MATH 3351 RAHMAN Week 11

13.5 LAPLACE EQUATION FOR STEADY STATE HEAT CONDUCTION EXAMPLES

Ex: Consider the full Laplace problem with prescribed heat at the boundaries.

v 0%u
2 e = 0; u(0,y) = g91(y), u(L,y) = ga(y); u(z,0) = fi(z), wu(z,H)= fa(z). (1)

Uh oh, we don’t have homogeneous boundary conditions anymore. So, we can’t use straight
separation. What does the principle of super position tell us? Let us first solve in one direction
and then the other direction and add the two solutions. This will allow us to make one direction
homogeneous first and then the next.

Problem 1: Let us first work in the x direction.

v v
ox? + Oy?
Let v=X(2)Y(y) = X"Y + XY"=0= X"/X = -Y"/Y. Now we have a decision to make:
which problem is Sturm-Liouville? The one with the homogeneous boundary conditions will
be, solet X”/X = -Y" )Y = —)\2.

For A = 0 we get X = c1x + o, then X(0) = c2 =0 and X(L) = Le; = 0. And for X #£ 0.,

=0, v(@,0)= filx), vz H)=faz);  v(0,y) =v(l,y) = 0. (2)

X = (Cycos Ax + Cysin Az, Y = D; cosh Ay + D sinh Ay

Recall that with homogeneous boundary conditions sinh and cosh give trivial solutions, which
is why we write A2 from the start, but for Y the boundary conditions are nonhomogeneous, so
sinh and cosh are fair game.

Now we solve the homogeneous part to get our eigenvalue

X(0)=C1 =0, X(L):Czsin)\LZO:)\:%.

Then we get the general solution

v(w,y) = ZA" cosh%sin? + B, sinh%sin? (3)

n=1

Plugging in our other boundary conditions gives us

92 L
v(z,0) = n§:1 Ay sin % = fi(z) = A, = I /0 f1(z)sin %dm
and

S H H
v(z, H) = Z A,, cosh nWT sin ? + B, sinh mrT sin ? = fo(x)
n=1

Notice that we can pull out a sin and consider one big constant for our Fourier Series integrals

Nt H H
; {An cosh % + B, sinh m;] sin % = fao(x)

H H 2 [F
= A, coshmrT + B,, sinh mTT = Z/o fa(z) sin ?dw

L .
2 [ fo(z) sin “F2dx — A,, cosh 272
sinh %

1

= B, =



Then we put it all together to get

v(z,y) = Zf l/o fi(x)sin nzxdx] cosh nfzy sin ?
n=1

2 fOL f2(z) sin L dx — cosh “FH 2 [0 Y 1 (z) sin DAL g LN
sin nwr
sinh 272 L L

Problem 2: Now we look at the other direction.

CU 0 w0 =l H) =0 w0y) =0(), w(ly)= e 5)

Let v=X(2)Y(y) = X"Y + XY"=0= X"/X = -Y"/Y. Now we have a decision to make:
which problem is Sturm-Liouville? The one with the homogeneous boundary conditions will
be, so let X" /X = -Y"]Y = \2.

For A =0 we get Y = c1y + ¢o, then Y(0) = ¢y =0 and Y(H) = Hey = 0. And for A # 0.,

Y = (1 cos Ay + Cysin Ay, X = Dj cosh Az + Dy sinh Az

Recall that with homogeneous boundary conditions sinh and cosh give trivial solutions, which
is why we write A2 from the start, but for Y the boundary conditions are nonhomogeneous, so
sinh and cosh are fair game.

Now we solve the homogeneous part to get our eigenvalue

Y(0)=C1 =0, Y(H):Cgsin)\H:O$)\:%'
Then we get the general solution

ZA cosh—s' ?—i—anmh? n% (6)

Plugging in our other boundary conditions gives us

;Ansin?gl(y):&AnH/o 91y )Sm%dy

and

. . nmw
ZA cosh—s H +B sth sin Hyzgz(y)

Notice that we can pull out a sin and consider one big constant for our Fourier Series integrals

oo

L L
Z [An cosh n% + B, sinh nz{} sin n;rly = g2(y)
n=1
nwL L
= A, cosh o + B,, sinh ﬂ T / g2(y) sin —da:
B %fOH g2(y) sin mdy A, cosh 22k
= B, =
sinh %
Then we put it all together to get
> 5 H
w(z,y) = gﬁ [/0 g1(y) sin ?dy] cosh % sin%
2 rH 1 nﬂ'y ’IHTL 2 . nmy (7)
I3 92(y) sin “F2dy — cosh “TE 2 [0 gl(y) sin “F¥ dy nrr . nmy

sinh sin —=
sinh % H H



So, the complete solution is

u(z,y) = v(z,y) + w(z,y)

> 5 L
= ;E l/o fi(z)sin ?daz cosh % sin ?
% fOL f2(x) sin 272 dx — cosh "EH % fOL fi(z) sin M2 dx sinh mry o, T
sinh 272 L (8)
9 H
+ T /0 g1(y) sin ngydy] cosh n—;? sin %
%fOH ga(y) sin 7 dy — cosh "7+ "“L I% 0 g1(y) sin “FHdy | . nmxr . nmy
WL sinh sin —=
sinh #7~ H H
7) Here is a problem from the book
2 2
TEtaE U Ge =0 umy) =L w0 =u(em) =0 Q

Solution: Let u= XY = X"Y + XY” =0= X"/X = -Y"/Y = A%. Notice we choose +\?
instead of —A? because our Sturm-Liouville problem is in the y direction.
This gives us the ODEs

X" —NX =0 Y" + XY =0. (10)
For A\=0wegetY =c1y+ 2,50 Y(0) =cg=0and Y(7) =cym =0. And for A #0
Y = Cy cos Ay + C5 sin Ay, X = D cosh Ax + Dy sinh Az

Then Y(0) = C; = 0 and Y(7m) = CasinAr = 0 = A = n, so Y = Cysin(ny). The our general
solution is

u(z,y) = Z A,, cosh(nz) sin(ny) + B, sinh(nx) sin(ny). (11)

n=1

Lets solve the boundary at zero first,

TR . . .
e nz::l nAy, sinh(nx) sin(ny) + nB, cosh(nx) sin(ny)
% » = ; nB,, sin(ny)

And u(0,y) = >_7 , Ay sin(ny), then

ZHB sin(ny) ZA sin(ny) = nB, = A,
n=0

then we plug in the other boundary condition

u(m,y) = Z nB,, cosh(n) sin(ny) + By, sinh(nn) sin(ny) = 1

n=1



Then treating factoring out the sin and treating the rest as one big constant gives us

Z [nB,, cosh(nm) + B, sinh(n)|sin(ny) = 1
n=1
= By coshinm) + Bysinb(r) = 2 [ sin(udy = -2 L eostm)| = 21— -1y
in == in === =—[1- (-
nB,, cosh(nx nsinh(nm) = — ; sin(ny)dy ——cos(ny e
20— (1]
= B, = R
" ncosh(nr) + sinh(n7)
Then our full solution is
= 20y
u(z,y) = Z T [n cosh(nz) sin(ny) + sinh(nz) sin(ny)] .

= ncosh(n) + sinh(n)
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