i− y − 1) ≥ −h(1 + δ + . . .+ δm−1) + δm∆F k−m(i− y − 1). (52)

Also observe from Lemma B.2 and the fact F k(0) = 0, that

F k(i− y − 1) =

i−y−2∑
j=0

∆F k(j) ≥
i−y−2∑
j=0

(−h+ δ∆F k−1(j)) = −h(i− y − 1) + δF k−1(i− y − 1).

Then using this repeatedly, we get,

F k(i− y − 1) ≥ −h(i− y − 1)(1 + δ + . . .+ δm−1) + δmF k−m(i− y − 1). (53)

Substituting (52) and (53) in (51) yields

F k+1(i) ≥ sy − h(i− y) + δφ(b)− h(i− y − 1)(δ + δ2 + . . .+ δm) + δm+1F k−m(i− y − 1)
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− hq(0, b)(δ + δ2 + . . .+ δm) + q(0, b)δm+1∆F k−m(i− y − 1)

≥ sy − h(i− y) + δφ(b)− h(i− y − 1)(δ + δ2 + . . .+ δm) + δm+1F k−m(i− y − 1)

− h(δ + δ2 + . . .+ δm) + q(0, b)δm+1∆F k−m(i− y − 1)

= sy − h(i− y)[1 + δ + δ2 + . . .+ δm] + δφ(b)

+ δm+1F k−m(i− y − 1) + δm+1q(0, b)∆F k−m(i− y − 1)

> sy − h(i− y)[1 + δ + δ2 + . . .+ δm] + δm+1φ(b)

+ δm+1F k−m(i− y − 1) + δm+1q(0, b)∆F k−m(i− y − 1) = Ak+1(i)

from (50) because φ(b) > 0 as b < 1. Thus it cannot be optimal to scrap y < i units from inventory
i and then set the minimum bid at 1.

Now suppose that s = h = 0. Then, it is not optimal to scrap any units. Suppose it is optimal
to set the minimum bid at 1 when the inventory level is i in iteration k. Then there must exist
an earlier iteration in which it is not optimal to set the minimum bid at 1 in inventory i. So let
k −m < k be the most recent such iteration and let minimum bid b∗ be optimal in inventory i in
that iteration. Therefore, from (10) and (11), we have,

F k+1(i) = δF k(i) = . . . = δmF k−m+1(i) = δm
(
δφ(b∗) + δF k−m(i− 1) + δq(0, b∗)∆F k−m(i− 1)

)
.

Now consider an alternative sequence decisions where minimum bid b∗ is used in inventory i in
iteration k, the minimum bid is set to 1 in inventories i and i−1 in iterations k−1, k−2, . . . , k−m,
and minimum bids are chosen optimally in all earlier iterations in all inventories. Let Bk+1(i) be
the corresponding discounted expected profit. Then we have,

Bk+1(i) = δφ(b∗) + δm+1F k−m(i− 1) + δm+1q(0, b∗)∆F k−m(i− 1).

Since φ(b∗) > 0 as b∗ < 1, the above two expressions imply that Bk+1(i) > F k+1(i), which is a
contradiction to the definition of F k+1(i). Therefore, our original assumption that minimum bid 1
is optimal in inventory i in iteration k must be wrong.

Proof of claim 8: Since bkj ∈ (0, 1), the derivative of Qk2 must vanish at bkj . That is, we must have

from (44) that J(bkj ) = ∆F k(j − 1).

Proof of claim 9: It is clear that (13) has a unique solution if J is strictly increasing. It is also

easy to see from (44) that
dQk2
db > 0 if J(b) < ∆F k(j− 1), and

dQk2
db < 0 if J(b) > ∆F k(j− 1). When

J is strictly increasing, this means that Qk2 is (i) initially strictly increasing, (ii) maximized at the
unique solution of (13), and (iii) strictly decreasing thereafter.

Proof of claim 10: Consider two post-scrapping inventory levels j1 > j2 ≥ 1 and corresponding
optimal minimum bids bkj1 ∈ (0, 1) and bkj2 ∈ (0, 1), respectively. By the first order necessary

condition (13) and concavity of F k, we have,

J(bkj1) = ∆F k(j1 − 1) ≤ ∆F k(j2 − 1) = J(bkj2).

This implies that bkj1 ≤ b
k
j2

because J is strictly increasing.

Proof of claim 11: As stated earlier, when J is strictly increasing, the optimal minimum bid b∗ in
a single auction is characterized by the equation J(b∗) = 0, whereas in our sequential auctions it is
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defined by the equation J(bkj ) = ∆F k(j−1) for all j ≥ 1. Since the marginal values ∆F k(j−1) ≥ 0,

and since J is strictly increasing, this implies bkj ≥ b∗.

Proof of claim 12: Equation (14) follows after recalling that Gk(j) = Qk2(j, bkj ) since bkj is optimal,

and then substituting bkj in (43).

Appendix C Proofs of sensitivity analysis results

C.1 Proof of Proposition 4.1

Let Gh1 and Gh2 denote the post-scrapping optimal value functions, when holding costs are h1 and
h2, respectively. Similarly for Fh1 and Fh2 . We prove that

∆Gh1(j) ≤ ∆Gh2(j), for all j ≥ 0, (54)

and
∆Fh1(i) ≤ ∆Fh2(i), for all i ≥ 0. (55)

Inequality (54) implies that j∗h1
≤ j∗h2

. This can be established via a proof by contradiction. Toward
this end, suppose not. That is, j∗h1

> j∗h2
. Then there exists a j, with j∗h1

≥ j ≥ j∗h2
, such that

either ∆Gh1(j) > s ≥ ∆Gh2(j) or ∆Gh1(j) ≥ s > ∆Gh2(j). Both these possibilities contradict (54)
hence establishing our claim. Now inequality (55) implies that b∗j (h1) ≤ b∗j (h2) by (13) because J
is strictly increasing. To prove (54) and (55), we use value iteration.

Consider the kth iteration of our structured value iteration algorithm and letGkh1
andGkh2

denote
the post-scrapping value functions for inventory holding costs h1 and h2, respectively. Similarly for
F kh1

and F kh2
. We use induction on k to prove that, for all k,

∆Gkh1
(j) ≤ ∆Gkh2

(j), for all j ≥ 0, (56)

and
∆F kh1

(i) ≤ ∆F kh2
(i), for all i ≥ 0. (57)

These imply that (54) and (55) hold because functions Gh1 , Gh2 , Fh1 , and Fh2 are limits of functions
Gkh1

, Gkh2
, F kh1

, and F kh2
as k →∞.

First note that (57) holds when k = 1 because F 1(i) = 0 for all i ≥ 0. Suppose (57) holds in
iteration k. To establish (56) in iteration k, we need to show that

Gkh1
(j + 1)−Gkh1

(j) ≤ Gkh2
(j + 1)−Gkh2

(j), for all j ≥ 0. (58)

Let j ≥ 1. Suppose minimum bid b∗ is optimal in iteration k in post-scrapping inventory j + 1
when holding cost is h1, and suppose minimum bid a∗ is optimal in iteration k in post-scrapping
inventory j when holding cost is h2. Then we have,

Gkh1
(j + 1) = −h1(j + 1) + δφ(b∗) + δF kh1

(j) + δq(0, b∗)∆F kh1
(j), (59)

Gkh1
(j) ≥ −h1j + δφ(a∗) + δF kh1

(j − 1) + δq(0, a∗)∆F kh1
(j − 1), (60)

Gkh2
(j + 1) ≥ −h2(j + 1) + δφ(b∗) + δF kh2

(j) + δq(0, b∗)∆F kh2
(j), (61)

Gkh2
(j) = −h2j + δφ(a∗) + δF kh2

(j − 1) + δq(0, a∗)∆F kh2
(j − 1). (62)

Subtracting (60) from (59) we get,

∆Gkh1
(j) ≤ −h1 + δ(φ(b∗)− φ(a∗)) + δ(1− q(0, a∗))∆F kh1

(j − 1) + δq(0, b∗)∆F kh1
(j). (63)
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Subtracting (62) from (61) yields,

∆Gkh2
(j) ≥ −h2 + δ(φ(b∗)− φ(a∗)) + δ(1− q(0, a∗))∆F kh2

(j − 1) + δq(0, b∗)∆F kh2
(j)

≥ −h1 + δ(φ(b∗)− φ(a∗)) + δ(1− q(0, a∗))∆F kh1
(j − 1) + δq(0, b∗)∆F kh1

(j) (64)

≥ Gkh1
(j + 1)−Gkh1

(j) from (63).

Here, (64) follows because h1 > h2, ∆F kh2
(j − 1) ≥ ∆F kh1

(j − 1), and ∆F kh2
(j) ≥ ∆F kh1

(j). Now,

when j = 0, (58) reduces to requiring that Gkh1
(1) ≤ Gkh2

(1), because Gkh1
(0) = Gkh2

(0) = 0. To
see that this holds, suppose that b∗ is optimal in iteration k when post-scrapping inventory is
1 and inventory cost is h1, and that a∗ is optimal in iteration k when post-scrapping inventory
is 1 and inventory cost is h2. Then, Gkh1

(1) = −h1 + δφ(b∗) + δq(0, b∗)∆F kh1
(0), and Gkh2

(1) ≥
−h2 +δφ(b∗)+δq(0, b∗)∆F kh2

(0) ≥ −h1 +δφ(b∗)+δq(0, b∗)∆F kh1
(0) = Gkh1

(1). This establishes (56).
Let j∗k(h1) and j∗k(h2) denote the optimal scrapping thresholds in iteration k when holding costs

are h1 and h2, respectively. By the definition of these thresholds, (56) implies that j∗k(h1) ≤ j∗k(h2).
Consider any inventory i ≥ 0. There are three possibilities: (i) i+ 1 ≤ j∗k(h1), (ii) j∗k(h1) < i+ 1 ≤
j∗k(h2), and (iii) j∗k(h2) < i+ 1.

In the first case, it is optimal to scrap 0 units from i and i + 1 irrespective of whether the
inventory cost is h1 or h2. Therefore, F k+1

h1
(i + 1) = Gkh1

(i + 1) and F k+1
h1

(i) = Gkh1
(i). Similarly,

F k+1
h2

(i + 1) = Gkh2
(i + 1) and F k+1

h2
(i) = Gkh2

(i). These facts imply that ∆F k+1
h1

= ∆Gkh1
(i) and

∆F k+1
h2

= ∆Gkh2
(i). Then (56) implies that ∆F k+1

h1
(i) ≤ ∆F k+1

h2
(i).

In the second case, it is optimal to scrap i−j∗k(h1) ≥ 0 units from i and scrap i+1−j∗k(h1) units
from i + 1 when the holding cost is h1. Also, it is optimal to scrap 0 units from inventories i and
i+ 1 when the holding cost is h2. These observations imply that F k+1

h1
(i+ 1) = s(i+ 1− j∗k(h1)) +

Gkh1
(j∗k(h1)) and F k+1

h1
(i) = s(i− j∗k(h1)) +Gkh1

(j∗k(h1)). They also yield F k+1
h2

(i+ 1) = Gkh2
(i+ 1)

and F k+1
h2

(i) = Gkh2
(i). Consequently, ∆F k+1

h1
(i) = s and ∆F k+1

h2
(i) = ∆Gkh2

(i). This implies that

∆F k+1
h1

(i) < ∆F k+1
h2

(i) because ∆Gkh2
(i) > s by the definition of j∗k(h2) since i+ 1 ≤ j∗k(h2).

In the third case, it is optimal to scrap i− j∗k(h1) ≥ 0 units from i and to scrap i+ 1− j∗k(h1)
units from i + 1 when the holding cost is h1. Also, it is optimal to scrap i − j∗k(h2) ≥ 0 units
from i and to scrap i + 1 − j∗k(h2) units from i + 1 when the holding cost is h2. This means that
F k+1
h1

(i + 1) = s(i + 1 − j∗k(h1)) + Gkh1
(j∗k(h1)), F k+1

h1
(i) = s(i − j∗k(h1)) + Gkh1

(j∗k(h1)), F k+1
h2

(i +

1) = s(i + 1 − j∗k(h2)) + Gkh2
(j∗k(h2)), and F k+1

h2
(i) = s(i − j∗k(h2)) + Gkh2

(j∗k(h2)). Consequently,

∆F k+1
h1

(i) = ∆F k+1
h2

(i) = s. Thus, (57) holds in iteration k + 1 in all three cases.

C.2 Proof of Proposition 4.2

In any fixed post-scrapping inventory level j, the effect of scrap-price can be viewed as a sunk value,
and as a result, the scrap-price has no effect on b∗j . This also holds for the post-scrapping value
function G(j). In particular, s2 ≥ ∆G(j) implies that s1 > ∆G(j) because s1 > s2. Consequently,
if it is optimal to scrap the j + 1st unit when the scrap-price is s2, then it is also optimal to scrap
this unit when the scrap price is s1. That is, j∗s1 ≤ j

∗
s2 .

Appendix D Proofs of lemmas about Q-function approximation

D.1 Proof of Lemma 5.3

The i = 0 case holds trivially because Fλ(0) = 0 for all λ. We therefore focus on i ≥ 1. Consider
any λ1 > λ2 > 0. We need to show that Fλ1(i) ≥ Fλ2(i). Let j∗λ2

be the scrapping threshold for
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λ2. For any post-scrapping inventory level j ≥ 1, let b∗j (λ) be the optimal minimum bid when the
mean demand is λ. Similarly, let Tj(λ; b) the first successful auction (so that the inventory drops
to j − 1) when the mean demand is λ and the minimum bid is set at b ∈ [0, 1] in all auctions until
the inventory drops. Thus, we have,

Fλ2(i) = smax(i− j∗λ2
, 0) + E

( j∗λ2∑
j=1

[
−hj(1− δTj(λ2;b∗j (λ2)))

1− δ
+ δTj(λ2;b∗j (λ2))φλ2(b∗j (λ2))

])
,

and

Fλ1(i) ≥ smax(i− j∗λ2
, 0) + E

( j∗λ2∑
j=1

[
−hj(1− δTj(λ1;b∗j (λ2)))

1− δ
+ δTj(λ1;b∗j (λ2))φλ1(b∗j (λ2))

])
.

A careful glance at the above two expressions shows that it suffices to prove that

E
(
δTj(λ1;b∗j (λ2))

[
hj/(1− δ) + φλ1(b∗j (λ2))

])
≥ E

(
δTj(λ2;b∗j (λ2))

[
hj/(1− δ) + φλ2(b∗j (λ2))

])
(65)

for each 1 ≤ j ≤ j∗λ2
. In fact, we first claim that φλ1(b) ≥ φλ2(b) for any b ∈ [0, 1], and in

particular, φλ1(b∗j (λ2)) ≥ φλ2(b∗j (λ2)). This follows from the definition of φλ(b), which is that
φλ(b) = ENψλ(N, b), because ψ is an increasing nonnegative function and the Poisson random
variable Nλ is stochastically increasing in λ. Thus, in order to prove (65), it only remains to prove
that

E
(
δTj(λ1;b∗j (λ2))

)
≥ E

(
δTj(λ2;b∗j (λ2))

)
.

In fact, we prove the stronger claim that

E
(
δTj(λ1;b)

)
≥ E

(
δTj(λ2;b)

)
(66)

for any b ∈ [0, 1]. Now observe that Tj(λ; b) is a geometric random variable with probability mass
function P (Tj(λ; b) = t) = (qλ(b))t−1(1− qλ(b)) for t = 1, 2, . . .. Therefore,

E
(
δTj(λ;b)

)
=

∞∑
t=1

δt(qλ(b))t−1(1− qλ(b)) = δ(1− qλ(b))

∞∑
t=1

(δqλ(b))t−1 =
δ(1− qλ(b))

(1− δqλ(b))

= 1− 1− δ
(1− δqλ(b))

.

As a result, (66) holds if and only if qλ2(n) ≥ qλ1(b), that is, if and only if e−λ2(1−Ω(b)) ≥ e−λ1(1−Ω(b)).
This last inequality clearly holds because (1−Ω(b)) ≥ 0 for all b ∈ [0, 1] and λ1 ≥ λ2. This completes
the proof for Fλ(i).

The proof for Gλ(i) is similar and hence is omitted.

D.2 Proof of Lemma 6.2

By induction on i. First note that the result holds when i = 0 because Fλ(0) = 0 for all λ and
δ(1−δ0)

1−δ = 0. Now suppose as the inductive hypothesis that the claim holds for i− 1 for some i ≥ 1.
Also note, for any fixed b ∈ [0, 1), that

lim
λ→∞

φλ(b) = 1. (67)
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Fix any b ∈ (0, 1); say b = 0.5. Then, (31) implies that Fλ(i) ≥ δφλ(0.5) + δFλ(i − 1) +
δqλ(0.5)∆Fλ(i − 1) ≥ δφλ(0.5) + δFλ(i − 1). Let b∗i (λ) denote an optimal minimum bid in in-
ventory i. Then, (31) implies that Fλ(i) = δφλ(b∗i (λ)) + δFλ(i − 1) + δqλ(b∗i (λ))∆Fλ(i − 1) ≤
δ + δFλ(i − 1) + δqλ(b∗i (λ))∆Fλ(i − 1). This inequality follows because φλ(b∗i (λ)) ≤ 1. The above
upper bound is further bounded above by δ + δFλ(i − 1) + δqλ(b∗i (λ)) because ∆Fλ(i − 1) < 1
as a consequence of claim 6 in Theorem 3.5. Now notice that b∗i (λ) = (1 + ∆Fλ(i − 1))/2 as a
consequence of claim 8 in Theorem 3.5, and as a result, b∗i (λ) ≤ (1 + δ)/2 by claim 6 in Theo-
rem 3.5. This implies that qλ(b∗i (λ)) = e−λ(1−b∗i (λ)) ≤ e−λ(1−(1+δ)/2). As a result, we finally have,
Fλ(i) ≤ δ + δFλ(i− 1) + δe−λ(1−(1+δ)/2). In summary, we have shown that

δφλ(0.5) + δFλ(i− 1) ≤ Fλ(i) ≤ δ + δFλ(i− 1) + δe−λ(1−(1+δ)/2).

Now taking the limits as λ → ∞, and using the inductive hypothesis and (67), we see that the

lower bound and the upper bound both converge to δ(1−δi)
1−δ . Thus, Fλ(i) must converge to this

same limit and this restores the inductive hypothesis.
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