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Abstract

A robust optimization framework for countably infinite linear programs (CILPs) is developed.
It is shown that a particular robust counterpart of a nominal CILP can be reformulated as
another CILP. A bound on the probability of constraint violation is derived. A convergent
algorithm for solving this robust CILP is proposed. Results are applied to a dynamic resource
allocation problem.

1 Introduction

Countably infinite linear programs (CILPs) are infinite-dimensional linear programs (LPs) that
include a countable number of variables and a countable number of constraints [2, 17, 18]. CILPs
arise in infinite-horizon planning applications such as production planning, equipment replacement,
and capacity expansion [21, 23, 33]. Special cases of CILPs include minimum cost flow problems
on infinite networks [29, 35]; infinite horizon stochastic programs [19]; and LP formulations of
countable-state Markov decision processes (MDPs) [18, 24, 28, 32].

The area of robust optimization in finite-dimensional LPs has seen a considerable research
activity [6, 7, 10, 36]. Papers in this area attempt to account for the uncertainty in the LP’s input
data by proposing solutions that are immune, at least to some extent, to this uncertainty. For
instance, the classic approach in Soyster [36] proposed a robust LP whose solution is feasible to the
original LP (often called the nominal problem) as long as its data parameters remained in a convex
set. This method is now often seen as perhaps too conservative because it sacrifices a lot in terms
of the objective value in the nominal problem to ensure robustness. Ben-Tal and Nemirovski [6]
attempted to address this concern about conservatism by studying LPs with ellipsoidal uncertainty.
However, the resulting robust counterpart of the nominal LP was a conic quadratic problem that
was computationally more challenging than the earlier robust LP of Soyster. Bertsimas and Sim
[10] proposed a novel way to model data uncertainty such that the resulting robust counterpart was
also an LP and hence it retained the computational advantage of Soyster’s method. The key to this
result was the observation that the value of the so-called constraint protection function according
to this model of uncertainty was equal to the optimal objective value in an LP. Then, by strong
duality, the protection function was replaced by the dual of this LP to obtain the robust LP. A
particularly appealing feature of the Bertsimas and Sim approach was that it provided “full control
on the degree of conservatism for every constraint.”

Robust optimization has also been studied, for example, in the context of convex programming
problems [5], least-squares problems [13], semidefinite programming problems [14], and dynamic
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programming problems [22, 27]. Excellent surveys of the literature on robust optimization are
available in Beyer and Sendhoff [12]; Ben-Tal et al. [4]; and Bertsimas et al. [9].

To the best of our knowledge, a robust optimization framework for CILPs is currently missing.
The goal of this paper therefore is to develop such a framework. Specifically, in light of the
aforementioned benefits of the Bertsimas and Sim approach for finite-dimensional LPs, our hope is
to extend it here to CILPs. To attain this goal, a few hurdles must first be overcome. For instance,
owing to well-known pathologies in the linear vector space of all sequences, where CILPs reside,
weak duality, complementary slackness and strong duality may fail. Several examples where this
occurs have been reported over the last few decades [16, 26, 30, 31]. In particular, Martin et al. [26]
have recently shown that if one requires the existence of an interior point in the primal problem,
which is known to be a sufficient condition for strong duality, one cannot write the dual problem
using the transpose of the primal constraint matrix. Thus, it is often difficult, or in fact impossible,
to choose appropriate sequence spaces to embed the primal and the dual problems if one wishes
to use standard interior point sufficient conditions for strong duality. We overcome this hurdle by
exploiting the problem structure afforded by our extension of the Bertsimas and Sim uncertainty
model. Specifically, we establish the requisite duality results so that our protection function, which
equals the optimal value of an infinite-dimensional, non-linear, combinatorial optimization problem,
can be rewritten as a CILP. This allows us to equivalently rewrite our robust problem as a CILP. The
Bertsimas and Sim bound on the probability of constraint violation is extended to our robust CILP.
We also provide sufficient conditions under which a natural algorithm that solves finite-dimensional
truncations of this robust CILP converges in value to the robust CILP.

This paper is organized as follows. We present our nominal CILP and its robust counterpart
in the next section. In Section 3, we establish the requisite duality results so that our robust
problem can be equivalently reformulated as a CILP. A bound on the probability that a solution
to this robust CILP violates a constraint in the original CILP is derived in Section 4. A convergent
solution algorithm for this robust CILP is discussed in Section 5. These results are applied to a
prototypical dynamic resource allocation problem in Section 6.

2 Nominal and robust formulations

Throughout this paper, we interpret the symbol , to mean “defined as.” The symbol b·c is reserved
for the floor operator, which yields the largest integer no bigger than the operator’s argument.
Similarly, d·e is the ceiling operator, which yields the smallest integer no smaller than the operator’s
argument. The notation S̄ denotes the largest element of any non-empty finite set S of positive
integers. Finally, # denotes set cardinality, and the symbol || · || with appropriate subscripts will be
used to denote various norms on sequence spaces. We first describe a nominal CILP formulation.

2.1 Nominal formulation

Let N , {1, 2, . . .} denote the set of all natural numbers, and let <N denote the space of all real-
valued sequences. Let b, c ∈ <N be given sequences that we assume to be known with certainty
throughout this paper as is standard in robust optimization in finite-dimensional LPs. For i =
1, 2, . . ., let Ai· , (ai1, ai2, . . .) ∈ <N be the ith row of a given doubly-infinite matrix A. In this
section, entries of this doubly-infinite matrix will be seen as the nominal input data that will be
subject to uncertainty in Section 2.2.

The first task is to define an appropriate linear subspace of <N to embed the variables in the
nominal CILP. Toward this end, let X ⊆ <N be the subset of all sequences x ∈ <N for which
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C1. the series C(x) ,
∞∑
j=1

cjxj converges; and

C2. for each i, we have,
∞∑
j=1
|aij ||xj | <∞.

Lemma 2.1. The subset X of sequences in <N is a linear subspace of <N.

Proof. Let α, β be any two real numbers, and let x1, x2 ∈ X. Then, C(αx1 + βx2) = αC(x1) +

βC(x2) converges. Similarly,
∞∑
j=1
|aij ||αx1

j + βx2
j | ≤

∞∑
j=1
|α||aij ||x1

j | +
∞∑
j=1
|β||aij ||x2

j | < ∞. Thus,

αx1 + βx2 satisfies C1 and C2; hence, it is in X. This proves the claim (see the definition of a
subspace in Section 2.3 of [25]).

Suppose u ∈ X and v ∈ X are two given sequences and consider the following nominal CILP

(P ) V (P ) = sup

∞∑
j=1

cjxj (1)

∞∑
j=1

aijxj ≤ bi, i = 1, 2, . . . , (2)

uj ≤ xj ≤ vj , j = 1, 2, . . . , (3)

x ∈ X. (4)

Let F ⊆ X denote the set of sequences x ∈ X that are feasible to (P ). We use the product
topology on X in this paper. Thus, for instance, a sequence x(n) ∈ X converges to x̄ ∈ X if each
real-valued component xj(n) converges to the corresponding real-valued component x̄j in the usual
sense in <. This product topology, being a countable product of the usual metrizable topology on
<, is itself metrizable (see Theorem 3.36 in [1]). For instance, it is shown in Theorem 3.36 in [1]
that this product topology is induced by the metric

∞∑
j=1

1

2j
|x1
j − x2

j |
1 + |x1

j − x2
j |
, (5)

where |x1
j−x2

j | denotes the distance (absolute value of the difference) between the jth components of

two sequences x1, x2 ∈ <N. We assume that the series C(x) in the objective function is continuous
in this product topology over the set {x ∈ X : uj ≤ xj ≤ vj , ∀j}. Similarly, we assume that,

for each i, the series Ai·(x) ,
∞∑
j=1

aijxj in constraint (2) is continuous over this set. Under these

assumptions, one can show, using the Tychonoff product theorem (see Theorem 2.61 in [1]) that F
is compact in the product topology on X, and also that (P ) has an optimal solution (see Corollary
2.35 in [1]). This proof uses an argument similar to that in the proof of Proposition 2.7 in Ghate et
al. [17] and hence the details are omitted here. Before proceeding, however, we make an observation
that will be helpful in some of our proofs later: metrizability of the product topology as described
above implies that any sequence in a compact set has a convergent subsequence (see Theorem 3.28
in [1]).

Ghate [15], Ghate et al. [17], and Ghate and Smith [18] discussed several applications of
CILPs where conditions C1 and C2 as well as the aforementioned continuity assumptions hold. For
instance, a typical scenario where this occurs in infinite-horizon planning problems in Operations
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Research is as follows. The sequence c of objective function coefficients cj resides in l1, the subspace

of absolutely summable sequences, so that the norm ||c||1 ,
∞∑
j=1
|cj | < ∞. The ith row Ai· also

resides in l1 for each i. The subspace X is chosen to be l∞, the subspace of bounded sequences, so
that the norm ||x||∞ , sup

j
|xj | <∞. The lower bound sequence u is such that uj = 0 for all j, and

the upper bound sequence v ∈ l∞. To verify C1, we note that the series C(x) converges (in fact,

absolutely) because
∞∑
j=1
|cjxj | ≤

∞∑
j=1
|cj ||xj | ≤ ||x||∞

∞∑
j=1
|cj | = ||x||∞||c||1 < ∞. C2 can be verified

similarly. Continuity of C(x) over F can be verified as follows. We have,

C(x) =
∞∑
j=1

cjxj ≤
∞∑
j=1

|cjxj | ≤
∞∑
j=1

|cj ||xj | ≤
∞∑
j=1

|cj ||vj | ≤ ||v||∞
∞∑
j=1

|cj | = ||v||∞||c||1 <∞.

Thus, the series
∞∑
j=1

cjxj converges uniformly over F by the Weierstrass test (see Theorem 9.6 in

[3]); this implies that the objective function C(x) is continuous over F . Continuity of Ai·(x) can
be established similarly. This type of an argument also works when c ∈ l∞, Ai· ∈ l∞, and X = l1.

We now present a robust formulation using a countably infinite extension of the uncertainty
model proposed by Bertsimas and Sim.

2.2 Robust formulation

For each fixed i, consider the ith row Ai· of the nominal doubly-infinite matrix A. Let Ji denote
the (perhaps infinite) set of columns of this doubly-infinite matrix whose entries in the ith row are
subject to uncertainty. Each entry aij , for j ∈ Ji, is modeled as a symmetric and bounded random
variable ãij . This random variable takes values from the interval [aij − âij , aij + âij ], where, for
j ∈ Ji, âij > 0 are real numbers such that

C3.
∑
j∈Ji

âij |xj | <∞ for any x ∈ X.

Random variables ãij , for j ∈ Ji, are assumed to be independent. In Section 4, we will use the
normalized, independent random variables ηij defined, for j ∈ Ji, as (ãij − aij)/âij . We call this
the uncertainty model U , and use Ãi· , (ãi1, ãi2, . . .) to denote the ith row of any doubly-infinite
constraint matrix that abides by this uncertainty model. In this ith row, ãij = aij for j /∈ Ji. For this

uncertainty model,
∞∑
j=1
|ãijxj | ≤

∞∑
j=1
|ãij ||xj | ≤

∞∑
j=1
|aij ||xj |+

∞∑
j=1
|âij ||xj | =

∞∑
j=1
|aij ||xj |+

∑
j∈Ji

âij |xj | <

∞. Here, the last inequality follows from C2 and our assumption about âij . Thus, the series
∞∑
j=1

ãijxj converges (in fact, absolutely) for any x ∈ X. This last observation is important because

this series will appear on the left hand side of the constraints in our robust formulation. In addition,
as we shall see in Lemma 3.4, condition C3 plays a crucial role in characterizing the protection
function via a CILP.

Now let Γi be a positive real parameter. Let Ai(Γi) denote the set of all random sequences
Ãi· , (ãi1, ãi2, . . .) that are formed by (i) changing up to bΓic of the coefficients aij , for j ∈ Ji,
as per the aforementioned uncertainty model U , and (ii) changing one coefficient ait, for t ∈ Ji,
by (Γi − bΓic)âit. Our goal now is to find a sequence x that maximizes C(x) among all sequences
that remain feasible to constraints (2)-(4) so far as the doubly-infinite constraint matrix behaves
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as stipulated above. Mathematically, this problem is formulated as

(R) V = sup
∞∑
j=1

cjxj (6)

∞∑
j=1

ãijxj ≤ bi, ∀Ãi· ∈ Ai(Γi), ∀i, (7)

uj ≤ xj ≤ vj , ∀j, (8)

x ∈ X. (9)

Similar to Bertsimas and Sim, we reformulate problem (R) as

(R) V = sup

∞∑
j=1

cjxj (10)

∞∑
j=1

aijxj + sup
{Si∪{ti}|Si⊆Ji, #Si=bΓic, ti∈Ji\Si}

{∑
j∈Si

âij |xj |+ (Γi − bΓic)âiti |xti |

}
≤ bi, ∀i, (11)

uj ≤ xj ≤ vj , ∀j, (12)

x ∈ X. (13)

We emphasize that the above problem is infinite-dimensional and that it is not an LP. In the next
section, we extend the finite-dimensional approach of Bertsimas and Sim to show that the above
infinite-dimensional problem can be reformulated as a CILP.

3 Reformulation as a CILP

As in Bertsimas and Sim, for any fixed x ∈ X that satisfies constraints (12) and for any fixed i,
define the protection function of constraint (11) as

βi(x,Γi) , sup
{Si∪{ti}|Si⊆Ji, #Si=bΓic, ti∈Ji\Si}

{∑
j∈Si

âij |xj |+ (Γi − bΓic)âiti |xti |

}
. (14)

Note that, because Ji could be an infinite set, problem (14) is an infinite-dimensional, non-linear
combinatorial optimization problem. We first show that it is equivalent to a finite-dimensional,
non-linear, combinatorial optimization problem.

Lemma 3.1. The protection function defined in (14) is in fact equal to the optimal value of the
finite-dimensional combinatorial optimization problem

max
{Si∪{ti}|Si⊆Ji, #Si=bΓic, ti∈Ji\Si, S̄i≤Ni(x,Γi), ti≤Ni(x,Γi)}

{∑
j∈Si

âij |xj |+ (Γi − bΓic)âiti |xti |

}
, (15)

where Ni(x,Γi) <∞ is a positive integer.

Proof. The claim is trivially true if only a finite number of entries âij |xj | is positive. So we focus
on the more interesting case where an infinite number of entries âij |xj | is positive. The protection
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function in (14) is finite because for any Si ∪ ti such that Si ⊆ Ji, #Si = bΓic and ti ∈ Ji \ Si, we
have,

0 ≤
∑
j∈Si

âij |xj |+ (Γi − bΓic)âiti |xti | ≤
∑
j∈Si

âij |xj |+ âiti |xti | ≤
∑
j∈Ji

âij |xj | <∞.

Thus, there exists a sequence Sni ∪{tni }, for n = 1, 2, . . ., with Sni ⊆ Ji, #Sni = bΓic and ti ∈ Ji \Sni ,
such that

lim
n→∞

( ∑
j∈Sn

i

âij |xj |+ (Γi − bΓic)âitni |xtni |︸ ︷︷ ︸
wn

)
= β(x,Γi).

Let Mi(x,Γi) be the subset of the smallest indices j from Ji such that there are exactly dΓie
corresponding coefficients âij |xj | that are positive. Let ε , min

j∈Mi(x,Γi)
âij |xj | be the smallest value

among all such coefficients. Then, because the series
∑
j∈Ji

âij |xj | of non-negative numbers converges,

we must have that lim
j→∞, j∈Ji

|âij ||xj | = 0. Therefore, there exists an index Ni(x,Γi) large enough

such that âij |xj | < ε for all j > Ni(x,Γi). Recalling that M̄i(x,Γi) denotes that largest index in
Mi(x,Γi), we note that Ni(x,Γi) > M̄i(x,Γi). Construct an alternative sequence of sets Y n

i ∪ τni ,
for n = 1, 2, . . ., as follows. If there is any index j ∈ Sni such that j > Ni(x,Γi), then remove it
from Sni and replace it with an index k ∈Mi(x,Γi) that is currently not in Sni and has the largest
value of âik|xk| among all indices k in Mi(x,Γi) that are currently not in Sni . Repeat this swapping
process until there are no indices j ∈ Sni such that j > Ni(x,Γi). Call the thus formed new set of
indices Y n

i . Finally, if tni > Ni(x,Γi), reset it to an index k ∈Mi(x,Γi) that is currently not in Y n
i

and has the largest value of âik|xk| among all indices k in Mi(x,Γi) that are currently not in Y n
i .

Call this new index τni . Since âij |xj | ≥ ε for all j ∈Mi(x,Γi), and âij |xj | < ε for all j > Ni(x,Γi),
we have,

βi(x,Γi) ≥ Ωn ,

( ∑
j∈Y n

i

âij |xj |+ (Γi − bΓic)âiτni |xτni |

)
> wn.

But since lim
n→∞

wn = βi(x,Γi), we must have that lim
n→∞

Ωn = βi(x,Γi). In other words, the supre-

mum in (14) does not change even if we restricted ourselves to sets Si ∪ ti such that Si ⊆ Ji,
#Si = bΓic, ti ∈ Ji \ Si, and S̄i ≤ Ni(x,Γi), ti ≤ Ni(x,Γi). More strongly, since there is only a
finite number of such sets Si ∪ ti, the supremum is in fact attained by one of these sets and thus
the infinite-dimensional combinatorial optimization problem (14) reduces to the finite-dimensional
combinatorial optimization problem (15).

Define the non-empty finite set

Ji((x,Γi)) , {j ∈ Ji : j ≤ Ni(x,Γi)}. (16)

Now consider the finite-dimensional LP

Qi(Ni(x,Γi)) max
∑

j∈Ji(x,Γi)

âij |xj |zij (17)

∑
j∈Ji(x,Γi)

zij ≤ Γi, (18)

0 ≤ zij ≤ 1, j ∈ Ji(x,Γi). (19)
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Lemma 3.2. The protection function defined in (15) is in fact equal to the optimal value of the
finite-dimensional LP (17)-(19).

Proof. Consider solutions of the following form. Find dΓie indices j, over j ∈ Ji(x,Γi), such that
the corresponding âij |xj | coefficients have the dΓie largest values. Further choose the largest bΓic
among these and set the corresponding zij values to 1. Identify the remaining single index j and
set the corresponding zij value to Γi − bΓic. Then it is clear (as in the finite-dimensional case of
Bertsimas and Sim) that there is no loss of optimality in focusing attention to solutions of this
form, and that finding a solution of this form is equivalent to solving (15).

At this point, it may be tempting to replace the protection function in the robust formulation
(R) with this finite-dimensional LP. As in Bertsimas and Sim, this is, however, undesirable. In their
case, the difficulty was that although their finite-dimensional mathematical program corresponding
to the protection function was an LP in variables z for a fixed value of x, it was non-linear when x
and z were both variables. They were able to surmount this difficulty by instead working with the
dual of their finite-dimensional problem. At first glance, it may seem that this approach should
work in our case as well. There is, unfortunately, an additional difficulty that prevents us from an
“as is” implementation of this idea. The challenge is that the number of variables in our finite-
dimensional LP above depends on Ni(x,Γi), and it is not possible to obtain a uniform upper bound
(independent of x) on Ni(x,Γi). We surmount this difficulty by instead formulating a natural CILP
that is equivalent to the finite-dimensional LP (Qi(Ni(x,Γi))).

Let C0 ⊂ <N denote the subspace of all sequences that converge to zero. The sequence formed
by collating âij |xj |, for j ∈ Ji, belongs to C0. This is because, as stated above,

∑
j∈Ji

âij |xj | <∞ by

C3, and hence the tail of this sequence of non-negative numbers must converge to zero. We also
use the shorthand zi to denote the sequence formed by collating zij for j ∈ Ji. Now consider the
CILP

(Qi(x,Γi)) sup
∑
j∈Ji

âij |xj |zij (20)

∑
j∈Ji

zij ≤ Γi, (21)

0 ≤ zij ≤ 1, ∀j ∈ Ji, (22)

zi ∈ l1. (23)

It is easy to see that the objective function in (20) and the left hand side of constraint (21) are
both finite for each fixed zi ∈ l1. The feasible region of this CILP is denoted by Gi(x,Γi).

Lemma 3.3. Problem (Qi(x,Γi)) has an optimal solution; thus the sup can be replaced by a max.

Proof. In this proof, the subspace l1 is viewed as a normed dual of the subspace C0. We use
the weak* topology on l1. Since zij ≥ 0 by constraint (22), we can replace constraint (21) with∑
j∈Ji
|zij | ≤ Γi. That is, ||zi||1 ≤ Γi. Thus, the feasible region Gi(x,Γi) of (Qi(x,Γi)) belongs to

this ball of radius Γi in l1. By Alaoglu’s theorem (see Theorem 1 on page 128 of [25]), this ball is
a compact set in the weak* topology on l1. Moreover, the set {zi ∈ l1 : 0 ≤ zij ≤ 1} is closed in
the weak* topology on l1. As a result, the set defined by constraints (22), being an intersection of
closed sets, is closed in the weak* topology on l1. In summary, the feasible region Gi(x,Γi) is an
intersection of a non-empty closed set and a non-empty compact set; and hence it is non-empty
and compact. Moreover, the objective function is continuous in the weak* topology on l1 since, as
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stated above, the sequence formed by collating âij |xj |, for j ∈ Ji, belongs to C0. Thus, the CILP
(Qi(x,Γi)) has an optimal solution in l1.

We first prove a useful property of optimal solutions to this problem.

Lemma 3.4. If z∗i is an optimal solution of (Qi(x,Γi)), then z∗ij = 0 for all j > Ni(x,Γi). Thus,
the CILP (Qi(x,Γi)) is equivalent to the finite-dimensional LP (Qi(Ni(x,Γi))). In summary, the
protection function βi(x,Γi) is equal to the optimal value of the CILP (Qi(x,Γi)).

Proof. The proof is conceptually identical to the proof of Lemma 3.1 above. The claim is trivially
true if only a finite number of entries âij |xj | is positive. So we focus on the more interesting case
where an infinite number of entries âij |xj | is positive. We consider two possibilities. The first one
is where

∑
j∈Mi(x,Γi)

z∗ij = Γi; in this case, the claim holds trivially. The second, more interesting

one, is where
∑

j∈Mi(x,Γi)

z∗ij < Γi and there is some j∗ > Ni(x,Γi) for which z∗ij∗ > 0. Then, it is

clear that
∑

j∈Mi(x,Γi)

z∗ij + z∗ij∗ ≤ Γi. Thus, we are strictly better off by using an alternative feasible

solution that reassigns the mass z∗ij∗ from index j∗ to an appropriately chosen index j ∈Mi(x,Γi).
This contradicts the optimality of z∗i .

We then write the dual of (Qi(x,Γi)), using variables pij for j ∈ Ji, as

(DQi(x,Γi)) inf Γiθi +
∑
j∈Ji

pij (24)

θi + pij ≥ âij |xj |, j ∈ Ji, (25)

pij ≥ 0, j ∈ Ji, (26)

θi ≥ 0, (27)

pi ∈ l1. (28)

Here, the shorthand pi denotes the sequence formed by collating pij for j ∈ Ji. Again notice that
the objective function in this CILP is finite for any pi ∈ l1.

Proposition 3.5. Weak duality. Suppose that zi is feasible to (Qi(x,Γi)) and θi, pi is feasible to
(DQi(x,Γi)). Then,

∑
j∈Ji

âij |xj |zij ≤ Γiθi +
∑
j∈Ji

pij.

Proof. We have,∑
j∈Ji

âij |xj |zij ≤
∑
j∈Ji

(θi + pij)zij = θi
∑
j∈Ji

zij +
∑
j∈Ji

pijzij ≤ Γiθi +
∑
j∈Ji

pijzij ≤ Γiθi +
∑
j∈Ji

pij .

Here, the first inequality follows because zij ≥ 0 by (22) and âij |xj | ≤ θi + pij by (25). The second
inequality follows from (21) as θi ≥ 0 by (27). The third inequality holds because zij ≤ 1 by (22)
and pij ≥ 0 by (26).

Corollary 3.6. Suppose that zi is feasible to (Qi(x,Γi)) and θi, pi is feasible to (DQi(x,Γi)).
Suppose also that

∑
j∈Ji

âij |xj |zij = Γiθi +
∑
j∈Ji

pij. Then zi is optimal to (Qi(x,Γi)) and θi, pi is

optimal to (DQi(x,Γi)).

Proof. Follows immediately via a standard argument as in finite-dimensional LPs (see Bertsimas
and Tsitsiklis [11]); hence omitted.
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We say that a sequence zi ∈ l1, a real number θi, and a sequence pi ∈ l1 are complementary if
they satisfy the system of equations given by(

Γi −
∑
j∈Ji

zij

)
θi = 0, (29)

(1− zij)pij = 0, j ∈ Ji, (30)

(θi + pij − âij |xj |)zij = 0, j ∈ Ji. (31)

Proposition 3.7. Complementary slackness. Suppose that zi is feasible to (Qi(x,Γi)) and
θi, pi is feasible to (DQi(x,Γi)). Suppose also that zi, and θi, pi are complementary as defined
above. Then zi is optimal to (Qi(x,Γi)) and θi, pi is optimal to (DQi(x,Γi)), and their optimal
values are equal.

Proof. By adding Equations (29), (30), and (31), we get Γiθi +
∑
j∈Ji

pij =
∑
j∈Ji

âij |xj |zij . The result

then follows from Corollary 3.6.

Theorem 3.8. Strong duality. Strong duality holds between (Qi(x,Γi)) and (DQi(x,Γi)). That
is, there exist an optimal solution z̄i ∈ l1 to (Qi(x,Γi)) and an optimal solution θ̄i ∈ <, p̄i ∈ l1 to
(DQi(x,Γi)) such that Γiθ̄i +

∑
j∈Ji

p̄ij =
∑
j∈Ji

âij |xj |z̄ij.

Proof. Let z∗ij , for j ∈ Ji(x,Γi), denote optimal values of the variables in Qi(Ni(x,Γi)). Consider
the dual of Qi(Ni(x,Γi)) that is written as

(DQi(Ni(x,Γi))) min Γiθi +
∑

j∈Ji(x,Γi)

pij (32)

θi + pij ≥ âij |xj |, j ∈ Ji(x,Γi), (33)

pij ≥ 0, j ∈ Ji(x,Γi), (34)

θi ≥ 0. (35)

Let θ∗i ; and p∗ij , for j ∈ Ji(x,Γi), denote an optimal solution to this dual. By complementary
slackness in finite-dimensional LPs, these optimal solutions satisfy(

Γi −
∑

j∈Ji(x,Γi)

z∗ij

)
θ∗i = 0, (36)

(1− z∗ij)p∗ij = 0, j ∈ Ji(x,Γi), (37)

(θ∗i + p∗ij − âij |xj |)z∗ij = 0, j ∈ Ji(x,Γi). (38)

Consider a sequence in z̄ ∈ l1 that is constructed as follows

z̄ij ,

{
z∗ij , j ∈ Ji(x,Γi)
0, j ∈ Ji \ Ji(x,Γi).

(39)

Similarly, consider a sequence p̄ ∈ l1 that is constructed as follows

p̄ij ,

{
p∗ij , j ∈ Ji(x,Γi)
0, j ∈ Ji \ Ji(x,Γi).

(40)
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Also, let θ̄i = θ∗i . Then, it is easy to see that z̄i and θ̄i, p̄i are complementary in (Qi(x,Γi))
and (DQi(x,Γi)); that is, they satisfy the system (29)-(31). It is also clear that z̄i is feasible to
(Qi(x,Γi)). Similarly, it is clear that θ̄i and p̄i ∈ l1 satisfy constraints (26) and (27) in (DQi(x,Γi)).
We now show that they also satisfy constraints (25). Clearly, they satisfy constraints (25) for
j ∈ Ji(x,Γi). Thus, we focus on j ∈ Ji \ Ji(x,Γi). Let

j∗ , arg min
j∈Mi(x,Γi)

âij |xj |, (41)

and suppose that âij∗ |xj∗ | = ε for some ε > 0. Then there are two possibilities depending on
whether or not Γi is an integer.
Case 1. If Γi is an integer, then z∗ij∗ = 0 and thus (37) implies that p∗ij∗ = 0. Consequently, we
have from (33) that θi ≥ ε. But since both âij |xj | < ε and p̄ij = 0 for all j ∈ Ji \Ji(x,Γi), we have,
θ̄i + p̄ij ≥ ε > âij |xj |. That is, constraints (25) are satisfied for all j ∈ Ji \ Ji(x,Γi).
Case 2. If Γi is not an integer, then either z∗ij∗ = 0 or z∗ij∗ = Γi − bΓic. In both these situations,
we have from (37) that p∗ij∗ = 0. The rest of the proof then proceeds as in Case 1.
The result then follows from Proposition 3.7.

Corollary 3.9. The protection function βi(x,Γi) equals the optimal value of the CILP (DQi(x,Γi)).

Proof. Follows from Theorem 3.8 and Lemma 3.4.

Lemma 3.10. Let αi(x) , sup
j∈Ji

âij |xj |. The feasible region of (DQi(x,Γi)) is componentwise

bounded without loss of optimality as follows: 0 ≤ θi ≤ αi(x) and 0 ≤ pij ≤ Γiαi(x) for all j ∈ Ji.
Define ᾱi , sup

j∈Ji
âij max (|uj |, |vj |). Then, since |xj | ≤ max (|uj |, |vj |), the componentwise bounds

simplify to 0 ≤ θi ≤ ᾱi and 0 ≤ pij ≤ Γiᾱi for all j ∈ Ji.

Proof. Consider θ∗i = αi(x) and p∗ij = 0 for all j ∈ Ji. This solution is feasible to (DQi(x,Γi))
because it satisfies constraints (25)-(28). By substituting this solution into the objective function,
we note that the optimal objective value in (DQi(x,Γi)) is bounded above by Γiαi(x). But since
θi ≥ 0, this implies that the series

∑
j∈Ji

pij in the objective function is bounded above by Γiαi(x)

without loss of optimality in (DQi(x,Γi)). Hence, each pij is bounded above by Γiαi(x). Similarly,
since pij ≥ 0, for j ∈ Ji, it also implies that θi ≤ αi(x). This establishes the claim.

As in Theorem 1 from Bertsimas and Sim, after making the variable substitution |xj | = yj and
including the constraint −yj ≤ xj ≤ yj , the discussion thus far allows us to state

Theorem 3.11. CILP formulation of the robust problem. The robust problem (R) in (10)-
(13) can be equivalently rewritten as the CILP

(R− CILP ) V = max

∞∑
j=1

cjxj (42)

∞∑
j=1

aijxj + Γiθi +
∑
j∈Ji

pij ≤ bi, ∀i, (43)

uj ≤ xj ≤ vj , ∀j, (44)

θi + pij − âijyj ≥ 0, ∀i, ∀j ∈ Ji, (45)

−yj ≤ xj ≤ yj , ∀j, (46)
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0 ≤ pij ≤ Γiᾱi, ∀i, ∀j ∈ Ji, (47)

0 ≤ θi ≤ ᾱi, ∀i, (48)

0 ≤ yj ≤ max(|uj |, |vj |), ∀j, (49)

pi ∈ l1, ∀i, (50)

y ∈ X, (51)

x ∈ X. (52)

Here, we have added constraints (47)-(49) without loss of optimality in view of Lemma 3.10
and the relation between variables x and y. Although such constraints were not included explicitly
by Bertsimas and Sim in their finite-dimensional formulation, they will be convenient later in our
proof of the value convergence Theorem 5.2 in Section 5.

4 Bound on the probability of constraint violation

In this section, we extend the Bertsimas and Sim bound on the probability of constraint violation.
The statement and proof of the next proposition are identical to that in the finite-dimensional case
in Bertsimas and Sim. We reproduce it here for the sake of completeness and to emphasize that
our countably infinite extension poses no new hurdles for this result.

Proposition 4.1. Let x∗ be any feasible solution of the robust CILP (42)-(52). Let S∗i and t∗i be
the corresponding set and the index that attain the maximum in problem (15). Then, the probability
that the ith equality constraint is violated by x∗ is bounded above as

P
( ∞∑
j=1

ãijx
∗
j > bi

)
≤ P

(∑
j∈Ji

γij(x
∗)ηij ≥ aiρ∗ |x∗ρ∗ |Γi

)
, (53)

where

γij(x
∗) ,

{
âiρ∗ |x∗ρ∗ |, j ∈ S∗i ,
âij |x∗j |, j ∈ Ji \ S∗i ,

(54)

and
ρ∗ , arg min

ρ∈{S∗
i ∪{t∗i }}

âiρ|x∗ρ|. (55)

Proof. The probability that x∗ violates the ith constraint is bounded as

P

( ∞∑
j=1

ãijx
∗
j > bi

)
= P

( ∞∑
j=1

aijx
∗
j +

∑
j∈Ji

ηij âijx
∗
j > bi

)
(56)

≤ P

(∑
j∈Ji

ηij âijx
∗
j >

∑
j∈S∗

i

âij |x∗j |+ (Γi − bΓic)âit∗i |x
∗
j |

)
. (57)

Here, the inequality in (57) holds because

∞∑
j=1

aijx
∗
j +

∑
j∈S∗

i

âij |x∗j |+ (Γi − bΓic)âit∗i |x
∗
j | ≤ bi
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as x∗ satisfies inequality (11). We let J+
i (x∗) and J−i (x∗), respectively, denote the sets of indices j

in Ji for which x∗j ≥ 0 and x∗j < 0. Then, we expand the inequality in (57) as

P

(∑
j∈Ji

ηij âijx
∗
j >

∑
j∈S∗

i

âij |x∗j |+ (Γi − bΓic)âit∗i |x
∗
j |

)
(58)

= P

( ∑
j∈J+

i (x∗)

ηij âijx
∗
j +

∑
j∈J−

i (x∗)

ηij âijx
∗
j >

∑
j∈S∗

i

âij |x∗j |+ (Γi − bΓic)âit∗i |x
∗
j |

)
(59)

= P

( ∑
j∈J+

i (x∗)

ηij âijx
∗
j +

∑
j∈J−

i (x∗)

(−ηij)âij(−x∗j ) >
∑
j∈S∗

i

âij |x∗j |+ (Γi − bΓic)âit∗i |x
∗
j |

)
(60)

= P

( ∑
j∈J+

i (x∗)

ηij âij |x∗j |+
∑

j∈J−
i (x∗)

(−ηij)âij |x∗j | >
∑
j∈S∗

i

âij |x∗j |+ (Γi − bΓic)âit∗i |x
∗
j |

)
(61)

= P

( ∑
j∈J+

i (x∗)

ηij âij |x∗j |+
∑

j∈J−
i (x∗)

ηij âij |x∗j | >
∑
j∈S∗

i

âij |x∗j |+ (Γi − bΓic)âit∗i |x
∗
j |

)
(62)

= P

(∑
j∈Ji

ηij âij |x∗j | >
∑
j∈S∗

i

âij |x∗j |+ (Γi − bΓic)âit∗i |x
∗
j |

)
. (63)

Here, the equality in (62) holds because random variables ηij have a symmetric distribution around
zero. The last probability in this chain can then be bounded as

= P

( ∑
j∈Ji\S∗

i

ηij âij |x∗j | >
∑
j∈S∗

i

âij |x∗j |(1− ηij) + (Γi − bΓic)âit∗i |x
∗
j |

)
(64)

≤ P

( ∑
j∈Ji\S∗

i

ηij âij |x∗j | > âiρ∗ |x∗ρ∗ |
∑
j∈S∗

i

(1− ηij) + (Γi − bΓic)âiρ∗ |x∗ρ∗ |

)
(65)

= P

( ∑
j∈Ji\S∗

i

ηij âij |x∗j |+
∑
j∈S∗

i

âiρ∗ |x∗ρ∗ |ηij > âiρ∗ |x∗ρ∗ |
∑
j∈S∗

i

1 + (Γi − bΓic)âiρ∗ |x∗ρ∗ |

)
(66)

= P

( ∑
j∈Ji\S∗

i

ηij âij |x∗j |+
∑
j∈S∗

i

ηij âiρ∗ |x∗ρ∗ | > âiρ∗ |x∗ρ∗ |Γi

)
(67)

= P

(∑
j∈Ji

ηijγij(x
∗) > Γi

)
≤ P

(∑
j∈Ji

ηijγij(x
∗) ≥ âiρ∗ |x∗ρ∗ |Γi

)
. (68)

Inequality (65) holds by definition of ρ∗ as in (55) because 1− ηij ≥ 0. Equality (67) holds because
#S∗i = bΓic.

We now note that∑
j∈Ji

γ2
ij(x

∗) =
∑

j∈Ji\S∗
i

[âij |x∗j |]2 +
∑
j∈S∗

i

[âiρ∗ |x∗ρ∗ |]2 ≤
∑

j∈Ji\S∗
i

[âij |x∗j |]2 +
∑
j∈S∗

i

[âij |x∗j |]2

=
∑
j∈Ji

[âij |x∗j |]2 <∞.
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Here, the last strict inequality follows by C3 because an absolutely summable sequence is square
summable.

Theorem 4.2. The probability in (53) is further bounded above as

P
(∑
j∈Ji

γij(x
∗)ηij ≥ aiρ∗ |x∗ρ∗ |Γi

)
≤ exp

(
− âiρ∗ |x∗ρ∗ |Γi/2

∑
j∈Ji

γ2
ij(x

∗)

)
. (69)

When Ji is finite, the above upper bound reduces to exp
(
− Γ2

i /2#Ji
)

independently of x∗ as in
Bertsimas and Sim.

Proof. Let δ > 0 be any number. Then, using Markov’s inequality and following steps identical to
Bertsimas and Sim and also as in Ben-Tal and Nemirovski [7], we arrive at the following bound

P
(∑
j∈Ji

γij(x
∗)ηij ≥ aiρ∗ |x∗ρ∗ |Γi

)
≤ exp

(
δ2
∑
j∈Ji

γ2
ij(x

∗)/2− δaiρ∗ |x∗ρ∗ |Γi
)
. (70)

Then choosing δ = aiρ∗ |x∗ρ∗ |Γi/
∑
j∈Ji

γ2
ij(x

∗) yields (69). It is possible to prove, exactly as in Bertsi-

mas and Sim, that aiρ∗ |x∗ρ∗ | ≥ aij |x∗j | for all j ∈ Ji. Then, when Ji is a finite set, simple algebra

shows that the above general upper bound reduces to the special case exp
(
− Γ2

i /2#Ji
)

as in
Bertsimas and Sim.

5 A convergent solution algorithm for the robust CILP

A standard approach to tackle infinite-dimensional mathematical programs involves solving a se-
quence of their finite-dimensional approximations. See, for instance, Schochetman and Smith [34],
and Hernandez-Lerma and Lasserre [20]. In the context of CILPs, a standard condition that helps
in proving value-convergence of such finite-dimensional optimal values to the optimal value of the
CILP requires that each constraint includes only a finite number of non-zero entries. This assump-
tion is met in many CILPs that arise in planning problems in Operations Research (see, for instance,
[30, 31]). In this section, we therefore work under this condition. That is, we let Ki denote the finite
set of indices j such that aij 6= 0 in the nominal problem (P ). When this condition holds, without
loss of generality, there exists an increasing sequence of positive integers Ln, for n = 1, 2, . . ., such
that variables xLn+1, xLn+2, . . . do not appear in constraints (2) for i = 1, 2, . . . , n (see [17, 30]);
these variables therefore also do not appear in constraints (43) for i = 1, 2, . . . , n. It is then also
natural to assume that Ji ⊆ Ki. That is, the uncertainty in the input data for constraint i only
arises in the coefficients of variables that appear in that constraint. Thus, Ji is also a finite set so
our results in Sections 3 and 4 hold trivially. Moreover, variables piLn+1, piLn+2, . . . do not appear
in constraints (43) for i = 1, 2, . . . , n.

Now, for n = 1, 2, . . ., consider the following finite-dimensional truncations of (R− CILP ):

(R− CILP (n)) Vn = max

Ln∑
j=1

cjxj (71)

Ln∑
j=1

aijxj + Γiθi +
∑

Ln≥j∈Ji

pij ≤ bi, i = 1, 2, . . . , n, (72)

uj ≤ xj ≤ vj , j = 1, 2, . . . , Ln, (73)
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θi + pij − âijyj ≥ 0, i = 1, 2, . . . , n, ∀j ∈ Ji, (74)

−yj ≤ xj ≤ yj , j = 1, 2, . . . , Ln, (75)

0 ≤ pij ≤ Γiᾱi, i = 1, 2, . . . , n, ∀j ∈ Ji, (76)

0 ≤ θi ≤ ᾱi, i = 1, 2, . . . , n, (77)

0 ≤ yj ≤ max(|uj |, |vj |), j = 1, 2, . . . , Ln. (78)

These problems are finite-dimensional LPs with bounded feasible regions. They therefore have
optimal solutions. Consider the following sets:

X , {x ∈ X : uj ≤ xj ≤ vj , ∀j},
Y , {y ∈ Y : 0 ≤ yj ≤ max(|uj |, |vj |), ∀j},
Θ , {θ ∈ <N : 0 ≤ θi ≤ ᾱi, ∀i}, and

Ψi , {pi ∈ <#Ji : 0 ≤ pij ≤ Γiᾱi, ∀j ∈ Ji},

Ψ ,
∞∏
i=1

Ψi, and

Φ , X × Y ×Θ×Ψ.

Note that all feasible solutions to (R − CILP ) belong to the set Φ. The notation x∗(n), y∗(n),
θ∗(n), p∗(n) will be used to denote an optimal solution to (R − CILP (n)). By appropriately
appending these solutions with sequences of real numbers (in fact, often with sequences of zeros),
the quadruple [x∗(n), y∗(n), θ∗(n), p∗(n)] can be viewed as belonging to Φ.

Lemma 5.1. Feasibility of truncations. Suppose the quadruple [x, y, θ, p] ∈ Φ is feasible to

(R − CILP ). Then the truncation of this quadruple to <Ln × <Ln × <n ×
n∏
i=1
<#Ji is feasible to

(R− CILP (n)).

Proof. For each n, constraints (72) for i = 1, 2, . . . , n in (R − CILP (n)), and constraints (43)
for i = 1, 2, . . . , n in (R − CILP ) are identical because neither variables xLn+1, xLn+2, . . . nor
variables piLn+1, piLn+2, . . ., for i = 1, 2, . . . , n, appear in these constraints. All other constraints in
(R− CILP (n)) also appear as is in (43). Hence, the claim follows.

Theorem 5.2. Solution and value convergence. The sequence of optimal quadruples [x∗(n),
y∗(n), θ∗(n), p∗(n)] has a convergent subsequence that converges to an optimal solution of (R −
CILP ). More strongly, the limit of every convergent subsequence of [x∗(n), y∗(n), θ∗(n), p∗(n)] is
optimal to (R− CILP ). Moreover, lim

n→∞
Vn = V .

Proof. The proof follows a modification of the technique employed in proving Berge’s maximum
principle [8]. Let [x∗(n), y∗(n), θ∗(n), p∗(n)] ∈ Φ be a sequence of quadruples that are optimal
to problems (R − CILP (n)). By the Tychonoff product theorem, the set Φ is compact in the

product topology on X×Y ×<N×
∞∏
i=1
<#Ji . The sequence [x∗(n), y∗(n), θ∗(n), p∗(n)] therefore has

a convergent subsequence [x∗(nk), y
∗(nk), θ

∗(nk), p
∗(nk)] with limit (say) [x̄, ȳ, θ̄, p̄] ∈ Φ. It is easy

to show, via a standard argument that uses continuity of the constraint functions in (R− CILP ),
that [x̄, ȳ, θ̄, p̄] is feasible to (R−CILP ). More strongly, we claim that [x̄, ȳ, θ̄, p̄] is actually optimal
to (R− CILP ). We prove this claim by contradiction. So suppose not. Then there must be some
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other solution [x̃, ỹ, θ̃, p̃] ∈ Φ that is optimal to (R−CILP ). We define a new sequence x̊(nk) ∈ Φ
derived from the sequence x∗(nk) and the optimal solution x̃ as

x̊j(nk) =

{
x∗j (nk), j = 1, 2, . . . , Lnk

,

x̃j , j = Lnk
+ 1, Lnk

+ 2, . . . .

Consequently,

∞∑
j=1

cj x̃j >
∞∑
j=1

cj x̄j =
∞∑
j=1

cj lim
k→∞

x∗j (nk) =
∞∑
j=1

cj lim
k→∞

x̊j(nk)

= lim
k→∞

∞∑
j=1

cj x̊j(nk), (because the objective function is continuous over X )

= lim
k→∞

Lnk∑
j=1

cj x̊(nk) + lim
k→∞

∞∑
j=Lnk

+1

cj x̊(nk)

= lim
k→∞

Lnk∑
j=1

cjx
∗(nk) + lim

k→∞

∞∑
j=Lnk

+1

cj x̃j .

So there exists a k large enough such that

∞∑
j=1

cj x̃j >

Lnk∑
j=1

cjx
∗(nk) +

∞∑
j=Lnk

+1

cj x̃j .

Then, splitting the infinite series on the left hand side into two terms, we have,

Lnk∑
j=1

cj x̃j +
∞∑

j=Lnk
+1

cj x̃j >

Lnk∑
j=1

cjx
∗(nk) +

∞∑
j=Lnk

+1

cj x̃j .

Canceling the common terms on the two sides of this inequality yields

Lnk∑
j=1

cj x̃j >

Lnk∑
j=1

cjx
∗(nk).

But, by Lemma 5.1, the truncation of x̃ to <Lnk is feasible to (R − CILP (nk)). Thus, the above
inequality contradicts optimality of x∗(nk) to (R−CILP (nk)). This proves that the limit [x̄, ȳ, θ̄, p̄]
must be optimal to (R− CILP ).

The second claim holds because the subsequence chosen was arbitrary.
To prove the third claim, we proceed as follows. We show that every convergent subsequence

of the sequence Vn of optimal values converges to the same limit and that this limit is V . This
would imply that the sequence Vn itself converges to V as claimed. We let Vnk

be any convergent
subsequence of Vn and let [x̃(nk), ỹ(nk), θ̃(nk), p̃(nk)] ∈ Φ be the corresponding sequence of optimal
quadruples. Since Φ is compact, this subsequence of quadruples has a further convergent subse-
quence [x̃(nkt), ỹ(nkt), θ̃(nkt), p̃(nkt)]. Let [x̄, ȳ, θ̄, p̄] ∈ Φ be its limit. As shown above, this limit is
optimal to (R− CILP ). Then, we have,

lim
t→∞

Vnkt
= lim

t→∞

Lnkt∑
j=1

cj x̃j(nkt)
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= lim
t→∞

∞∑
j=1

cj x̃j(nkt) because the tail of x̃(nkt) is assumed to be a sequence of zeros

=

∞∑
j=1

cj lim
t→∞

xj(nkt) because the objective function is continuous over X

=
∞∑
j=1

cj x̄j = V.

This shows that Vnkt
converges to V as t → ∞. But since Vnkt

is a further subsequence of the
convergent subsequence Vnk

, it must converge to the same limit as Vnk
. This implies that Vnk

also
converges to V . Since Vnk

was arbitrary, we have shown that every convergent subsequence of Vn
converges to V as required.

6 Application to dynamic resource allocation

We consider an infinite-horizon dynamic resource allocation problem, which was originally intro-
duced in [17] as a prototypical CILP. In this problem, we have n activities and m resources.
Let 0 ≤ bk(t) ≤ Bk denote the quantity of resource k = 1, 2, . . . ,m available in time-period
t = 1, 2, 3, . . .. Additional resources up to an amount 0 ≤ Fk(t) ≤ Fk can be purchased for unit
prices 0 ≤ ck(t) ≤ ck in period t. Each unit of activity j consumes an amount akj(t) > 0 of
resource j in period t, for j = 1, 2, . . . , n and k = 1, 2, . . . ,m. We let akj = inf

t
akj(t) and assume

that akj > 0. Each unit of activity j generates revenue 0 ≤ rj(t) ≤ rj in period t. Resources
remaining at the end of period t can be carried to the next period by incurring a unit holding cost
of 0 ≤ hk(t) ≤ hk. The resource carrying capacity in period t is 0 ≤ Ek(t) ≤ Ek. The discount
factor is 0 < λ < 1.

Let x1
j (t) denote the level of activity j performed in period t. Let x2

k(t) denote the amount of

resource k carried from period t to period t + 1. Finally, let x3
k(t) denote the amount of resource

k purchased in period t. The initial inventory of resources x2
k(0) = 0 for k = 1, 2, . . . ,m. Define

Dj(t) , max{Bk+Ek+Fk}
max
k

akj
as the maximum possible level at which activity j could be performed in

period j given the various capacity and resource constraints. Our goal is to develop a resource
procurement and allocation plan so as to maximize the infinite-horizon discounted profit.

Let x(t) , (x1
1(t), . . . , x1

n(t);x2
1(t), . . . , x2

m(t);x3
1(t), . . . , x3

m(t)) ∈ <n+2m denote the vector of

decision variables in period t. Moreover, let <N,n+2m denote the product space
∞∏
t=1
<n+2m. Let X

denote the subspace that includes all bounded sequences x ,
∞∏
t=1

x(t) ∈ <N,n+2m.

Then the infinite-horizon dynamic resource allocation problem can be formulated as the CILP

max
∞∑
t=1

λt−1

( n∑
j=1

rj(t)x
1
j (t)−

m∑
k=1

hk(t)x
2
k(t)−

m∑
k=1

ck(t)x
3
k(t)

)
(79)

( n∑
j=1

akj(t)x
1
j (t)

)
+ x2

k(t)− x2
k(t− 1)− x3

k(t) ≤ bk(t), k = 1, 2, . . . ,m; t = 1, 2, 3, . . . (80)

0 ≤ x1
j (t) ≤ Dj(t), j = 1, 2, . . . , n; t = 1, 2, 3, . . . , (81)

0 ≤ x2
k(t) ≤ Ek(t), k = 1, 2, . . . ,m; t = 1, 2, 3, . . . , (82)
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0 ≤ x3
k(t) ≤ Fk(t), k = 1, 2, . . . ,m; t = 1, 2, 3, . . . , (83)

x ∈ X. (84)

We comment that the resource constraints (80) should actually be written as equality constraints;
we have used the inequality-based version of these constraints without loss of optimality so that
the formulation is similar in form to (P ). It is then easy to see that this nominal formulation
satisfies all requisite conditions and its robust formulation can be rewritten as a CILP. Finally, our
solution and value convergence result holds for finite-horizon truncations of this infinite-horizon
robust CILP.

7 Conclusions

We were able to extend the finite-dimensional robust optimization framework of Bertsimas and Sim
to CILPs. We note that since countable, semi-infinite LPs can be seen as a special case of CILPs,
our results apply to those problems as well. The more general problem of robust optimization in
countably infinite convex programs (and their special cases such as quadratic programs) remains
open.
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